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PETROVIC-TYPE INEQUALITIES FOR HARMONIC
CONVEX FUNCTIONS ON COORDINATES

IMRAN ABBAS BALOCH, MARTIN BOHNER, AND MANUEL DE LA SEN

ABSTRACT. Harmonic convex functions constitute a very important new class
of nonconvex functions. Harmonic convexity has now gained remarkable promi-
nence in the theory of inequalities and applications as well as in other branches
of mathematics. Furthermore, harmonic convexity provides an analytic tool
in order to estimate several known definite integrals. In this article, we extend
Petrovié-type inequalities and also establish majorization-type inequalities for
harmonic convex functions on coordinates.

1. INTRODUCTION AND AUXILIARY RESULTS

Convexity of functions has been frequently used in various fields of pure and
applied mathematics, for instance, in function theory, mathematical analysis, func-
tional analysis, probability theory, optimization theory, operational research, and
information theory. In short, convex functions entail a strong and elegant interac-
tion between analysis and geometry. The simple generalization to a convex function
extensively widens our scope for analysis. Inequalities are frequently used in solving
several problems of the applied sciences. Some recent work on the applications of
mathematical inequalities can be found in [2}4L(6]/8}|10H12}/14},/15}[18]/19]. In [20] (see
also |21} page 154]), M. Petrovi¢ proved the following result, which is known in the
literature as Petrovié¢’s inequality.

Theorem 1.1. Suppose (x1,...,2,) and (p1,...,Dpn) are nonnegative n-tuples such
that > p_ prxr > x; fori=1,...,n and x;, Y p_, pexx € [0,a]. If f:[0,a] > R
is convez, then the inequality

D opefR) < F{D pek |+ | D pe—1] f(0) (1.1)
k=1 k=1 k=1

holds.

Definition 1.2. Let n > 2, a = (a1,...,a,), b = (b1,...,b,) be n-tuples of real
numbers and
ap) 2 apg) 2 - Z Afp)

)
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be their ordered arrangements. Then we say that a majorizes b (in symbols a > b)
if
! k k n n
Za[i]Eme, k=1,...,n—1 and Za[i]:Zb[i].
i=1 i=1 i=1 i=1
During the investigation of convexity, many researchers established new classes
of functions that are not convex in general. Some of them are the so-called harmonic
convex functions [16], harmonic («,m)-convex functions [17], harmonic (s, m)-
convex functions [7},)9], and harmonic (p, (s,m))-convex functions [10]. For a quick
glance on the importance of these classes and applications, see [5] and references
therein. Here we recall these definitions for better understanding of our work.
Definition 1.3. A function f: I C R\ {0} — R is said to be harmonic conver on
Iif
Pl ) StH @) + (1= f(@) (1.2)
—_— — x .
trr(1—ty) ="V
holds for all z,y € I and ¢ € [0,1]. If the inequality is reversed, then f is said to
be harmonic concave.

Definition 1.4 (See [17]). A function f:I C R\ {0} — R is said to be harmonic
(o, m)-convex on I if

may
— 7 )< 1— ¢
Pttt ) <1+ m = 97
holds for all z,y € I and ¢ € [0, 1], where a € [0,1] and m € (0,1]. If the inequality
is reversed, then f is said to be harmonic (o, m)-concave.

Definition 1.5 (See [7,9]). A function f: I CR\ {0} — R is said to be harmonic
(s, m)-convezx on I if

mxy s s
F (o) < 05w+ mla - 0°50)

holds for all z,y € I and ¢t € [0, 1], where s € (0,1] and m € (0,1]. If the inequality
is reversed, then f is said to be harmonic (s, m)-concave.

Definition 1.6 (See [10]). A function f:I C R\ {0} — R is said to be harmonic
(p, (s,m))-convez on I if

f< d )<ﬁﬂm+mu—w#@>
[t(my)

P+ (1-— t)xp]%

holds for all z,y € I with my € I and ¢ € [0,1], where p € R\ {0}, s,m € (0,1]. If
the inequality is reversed, then f is said to be harmonic (p, (s,m))-concave.

In [5], Baloch et al. established the following relations between classes of convex
and harmonic convex functions.

Lemma 1.7 (See [5]). Let I C R\ {0} be an interval. Put
— 1
I~t.= {yER: y:;, .136[}.

A function f : I = R is harmonic convex if and only if g : I™' — R is convex,
where g is defined as g(y) = f(1/y).
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Lemma 1.8 (See [5]). Let I C (0,00). A function f : I — R is harmonic convex
if and only if g : I — R is convex, where g is defined as g(x) = xf(x).

Ezample 1.9 (See [5]). 1. Let f:(0,00) = R and g : (—00,0) — R be defined
by f(xz) = g(x) = . Then f is harmonic convex and g is harmonic concave.
2. Let f:(0,00) — R be defined by

T if 0<x<?2,
f(x){z;—;* it z>2

Then f is harmonic convex on (0, 00), since z f(z) is convex on (0, 00).
3. Let f:(0,00) — R be defined by

f(z) = w

T
Then f is harmonic convex on (0, 00), since x f(z) is convex on (0, 00).

In [1], Baloch and Chu proved the following Petrovié-type and majorization-
type inequalities.

Theorem 1.10. Suppose (z1,...,2,) and (p1,...,pn) are positive n-tuples such
that > _ pkxr > x; > ¢ for i = 1,...,n and ¢,x;, > n_, pxZr € [e,a]. If the
function f : [e,a] = R is harmonic convezx, then

. Zk 1 Pr(Tk — -
;kakf(ﬂﬂk ST peae —c <Zpkl’k> f (;mu)
e <Zpk _ L il _C)> 1)
k=1

(1.3)

> k1 Pkl — C

Theorem 1.11. Let a = (a1,...,ay), b = (b1,...,b,) be finite sequences from
I CR\{0}, p= (p1,...,pn) be a positive n-tuple. If a > b and f : I — R is
harmonic convex, then the inequality

Zpiaif(ai) > Zpibif(bi) (1.4)

holds.

Now, we give the definitions of harmonic convex and coordinated harmonic con-
vex functions on rectangles, and then establish some basic results for them, which
will be used in the main section of this article.

Definition 1.12. Consider a rectangle A = [a,b] x [c,d] C R*\ {(0,0)} with a < b
and ¢ < d. A function f: A — R is said to be harmonic convex on A if

xy uv

<t 1—t

for all z,y € [a,b], u,v € [c,d], t € [0,1].
Definition 1.13. Consider a rectangle A = [a, b] X [¢,d] € R?\ {(0,0)} with a < b
and ¢ < d. A function f: A — R is said to be coordinated harmonic convex on A
if

xy uv
/ (tx+(1 -ty Au+ (1 - A

) <(1-8)(1 = N f(x.u) + (1 )M ()
+ t<1 - )‘)f(yvu) + t)\f(y,’U)
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for all z,y € [a,b], u,v € [¢,d], t,\ € [0,1].

Remark 1.14. Here, we would like to point out that a function f : A — R is
coordinated harmonic convex on A if the partial mappings f, : [a,b] — R and
fz + [e,d] = R defined by f,(u) = f(u,y) and fr(v) := f(z,v) are harmonic
convex for all z € [a,b] and y € [c, d].

Lemma 1.15. Let A = [a,b] x [c,d] — R?\ {(0,0)}. Put

— 1 1
A= {(u,v) eR: u= — v=—, (z,y) EA}.
T Y

A function f : A — R is harmonic convex (coordinated harmonic convexr) on A if
and only if g : A1 — R is conver (coordinated convex) on A, where g is defined

as g(u,v) = f(1/u,1/v).

Proof. The idea of proof is similar to the proof of |5, Lemma 1.1], and we omit the
calculations. O

Lemma 1.16. Let A = [a,b] x [c,d] — R?\ {(0,0)}. A function f : A — R is
coordinated harmonic convexr on A if and only if g,g, : A — R are conver on A,
where gy, gy are defined by g.(y) = yfo(y) and gy(z) = zfy(x).

Proof. The idea of proof is similar to the proof of |5, Lemma 1.2], and we omit the

calculations. O

Lemma 1.17. Every harmonic convex function f : A — R is coordinated harmonic
conver on A, but the converse does not hold in general.

Proof. Suppose that f: A — R is harmonic convex on A. Consider f, : [¢,d] = R
defined by f,(u) := f(z,u). Then, for all A € [0,1] and u,v € [¢,d], we have

f(wriom) = (i)

_ ( z? uv >
Az + (1=Nax A+ (1—Nu
< Af(zu) + (1= A) f(z,v)
= Me(u) + (1 =N fa(v),
which shows harmonic convexity of f,. The fact that f, : [a,b] — R defined by

fy(v) == f(v,y) is also harmonic convex for all y € [c, d] goes likewise, and we shall
omit the details. Now, consider the mapping

foo : ATt =[1,00]*> = [0,1] defined by foo(z,y):= i

1y
We have
elt) = fo (31 ) =
which is coordinated convex but not convex on A = [0,1]? (see [13] for details).

Thus, by Lemma fso is coordinated harmonic convex on A~! but not harmonic
convex on A~1, O
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2. MAIN RESULTS
Theorem 2.1. Let A = [g,a] X [,b], (z1,...,2,) € [e,a]", (Y1,-.-,Yn) € [,0]7,
(p1,-.-,pn) and (q1,...,qn) be positive n-tuples such that
n
Zpkl”k >x; >c and quyk >y >c for i=1,...,n.
k=1 k=1

Also, let c,xi,zzzlpkxk € [e,a] and 07y¢,ZZ=1 aryr € g0 If f: A — Ris
harmonic convex on A, then

SO pkaezyef (wr, ye) <Ai(z,p,c)Bi(y, g (Zpkl’k,zqwﬁ>

k=1/¢=1

+ Ai(x, p,c)B2(y, q,¢ (Zpkxk’ ) (2.1)

+ Az (z, p,c)Bi(y, q,¢ < wa)
=

+ A2($; p, C)BQ<y7 q, C)f(C, C),

where

Ai(z,p.c) = Do Pr{2% ) (ZPk%)

Y oh i PeZE — C

As(z, p,c) = c (Zpk _ Zk;l pr(T) — c)) 7

Zk:l PrZp — C

Qe Ye — C
Bl(y7 q, C) = Zél— (Z qﬁy@)

Die Qeye — ¢
- Ze—l qe(ye — ¢
Bsy(y, q.¢) :=c w-<=—]
; Zzzl Qeye — C
Proof. Let f, : [e,b] = Rand f, : [¢,a] = R be mappings such that f,(y) = f(z,y)
and fy(xz) = f(x,y). Since f is coordinated harmonic convex on A, f, is harmonic
convex on [, a]. By Theorem one has

Y heq PETE — C

T <Zpk _ Zk§1pk($k - C)) ().
k=1

> k1 DTk — C

Zpkxkfy (zk) < Zk 1Pk (2 = ) (me) fy (Zpkxk>

By assuming y = yy, we have

Zpkxkf Thy Ye) < < Loy P1{2% (ZPI&%) f <Zpkxk7y€>
k=1

Pt T Yk PETE —C

+ec <Zpk - —Zkilpk(mk — C)> f(e,ye).
k=1

Y ko1 PETE —C
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This gives

n
> praemryef (v, ye)

k=1¢=1

Dkt Pr(2) — ) -
< PkTk qeye f DTk, Ye (2.2)

D= 1pk$k —c Z — 1; ’

n
pk Tk —
+c (Zpk %kl P ) > qeef (e, o).
k=1 =

Again using Theorem [1.10]on the terms of the right-hand side for the second coor-
dinates, we have

Z(Jeyzf (ZPMh@/z)
Zz CIe Yo —C n n
m <Z fMM) ( PkTk, 1%1/@) (2.3)
+c Zn:qz Zé 1 9e(ye — Zpkl'k
/=1 Ze 19¢Ye — C = €
quyff (c,ye) < M (Z qm) f (C,quz)

=1 Y1 deye — ¢ =1

T (Z Q0 — —Z‘il ae(ve C>> fle o).

and

(2.4)

Ze—l qeYe — C
Using inequalities (2.3) and ( in inequality (2.2] ., we get inequality (2.1] . ([l

Remark 2.2. If f is strictly coordinated harmonic convex, then inequality (2.1)) is
strict unless all xj, and y, are not equal or Y ;' pr # 1 and >, q¢ # 1.

Remark 2.3. If we assume y; = cand ¢p =1 for £ = 1,...,n with f(zg,c) = f(ay)
and f(c,c) = f(c), then we get inequality (1.3]).

Theorem 2.4. Let A = (0,0)%, a= (a1,...,a,), b= (b1,...,b,) be n-tuples and
c=(c1,....tm), d= (di,...,dn) be m-tuples such that a;,b;,c;,d; € (0,00) for
alli=1,...,nand j=1,...,m. If a> b and c >~ d, then the inequality

ZZ pig;aic; f(ai, ¢j) > ZZplqud f(bi,d;) (2.5)

i=1 j=1
holds for each harmonic convex f : A — R.
Proof. Let fy, fy : (0,00) — R be mappings such that f.(y) = f,(z) = f(z,y).

Since f is harmonic convex on A, f, is harmonic convex on (0,00). By Theorem
1.11} one has

> piaif(ay) =Y pibif (biy). (2.6)
i=1

i=1
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Again, by using Theorem for harmonic convexity of f, on (0,00), we get
m m
> giciflaie;) = > qid;flai, dy),
j=1 j=1

which gives

DO pigjaicifaic) > > > pigiaid; f(ai, dy). (2.7)

i=1 j=1 i=1 j=1
Now, if we assume that y = d; in inequality (2.6), then we get

> piaif(ai,d;) = pibif(bi,d;),
=1 i=1
which gives

n m n m

Z Zpinaidjf(aia dj) > Z Zpiquidjf(bi7 dj). (2.8)
i=1 j=1 i=1 j=1
By combing inequalities (2.7 and (2.8]), we get the inequality (2.5). O

3. CONCLUSION

In this article, we extended Petrovi¢’s inequality to rectangles for harmonic con-
vex functions by using certain conditions. The methods and techniques used in this
article are new.
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