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GENERALIZED FRACTIONAL OSTROWSKI TYPE
INEQUALITY

NAZIA IRSHAD, ASIF R. KHAN, HINA MUSHARRAF

ABSTRACT. We use Riemann-Liouville fractional integral to provide general-
ization of Ostrowski type inequality with bounded derivatives. Our results
improved the inequalities of [19].

1. Introduction

Inequalities are one of the most powerful tools in the development of mathemat-
ics. Since the last two decades, researchers worked on fractional calculus due to
its importance in inequalities. The classical form of fractional calculus is given
by Bernhard Riemann and Joseph Liouville. Fractional integrals play increas-
ingly important role on some mathematical inequalities such as Ostrowski, Griiss,
Ostrowski-Griiss and Hadamard inequality etc.

We quote from [IJ,

“The subject of fractional calculus (that is, calculus of integrals and derivatives
of an arbitrary real or complex order) was planted over 300 years ago. Since that
time the fractional calculus has drawn the attention of many researchers in. In
recent years, the fractional calculus has played a significant role in many areas of
science and engineering.”

Due to the importance of fractional integral inequalities, many authors have
discussed certain generalizations of fractional integral inequalities. See the articles
[211, 2] 19], 18] for recent generalizations.

In 1938, A. M. Ostrowski exhibited an inequality in his paper [16]. It is a known
fact that this type of inequality could be used to estimate the deviation of functional
value from its integral mean. This result nowadays known as Ostrowski inequality
that can be obtained using the Montgomery identity and Lagrange’s mean value
theorem. In following proposition, we give this inequality from [3].

Proposition 1.1. Let f : I — R be a differentiable mappings on I° such that
f € L{ag, ap), where ag,cp € I and g < o If |f' ()| < MV z € (g, ) where
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M is positive real constant, then

1
Qp — Qg

4 + (ap — g )?

‘f(x) - " f(t)dt‘ < Moy — o) (L.1)

Qq

NEE Sk

The constant % is the best possible constant that it cannot be replaced by the smaller
one.

We recall the well-known Montgomery identity from “Inequalities for Functions
and their Integrals and Derivatives” by D. S. Mitrinovié¢ et al. in [I4].

Proposition 1.2. let f [ta, ap] — R be an absolutely continuous function. Then

fz) = /f t)dt + /th t)dt, (1.2)

ap — Qg

ap — Qg
where Peano kernel P(x,t) is given as

t—ag, if tE|ag, )],
P(z,t) = (1.3)
t—oay, if te(z, ).

From [4] we recall Montgomery identity with parameter.

Proposition 1.3. If f : [aa, ap] — R is differentiable on (o, o] with f' integrable
on [ag, ap], where € € [0, 1], then generalized integrable identity holds

ey eI [ s = —— [ P
(1.4)

a

Ve [aa + et oy — e‘”’g%] , where P(z,t) is the Peano kernel defined by

t— (aa—&—e‘“gi%), if té€ ag, ],
P(z,t) = (1.5)
t— (ap —e25%) | if tE (z,m)

For our next result we need here definition of Riemann-Liouville fractional inte-
gral from [6].

Definition 1.4. The Riemann-Liouville fractional integral operator of order v > 0
is defined as

@ = 5 / (2 — 1) f(t)dt

Jo, (@) = f(x),
where gamma function T'(7) is defined as

F(’y):/ e dr.
0

In [20] by using Riemann-Liouville fractional integrals, the authors obtained in-
equalities for differentiable functions that are linked with Ostrowski type inequality
and discussed the following proposition to prove their results.
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Proposition 1.5. Let f : I — R be differentiable mapping on I° with oy, op € I
Qg < ap, ' € Llag, ap] and for v > 1, then Montgomery fractional identity holds

I'(v)

Qap — Qg

flz) = (=)' 7T, flan) =T (Pu, ) f(ew))+J3, (Pr(x, on) f (o)),
(1.6)
where Py(z,t) is the fractional Peano kernel defined by

t— g

po— (p — ) T (y), if tE€ g, ),
Py(z,t) = (1.7)
) (p — )T (y), if tE€ [z, ap

Ap — Qg

Remark. Here it is worth mentioning that Proposition [I.3] and Proposition
can be improved by using absolutely continuous functions in place of differentiable
functions.

In the next section, we propose some new results of fractional integral inequalities
of Ostrowski type. First of all we establish Montgomery identity with parameters
via Riemann-Lioville fractional integrals. Afterwards apply this identity to generate
a lemma, which is required in our main theorem.

2. Generalized Fractional Ostrowski Type Inequalities
We need to proof the following lemmas for our main result.

Lemma 2.1. Let f : I — R be an absolutely continuous function on I° with
Qg,ap €I a, < ap. Then the following identity holds

r _ _

(-0 = (a0 flen) = T (Pa o))
E(O[b — $)177 0 y /
*Wjaaf(%) + Ja, (Po(z,ap)f'(ap)),  (2.1)

V & € [ag, ]|, where € € [0,1], v > 1 and Pa(x,t) is the fractional Peano kernel
defined by

P-<aa+e“b_6“>}(“b_$yWrc@, if t€[oa, 1),

Py(a,t) = ’ R (2.2)
1= () | D), defoa)

Proof. Using Riemann-Liouville fractional integral operator, we get

Ja, (Pa(z, an) f' (o))
1

_ o an — y—1 T /
o ol AR 0T

[ o 5 o

+ /:b(ab — )t <t - (ab _ ; O‘“)) f’(t)dt]
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(ap — )t

= - 9f) - P [y
S R (=07 Rl ) )
= (1= 976 - L6y, saw)
0= B0 ) + 3 (Pl )
After rearranging the terms, we get (2.1)). O

Remark. If we replace v =1 in (2.1)), then we get the identity (1.4)).
Remark. If we replace e =0 in (2.1)), then we get the identity (1.6]).

Lemma 2.2. Let all suppositions of Lemma [2.1] be valid. Then following identity
holds

(1—e)f(x)

(ap — )t

=)= 3. f () = T3 (Pa(, ) f )
B %F(V)J&?l ((ap — ) f(ow)) + 207 (K1(x,ap) f'(ap))
_ M T — o eo‘b — Qaq 0 flo
(ab — aa)Q*W ( ot ) Jaaf( a)7 (23)

V & € [ag, ), where € € [0,1], v > 1 and K1(x,t) is the fractional Peano kernel
defined by

1= (2t o0} O e v fagea)

2 4 ap — O
Kl(xvt) =

- (gt - )] o "), it o,

2 4 ap — O
Proof. Using Riemann-Liouville fractional integral operator on K;(x,t), we get

I (Ki(x,0p) f'(ap))

1o - ,
_ m)/a (ap — 1) K () £ (£)dt

- (aobéb—_fllaw U;(ab — ) <t - <a“2+x +e a“)) F(t)dt

+ /:b(ab _ gyt (t— (O‘b;x —eab;a“» f’(t)dt] :

after some computations and using the concept of fractional calculus, we get

Ja, (K (2, ap) f'(aw))

= 12, (P, c0) ' (a0)) +

(ap —x)'

ap — Qg

/:b (op — )7t — m)f’(t)dt] .

a

(2.4)
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We also have

/%(ab — )7t — ) f(t)dt

a — (2~ ou)(on — 0a)T 12 (o)
D)3 ((ap — 2) Flan)) — D)2, Flaw). (25)

Now from Lemma [2.1 we have
I3, (Po(z, ap) f'(aw))

— (1= 95@) - 2 (4~ )T f ()

Ap — Qg

I (Pl flon)) + g = h T Flow). (2.6)

Using (2.5) and (2.6) in (2.4), we get the result

Jo (K (2, ap) f(ap))

1 (ap — )t

=5 (1= (@) L) T, flan)

L (o — )77 ap — Qg
+5J0n Y(Py(x,ap) f (o)) + mﬂj(%) (m _ <aa e . ))
ap — ag )t
i M”W& H((on — @) f(on))

which yields the required result.

O
Remark. If we replace v =1 in (2.3]), then we obtain the following corollary.
Corollary 2.3. Let all suppositions of Lemma [2.1] be valid. Then
1
S(1=9f(@)
1 b 1 ap — O
= t)dt + —— -
ap — Qg Qg f( ) + 2(0[1, - Ola) |:f(ab) (x (ab + ‘ 2 >>:|
_ 1 p
— flaw) (a: - (oza — e O‘)) + / Koz, t) ' (t)dt, (2.7)
2 ap — Qg Jo,

V x € [aa, ap] and where € € [0,1] and

[t_<oza2+x+eab4aa)]’ if te|ag, ),

ap +x ap — Qg .
[t—( 5 T € )], if tex, ap).

Remark. If we replace e =0 in (2.3)), then we obtain the following corollary.

KQ(ZL’,t) =
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Corollary 2.4. Let all suppositions of Lemma [2.1] be valid. Then

(ap — )7

fe) = W)= =T few) = T3 (Pale, 0 f ()
_%F(V)‘E;l ((ap — ) f(ow)) 4+ 2J7, (K3(x, ) f (ap))

B (ap — )=

5 - =« v o .
oy (= 00) J8, T, (28)

V x € [ag, ap], where v > 1 and

g+ (ap — )7 ‘
<t— 5 ) po— T(v), if té€ g x),

K3<.’17,t) =

<t _ Olb;‘ZL') (a;b _x()la I'(y), if tez,

and Py (z,t) is defined in (1.7).
Remark. If we replace v =1 in (2.8)), then we obtain the following corollary.

Corollary 2.5. Let all suppositions of Lemma [2.1] be valid. Then

( — ) f(ew) = (& = aq) f(ea)

2(ap — ay)

1 1 b
3@ = / o+
1

Qap — Qg

+

/ Y K O (e,

V x € [ag, ap], where

2

(t— ozb;—x> , af teEx, ),

(t_aa+x>a lf tE[OZa7.’E),
K4<.’I,‘,t) =

which is cited in [23] by F. Tong and L. Guan.

By using Lemma we obtain generalized Ostrowski-Griiss fractional integral
inequality in the next theorem.

Theorem 2.6. Let f: I — R be an absolutely continuous function on I° such that
ag,ap €1 and ag < ap. If |[f(2)] < M a.e. ¥V z € (g, ) where M is positive
real constant, then the following inequality holds

1 (ap — )7

5= 9f@) —2r()

(ap — )7

2(ap — ay)

— 17 -
+%J3;1(p2(x, ap) flay)) + MJ&JC(%) (z — g+ e . aa) ‘

Ja, flow) + Lo (o = 2) f(ew))

2(ap — aq)
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Moy —2)'77
ap — Qg
« {(‘Tz’yaa) {(Oéb —ay)” — (ap — )7 + (o —x) " + %(O‘b o aa)WJrl}

1 otz ap—ag\'T 1 1
+— 2| — + —2(ap — )7 — (ap — )T
7(Hl){(b T2 ey ) - ()

_ _ 7+l
+2 <O"’2 T 4O‘“> H (2.9)

V x € [ag, ap), where € € [0,1] and v > 1.

Proof. From Lemma consider

I
(ap — )™

2(ap — o)

3 (Buloan) flan) + 5= (o a“) 72, Flow)

2(ap — ag)%7

_ ‘;u —f() - 2T () J2, f o) +

=[J7 (Ki(z, ) f ()]

‘ / (p — ) K (x, t)f()dt‘
/ (aw — 1) Ky (@, )] | £/(8)]
]24) /ab(ab — t)“’_l | K1 (z,t)] dt

—_ 1= g _
:MM {/ (ap — 1)1 t(aa;l'+€ab4aa)‘dt

ap — Qg
‘_ ab—i—x_eab—aa dt
2 4

ap
+/ (Olb — t)771
[Ih + I+ Is + 14], (2.10)

(ap — )t

Qap — Qg

=M

where

Sate 4 ab—a [ atr | ap—ag
I = (ap — t) 5 +e 7 —tpdt
«

a

_ _ —a ) _ v+l
T — g n eab g\ (o — ) n 1 N Qg+ ap — 0
2 ) 2 4

B (2.11)
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* _ o, + ap — g
I, = — )t — dt
2 [MHH%;G (o — 1) { ( 5 +e€ 1 >}

2
<aa—x+6ab—aa> (ab—x)VJr 1 (abaa—i—m Eab_aa)wrl
2 4 ~ v+1)

( 2 4
(ap — ) *!

Yy +1) (2.12)

23

apte  ap—aq

2 € _ ap + 2 ap — O
I — )7t - dt
A (G s w )
y+1
(- - (ab—x)W_'_ 1 oq,—sc+ oap — O
“\" 2 T ~ N\ 2 T
_ )+l
(o —2) (2.13)
Yy +1)
and
ap
_ _ -1 7 Oéb+f£7 ap — Qg
1y _[xww,e%—aa (ap — t) {t ( 5 € )}dt
2 4
1 . o y+1
= (a*’ R o‘“) . (2.14)
y(v+1) 2 4
Using (2.11)) — (2.14) in (2.10), we get the bound
— )=
7 SM(ab x)
ap — Qg

2y {(O‘b —ag)? = (ap — )7 + (o — )" + %(O‘b - %)WH}

1 otz ap—ag\ ! 1
F—92 (0 — +e —2(ap — )7 — (g — )M

y+1
ap — T ap — Qg
2 — .
+ ( B € 1 > }]

O
Remark. If we replace v =1 in (2.9), then we obtain the following corollary.
Corollary 2.7. Let all suppositions of Theorem [2.6] be valid. Then
1 1 ap — Qg
(1 — - _
-0 - gt { (o (e 5™) ) sl
—a, 1 ap
_ (z - (aa - 670% 5 @ >) f(oza)} Rl /aa f(t)dt‘
M elap — ag)?
<" — 2 —p)r 42 e 2.1
S ] R R e (2.15)

V x € [ag, ), where € € [0, 1].

Remark. If we replace e =0 in (2.9), then we obtain the following corollary.
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Corollary 2.8. Let all suppositions of Theorem [2.6] be valid. Then

%f@) - 2F(W)MJ3J(%) + %Jg;l(a(x, ) f(a))
Mr(v)ﬂ:l (o — @) f(aw)) + ngaf(%) (@ — ag)
SM(Z: - Zil—v [(w ;vaa) {(ay — aa) — (ap—2)7 + (ap — 21} + ﬁ
" {2 (o0~ ““2”)”“ — 20y — ) = oy — a0) 7 42 (ab;"’”)w}] ,
(2.16)

YV x € [ag, ap], where v > 1.

Remark. Let either € = 0 in (2.15) or v = 1 in (2.16). Then we obtain the
following corollary.

Corollary 2.9. Let all suppositions of Theorem [2.6] be valid. Then

30 = gy (o= 00 flow) = (o = ) on)} = o [ sty

2(ap — @) ap — Qg
<L [(z — a0)? + (ap — 2)°] (2.17)
_4(041; — Oéa) a b ) .
YV x € [ag, ap).
Qg+ ap . . .
Remark. Let z = > in (2.15)). Then we obtain the following corollary
Corollary 2.10. Let all suppositions of Theorem [2.6] be valid. Then
1 Qo+ o flaa) + fow) 1 /ab
—(1— 1 — t)dt
sa-0r (25 ) ol [
M
< gl —aa)Zte), (2.18)

where € € [0,1].

Remark. Let € = 0 in (2.18). Then we get the bound for average midpoint and
trapezoidal inequality in the following corollary.

Corollary 2.11. Let all suppositions of Theorem [2.6] be valid. Then

1, (aq+ay flaa) + flow) 1 o

o (o) T - o [
_ M
< g(ab—aa)-

1
Remark. Let e = 3 in (2.18). Then we get the bound for perturbed trapezoidal

inequality in the following corollary.
Corollary 2.12. Let all suppositions of Theorem [2.6] be valid. Then

HEEN A

Qap — Qg

< (ap —a,)M.
< 32(ab Qq)
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Remark. Let € = % m 1) Then we get the bound for perturbed trapezoidal

inequality in the following corollary.

Corollary 2.13. Let all suppositions of Theorem [2.6] be valid. Then

‘; I (O‘;ab) 3 (e +s@) - [ f(t)dt‘

7
< — — .
< 48(ab aq) M
Remark. Let € = i mn 1) Then we get the bound for perturbed trapezoidal

inequality in the following corollary.

Corollary 2.14. Let all suppositions of Theorem [2.0] be valid. Then

3 Qg + oy 5 1 ap
2 () + e+ sn) - o [ rtoan
9
< a(ab —aq)M.
Remark. Let © = a, or x = ap in (2.17). Then we get the bound for trapezoidal
inequality (also Hermite-hadamard right bound) in the following corollary.

Corollary 2.15. Let all suppositions of Theorem [2.6] be valid. Then

a ab M
fla );Lf(ab) - abiaa /a f(t)dt’ < (@ —aq).

3. Conclusion

In this article our target was to generalize the results of [I9]. We have obtained
fractional Ostrowski inequality with bounded derivatives by using the Riemann-
Liouville integral. By using appropriate substitution we got previous results as well
as some better bounds stated in [19].
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