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AN ITERATIVE SCHEME FOR QUASI-NONEXPANSIVE
MAPPING IN CAT(0) SPACES

PIM SANBOONSIRI

ABSTRACT. In this work, we study a common fixed point theory on E be a
nonempty closed and convex subset of a complete CAT(0) space K, and using
T,S : E — E are quasi-nonexpansive mapping having demiclosed principle
such that F(T) N F(S) # 0, we introduce the modified algorithm in frame
Noor iterative prove strong convergence and prove that the sequence {zn} A—
converges to quasi-nonexpansive mappings in CAT(0) spaces which enough to
approximate a common fixed point.

1. INTRODUCTION

A CAT(0) space plays a primary role in various mathematic areas (see [1], [2],
[3]). Moreover, it is also beneficial to biology and computer science (see [4], [5]).
A metric space K is a CAT(0) space, if it is geodesically connected and if every
geodesic triangle in K is at least as thin as its comparison triangle in the Euclidean
plane. The CAT(0) space is the well-known method that provides complete, simply
connected Riemannian manifold, showing non-positive sectional curvature. The
complex Hilbert ball with a hyperbolic metric is the CAT(0) space (see [6]). Other
examples of the CAT(0) space include preHilbert spaces, R-trees (see[l], [7], [8],
[9], [10]) and Euclidean buildings (see [11]).

A mapping T : K — K is said to be nonexpansive if d(Tx,Ty) < d(z,y) for all
x,y € K. The generalization of nonexpansive mappings which we are interested in
are quasi-nonexpansive mappings, i.e., d(Tx,y) < d(z,y) for all z € K and for all
y € F(T).

Petryshyn and Williamson (see [12]), in 1973, proved a sufficient and neces-
sary condition for Mann iterative sequences to converge to fixed points for quasi-
nonexpansive mappings.

In 1997, Ghosh and Debnath (see [13]) extended the results of [12] and gave the
sufficient and necessary condition for Ishikawa iterative sequences to converge to
fixed points for quasi-nonexpansive mappings.
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The Noor iteration (see[14]) is defined by x; € K and

zn = (1= Ap)zn + ATan,
Yn = (1 = €n)xn + €nT2n, (1.1)
Tn+1 = (]- - 5n)xn + 5nTyna

for all n > 1,where {\,}, {e,} and{d,} are sequences in [0, 1]. If we take \,, =), =0
for all n, (1.1) reduces to the Mann iteration (see [15]), and we take v, = 0 for all
n, (1.1) reduces to the Ishikawa iteration (see [16]).

Phuengrattana and Suantai [17] give a necessary and sufficient condition for the
convergence of the SP-iteration of continuous functions on an arbitrary interval.
Also prove that the Mann, Ishikawa, Noor and SP-iterations are equivalent.

Kitkuan and Padcharoen [18] have modified SP-iteration in frame of a CAT(0)
space as follows:

zn = (1= A\p)xy & A\Tap,
Yn = (1 — €n)zn ® €nT2n, (1.2)
Tni1 = (1 - 5n)yn 57 5nTyn7

for all n > 1 , where is a nonempty convex subset of a CAT(0) space, 1 € K,
{\n}, {en} and{d, } are sequences in [0, 1].

Currently, Prommai et al. [28], introduce a common fixed point for firmly non-
spreading mappings and quasi-nonexpansive mappings in CAT(0) spaces. Using
the concept of Ishikawa iterative scheme, we define the sequence {z,} by

r1 € FE, (1 3)
Tnt1 = (L= Ap)zp @ A S(Txy), ’

where E is a nonempty closed and convex subset of a complete CAT(0) space, S
and T are mappings defined on F.

Motivation by above, we introduce a common fixed point for quasi-nonexpansive
using the concept of Noor iterative scheme in frame of a CAT(0) space, we define
the sequence {z,} by

2n = (1= X))z ® A\ S(Txy),
Tnt1 = (L= 0p)x ® 6,5(Tyn).

The definitions and known results are recalled in the existing literature on this
concept. K is a nonempty subset of a CAT(0) space K and T : K — K is a
mapping. A point u € K is called a fixed point of T if Tu = u .

We known that the iterative scheme (1.2) is suitable for finding a fixed point in
the framework of CAT(0) spaces and more relaxed step-sizes. On the other hand,
the iterative schemes (1.3) and (1.4) are suitable for finding a common fixed point
in the framework of CAT(0) spaces and also the iterative schemes (1.4) have more
relaxed step-sizes.

Now, we recall some definitions. Let K be a complete CAT(0) space and let
{z,} be a bounded sequence in K. For z € K, set

r(z,{zy}) = limsupd(x,x,).
n—oo
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The asymptotic radius r({x,}) of {x,} is given by
r({zn}) = inf{r(z, {z,}) : 2 € K}.
The asymptotic center A({z,}) of {z,} is the set

A({zn}) ={z € K:r(z,{zn}) = r({z.})}.
It is known that in a complete CAT(0) space, A({x,}) consists of exactly one point
([19], Proposition 7). Also, every CAT(0) space has the Opial property, i.e., if {z,}
is a sequence in K and A — lim,,_, o z,, = z, then for each y # x € K,
limsup d(x,, x) < limsup d(z,,y)
n—oo n—oo
We now give the definition and collect some basic properties of A— convergence
and recall the related concepts which will be used in our work.

2. PRELIMINARIES AND LEMMAS

Lemma 2.1. [20] 4 sequence {x,} in a CAT(0) space K is convergent to v € K
if x is the unique asymptotic center of {un} for every subsequence {u,} of {x,}.
For this case, A — limy,_, o0 up, = x and x is given by the A— limit of {x,} .

The concept of A— convergence in a fundamental metric space was reported
by Lim (see [21]). Kirk and Panyanak (see [22]) recently used the notion of A—
convergence begin by Lim (see [21]) to prove on the CAT(0) space analogous of some
Banach space results, which relate to weak convergence. Furthermore, Dhompongsa
and Panyanak (see [23]) achieved A— convergence theorems for the Picard, Mann
and Ishikawa iterations in a CAT(0) space.

Lemma 2.2. [23] Let K be a CAT(0) space. Then
d(1-—a)z®ay,z) < (1—a)d(z,2) + ad(y, 2)
forall a € 10,1] and x,y,z € K.
Lemma 2.3. [23] Let K be a CAT(0) space. Then
(1 -a)z®ay,2) < (1 —a)d*(z,2) + ad’(y,2) — a(l — a)d*(z,vy)
for all « € ]0,1] and x,y,z € K.

Lemma 2.4. [26] Fvery bounded sequence in a complete CAT(0) space always
contains a N— convergent subsequence.

Lemma 2.5. [27] Let E is a closed and convex subset of a complete CAT(0) space
and let {x,} be a bounded sequence in E. Then the asymptotic center of {x,} is
mE.

Lemma 2.6. [23] Let K be a be a nonempty closed and convex subset of a CAT(0)

space (K, d). Let {z,} be a bounded sequence in K with A({z,}) = {z}, {tn} be a
subsequence of {x,} with A({t,}) = {t}. If lim, oo d(x,,t) exists, then x =t.
Lemma 2.7. [24] Let K be a CAT(0) space. Let{z,} and {y,} be two bounded
sequences in K with limy, oo d(Yn, Tn) = 0. If A — lim, o0z, = x, then A —
We defined wy,({zn}) := U A({un})where the union is taken over any subse-

quence {u,} of {z,}. In order to prove our main theorem, the following facts are
needed.
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Lemma 2.8. [24] Let E be a nonempty closed and convex subset of a complete
CAT(0) space K and T : E — K be a generalized hybrid mapping. If {x,} is a
bounded sequence in E such that limy,_,co d(xn, Txy) = 0 and {d(x,,w)} converges
for all w € F(T), then wy,({z,}) C F(T). Furthermore, wy,({x,}) consists of
exactly one point.

Lemma 2.9. [24] The conclusion of Lemma 2.8 is still true if T : E — K s
any one of monexpansive mappings, firmly nonspreading mapping, nonspreading
mapping, TJ-1 mapping, TJ-2 mapping, and hybrid mapping.

3. RESULTS

Theorem 3.1. Let E be a nonempty closed and convex subset of a complete
CAT(0) space K, and let T : E — K be a quasi-nonexpansive mapping having
demiclosed principle such that F(T) # 0. If {x,} is a bounded sequence in E
such that limy, oo d(TZpn,x,) = 0 and {d(x,,w)} converges for all w € F(T),
ww({zn}) C F(T). Furthermore, wy,({xn}) consists of exactly one point.

Proof. By the assumption {x,} is a bounded sequence in E such that

limy, 00 d(T2p, xy) = 0. Let t € wy({x,}), then there exists a subsequence {t,}
of {z,} such that A({t,}) = {¢t}. By Lemma 2.5 and Lemma 2.6 there ex-
ists a subsequence {w,} of {¢,} such that A — lim, ,ot, = w € E. Because
lim, oo d(Twy,w,) = 0, we can conclude that w € F(T). From Lemma 2.6
and {d(x,,w)} converges for all w € F(T), we have t = w € F(T). This im-
plies that w,({z,}) C F(T). Finally w,({z,}) consists of exactly one point. In-
deed, let A({z,}) = {z} and {¢,} be a subsequence of A({t,}) = {t}. Because
t € wy({zn}) C F(T), we have t = w € F(T') and hence {d(x,,t)} converges. We
can apply Lemma 2.6 again to conclude that x = t¢. O

Theorem 3.2. Let E be a nonempty closed and convex subset of a complete CAT(0)
space K, and let T, S : E — E are quasi-nonexpansive mapping having demiclosed
principle such that F(T) N F(S) # 0. If {x,} be a sequence defined by (1.4) then
lim,, o d(xp,w) exists for all uw € F(T)NF(S).

Proof. Let ({zn}) be a sequence defined by (1.4) and v € F(T) N F(S). Then
d(Tz,u) < d(z,u) and d(Sy,u) < d(x,u) for all ,y € E. By Lemma 2.3, we have

d2(zn,u) = 2(( —A\n)Zn @A S(Txy), u)
— X)) d% (2, u) + M d?(S(Txn), 1) — A (1 = A\p)d? (2, S(T2y))
— M)A (T, 1) + M d? (T, u) — A (1 = Ap)d? (2, S(T)
— X)) (2, u) + A d? (20, 1) — A (1 = Ap)d? (2, S(T2y))
(:L'n,u) — Al =) 2($n75(Txn))
u)

(3.1)
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and
& (yn, u) = d*((1 = en)y ® 25(T2p), u)
< (1= ep)d*(@n,u) + £,d*(S(Tzn), 1) — en(1 — £,)d* (20, S(Tz,))
< (1 —en)d* (@, u) + nd*(Tzp,u) — en(1 — £,)d?* (2, S(T2y))
< (1= ep)d*(@n,u) + £nd*(2n,u) — en(1 — £,)d* (20, S(T2)).

(3.2)
From (3.1), we get
d*(yn,u) < (1 = €,)d% (2, 1) + end?(Tn,u) — en(1 — ,)d?* (2, S(T2))
< d*(zp,u) —en(l — ,)d% (20, S(T2,))
< d* (2, u),
(3.3)

and
d*(xpy1,u) = d*((1 = 6,)xn @ 0,5(Tyn), )
< (1= 8,)d2* (2, 1) + 6,d*(S(Tyn),u) — 6, (1 — 8,)d>* (2, S(Tyn))
< (1= 8,)d*(zp,u) + 60d*(Tyn, u) — 6 (1 — 8,)d* (20, S(Tyn))
< (1= 8,)d* (2, 1) 4 60 d? (Yy ) — 0 (1 — 0,)d* (2, S(Tyn)).
(3.4)
From (3.3), we get
d*(zpy1,u) < (1= 8,)d% (@, u) + 6,d* (2, 1) — 6 (1 — 8,)d2 (20, S(Tyn)).
< d* (2, u) — 0p(1 — 6,)d* (0, S(Tyy))

< d*(w,u).
(3.5)
Therefore, {d(x,,u)} is bounded and decreasing sequence which imply that
lim,, 00 d(@y, u) exists. ]

Theorem 3.3. Let E be a nonempty closed and convex subset of a complete CAT(0)
space K, and let T : E — E be a firmly nonspreading mapping. Suppose that
S : E — FE is a quasi-nonexpansive mapping having demiclosed principle such that
F(T)NF(S) # 0 and let {x,} be defined as (1.4). If let {6,} is a sequences
n (0,1) such that iminf, . 6,(1 — &,) > 0, liminf, . e,(1 —&,) > 0, and
liminf, eo An(1=Ay) > 0, then liminf,, o d(yn, Tyn)) = liminf, o d(zp, T2p)) =
liminf, oo d(zpn, T2y)) = 0, and iminf, o d(Tyn,u)) = liminf,, o d(Tz,,u)) =
liminf, o d(Txn,u)) = 0 exists.

Proof. Let {x,} be a sequence defined by (1.4) and u € F(T) N F(S). By Lemma
3.2 , we have lim,, o d(Tx,,u)) exists. Because d(Tx,,u) < d(z,,u) < d(z1,u),
{:rn} and {Tx,} are bounded. From (3.5) , we have

& (241, 0) < (2, u) = 0n(1 = 80)d* (2, S(Tyn)).-
Thus, we have
Sn(1 = 8,)d* (20, S(Tyn)) < d* (2, u) — d*(Tpa1,u).
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Because liminf,,_, §,(1 — d,) > 0, there exist £k > 0 and N € N such that
0n(1 = 6,) > k for all n > N, and hence

limsup kd? (2, S(Ty»)) < limsup &, (1 — 6,)d*(z,, S(Tyy))
n—oo

n—oo

< limsup(d*(zn, u) — d* (2,41, u))

n—roo
—0. (3.6)
Therefore, 0 < liminf,,_, o d?(2,, S(Ty,)) < limsup,,_, . d*(x,, S(Ty,)) < 0, which
implies that lim,, o, d*(2,, S(Ty,)) = 0. Thus, we have

lim d(2,,S(Ty,)) = 0. (3.7)

n—oo
Furthermore, we have from (3.4) that
d*(zpi1,u) < (1= 6,)d*(@n, ) + 0,d*(Tyn, u) — 0, (1 — 0,)d* (2, S(Tyn))

< (1= 6,)d*(zp, ) + 8 d* (Tyn, u)

= d*(zp,u) — 0pd? (Tn,u) + 6, d*(Tyn, u). (3.8)
Therefore,

Spd*(Typ,u) — d*(xp,u)] < d*(zn,u) — d*(Tpy1,u).
Because 0,,(1—0,,) < dp, lim,, o d, > 0. Using the same argument we can conclude

that
lim [d?(Typ,u) — d*(x,,u)] = 0.

n—oo
Because u € F(T),
d*(Tyn, u) = d*(Ty,, Tu)
1
=2
< d2(yn,Tu) - %dQ(ymTyn)

< = (d*(yn, Tu) + d*(Tyn,u) — d*(Yn, Tyn) — d*(u, Tu))

= d*(yn,u) — %dQ(yn, Tyn). (3.9)
From (3.4), we have
d*(2ng1,u) < (1= 6,)d*(xp,u) + 6,d*(Typ, u).
From (3.9), we get

1
d*(zpy1,u) < d* (2, u) — 6p,d* (2, w) + 6n(d (Yn, u) — §d2(yn,Tyn)). (3.10)

From (3.4), we get

1
d2(xn+1, u) < dz(xn,u) — 6pd? (2, u) + 6n(d2(a§n,u) — idz(yn,Tyn))

= d*(zp,u) — %dz(yn,Tyn). (3.11)
Thus, we have
Snd® (Y Tyn) < 2(d% (2, u) — d*(2pp1,u)).
Because 0,(1 — 6,,) < 0y, , limy, 00 6, > 0, we get
lim d*(y,, Tyn) = 0.
n—o0
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Thus, we have

li_>m d(yn,Tyn) =0. (3.12)

Because lim,, o0 (d*(Tyn, u) — d*(yn,u)) = 0 and lim,, oo d(yy,, u) exists, we may
conclude that lim,, o, d(Tyn,u)) exists.
Again by (3.10) and (3.2), we get

dQ(xTH-lv u)

1
< d* (2, 1) — 0pd® (2, u) + 0 (A2 (Y, u) — §d2(ymTyn))

1
< d* (@, 1) — 0pd® (2, u) + 0p[(1 — £,)d? (20, u) + £,d* (T2, u)] — §6nd2(yn,Tyn)

1
= d* (2, u) — Opend?(Tp,u) + 6nend*(T 2y, u) — §6nd2(yn,Tyn),

(3.13)
and v € F(T)
d*(Tzy,u) = d*(Tz,, Tu)
1

< i(dQ(zn, Tu) 4 d*(Tzp,u) — d*(zp, T2n) — d*(u, Tu))

< d*(zp, Tu) — %dQ(zn,Tzn)

= d*(zn,u) — %dQ(zn,Tzn).
(3.14)

Again by (3.13), (3.14) and (3.1), we have
d* (i1, 1)

1 1

< d* (2, 1) — Opend® (T, u) + Open|d®(2n, u) — §d2(zn,Tzn)] — §§nd2(yn,Tyn)
1 1

= d* (2, u) — Opend?(Tn,u) + 6pend?®(2n, 1) — iénsndQ(zn,Tzn) - iénaﬂ(ymTyn)
1 1

< d* (2, u) — Opend? (Tn,u) + 0pend? (x,,u) — §5n5nd2(zn,Tzn) — iéndQ(yn,Tyn)

1 1
< dz(acn, u) — §5n5nd2(zn,Tzn) — §6n5nd2(yn,Tyn).
(3.15)

Thus, we have
1
§5n5n [d2 (Zna Tzn) + d2 (yna Tyn)] < d2 (l‘n, u) - d2 (xn-i-lv u) (316)

Because 0, (1 — 0,) < 0y, limy 00 0, > 0, £, (1 — £5,) < €, limy 00 €, > 0 and
limy, 00 d%(Yn, Tyn) = 0, we get

lim d?(z,,Tz,) = 0.

n—oo

Thus, we have

lim d(z,,Tz,) =0. (3.17)

n—oo
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Because lim,, ;oo (d2(Tzpn,u) — d*(z,,u)) = 0 and lim,, o d(2,,u) exists, we may
conclude that lim,, o, d(T'z,,u)) exists.
Again by (3.4), (3.2) and (3.1), we have

d*(2pg1,u) < (1= 6,)d* (2, u) + 6,d* (Yn,u)
< (1= 0p)d%(zp,u) + 6, [(1 — €,)d% (2, u) + £nd? (2, u)]
= d*(xp,u) — Opnend®(Tn, u) + Spend? (2n, u)
< d* (2, 1) — Opend?(Tn,u) 4+ Onen[(1 = Ap)d? (2, u) + Ayd? (T2, u))
= d*(xp,u) — OnenInd? (2, 1) + OpenAnd* (T2, u),

(3.18)
and v € F(T)
d*(Txy,,u) = d*(Tx,, Tu)
1
< i(dz(azn, Tu) + d*(Txp,u) — d*(xn, Try) — d*(u, Tu))
1
< d*(xpn, Tu) — idQ(xn,Txn)
1
= d*(xp,u) — idz(xn,Txn). (3.19)

From (3.18) and (3.19), we have
1
d*(pi1,u) < d*(Tn,u) = OnenAnd®(Xn, ) + OpenAn[d® (Tn, u) — §d2(xn, Txy,))

1
= d*(zp,u) — 6n5n)\n§d2(9cn,Tacn). (3.20)
Thus, we have
1
idnsn)\ndZ(mexn) < d*(zp,u) — d*(zpy1, ). (3.21)

Because 0, (1 — 6,,) < 0y, limy, o0 0, > 0, £, (1 — €,) < €, limy 00 €5 > 0,
An(1 = An) < A, limy, 00 A, > 0, we get
lim d*(z,,Tx,) = 0.

n—oo

Thus, we have

lim d(x,,Tz,) =0. (3.22)

n—oo

Because lim,, o0 (d*(Ty,u) — d*(zp,u)) = 0 and lim,, oo d(x,,, u) exists, we may
conclude that lim, oo d(Tzy, u)) exists. O

Theorem 3.4. Let E be a nonempty closed and convex subset of a complete CAT(0)
space K, and let T : E — E be a firmly nonspreading mapping. Suppose that
S : E — FE is a quasi-nonexpansive mapping having demiclosed principle such that
F(T)NF(S) # 0 and let {z,} be a sequence defined by (1.4). If {6,} is a sequence in
(0,1) such thatliminf, . 0,(1—38,) > 0, then A—lim,, o z, = u € F(T)NF(S).

Proof. Let {x,} be a sequence defined by (1.4) and v € F(T)NF(S). From Lemma
3.2, we have lim,, o d(2,,u) exists. Then {z,} is bounded. From Lemma 3.3,
we have lim,, o d(z,, Tx,) = 0 and lim,,_, d(Tx,,u) exists which implies that
{Tz,} is also bounded. By (3.22) we have lim,_,o d(zn,T2,) = 0 and by (3.7)
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we have lim,, o, d(zn, S(Tx,)) = 0. Because d(S(Tz,), Tz,) < d(S(Tx,), Tn) +
d(xp, Txy), limy, oo d(S(Txy), Txy) = 0. By Theorem 3.1 and Lemma 2.9, there
exist 7,y € F such that w,({z,}) = {z} C F(T) and w,({Tzn}) = {g} C F(S).
Thus, we have A —lim,, oo , =T and A — lim,, oo Tz, = §. Using Lemma 2.7,
we have T = §. O

4. NUMERICAL RESULTS

In this section, we show numerical experiment results for supporting main results.

Example 4.1. Let K = R be a Fuclidean metric space and E = [1,9]. Let S, T :
R — R be mappings defined by

Tr=+/24—6z+ 22 and Sz = V48 + z2.

It is easy to check that T" be a firmly nonspreading mapping and S be a quasi-
nonexpansive mapping with F(S) = F(T) = {4}. We compare our iterative scheme
(1.4) and iterative scheme (1.3) with difference step-sizes have numerical results in
Table 1, the value of z, in Figure 1, Figure 3, Figure 5, and Figure 7, the values
error in Figure 2, Figure 4, Figure 6 and Figure 8.

TABLE 1. The numerical results of iterative schemes.

Iterative scheme (1.3) Iterative scheme (1.4)

Step-sizes

It. Time T |2n — 2pa] | It. Time T |2p — 21

28| 0.006375 | 4.00000007 | 0.00000006 | 10 | 0.005084 | 4.00000000 | 0.00000001

_3n+3 30 | 0.009131 | 4.00000008 | 0.0000007 | 11 | 0.003692 | 4.00000001 | 0.00000005

e —09— 1 30 | 0.009107 | 4.00000008 | 0.0000007 | 21 | 0.008554 | 4.00000003 | 0.00000004
o : (n+1)?
_3n+3
T bn+5

n

_3n+3
T hn+5

n 22 1 0.006320 | 4.00000008 | 0.00000006 | 11 | 0.004272 | 4.00000003 | 0.00000005
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9 . .
—— Iterative scheme (1.3)
——Iterative scheme (1.4)
8 |
5
87t ]
o
8
=
= 8 |
S5t i
4 L L L L
0 5 10 15 20 25 30

Number of iterations

FIGURE 1. Graph of results values case A\, = 0.5, ¢,, = 0.7, §, = 0.9 .
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FI1GURE 2. Graph of error values case A, = 0.5, ¢, = 0.7, §, = 0.9 .
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5. CONCLUSIONS

We study fixed point theory on E be a nonempty closed and convex subset
of a complete CAT(0) space K, and using T be a firmly nonspreading mapping
and S be a quasi-nonexpansive mapping having demiclosed principle such that
F(T)N F(S) # § which enough to approximation a common fixed point.
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