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LYAPUNOV-TYPE INEQUALITY FOR HIGHER ORDER
DYNAMIC EQUATIONS ON TIME SCALES

CAIHONG HAN, GUANGWANG SU*, TAIXIANG SUN*, LUE LI, GUOEN XIA

ABSTRACT. In this note, we establish a new Lyapunov-type inequality for a
class of higher order dynamic equations under anti-periodic boundary condi-
tions. Applying the inequality, we obtain the lower bound of the eigenvalue
for a related eigenvalue problem.

1. INTRODUCTION

The theory of time scales, which has recently received a lot of attention, was
introduced by Stefan Hilger in [7] with one goal being the unified treatment of
differential equations (the continuous case) and difference equations (the discrete
case). A time scale is an arbitrary nonempty closed subset of the real numbers R.
We assume that T is a time scale which has the topology that it inherits from the
standard topology on R. The two most popular examples are R and the integers Z.
For the time scale calculus and some related basic concepts, we refer the readers to
the books by Bohner and Peterson [2,3] for further details.

In this note, we study Lyapunov-type inequality for the following higher order
dynamic equation

S (2 (0) P25 (1 (1)) + u(t) (6P~ 2x(t) = 0, (1.1)
on some time scale T under the following anti-periodic boundary conditions
Sk(a,z(a)) + Sk(b,z(b)) =0 (0 < k <n), z(t) 0 fort € [a,b]r = [a,b]NT, (1.2)

where So(t,z(t)) = x(t), Sk(t, z(t)) = ak(t)S,il(t,x(t)) for1<k<m,ap:T —
(0,00) (1 <k <n)and u:T — R are rd-continuous, p > 1 and a,b € T with
a <b.

When ai(t) =1 (1 <k <n)and T =7Z, (1.1) reduces to

|A™ 2 (n)|P2 A g (n) + u(t)|z(n) P22 (n) = 0. (1.3)
In [9] Liu and Tang showed if ([1.3) has a solution z(n) satisfying A*z(a)+A*z(b) =
0(0 <k <n)and xz(m) Z#0form € {a,a+1,---,b—1}, then Zi::la |u(m)|P/P=1) >
2n+1p/(b _ a)(nJrl)pfl.
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For the following linear differential equation

z”(t) + q(t)a(t) = 0, (1.4)
the classical Lyapunov inequality [10] is stated that if ¢ : [a,b] — R is continuous
and x(t) # 0 for t € [a,b] is a solution of (1.4) with x(a) = x(b) = 0, then the
following inequality holds:

b 4
t)|dt > ——

[ ool > =

where the constant 4 cannot be replaced by a larger number.
In 1983, Cheng [5] investigated the following second-order difference equation

A?z(n) + q(n)z(n+1) =0, (1.5)
under the assumptions that (1.5) has a solution x(n) satistying z(a) = x(b) = 0
and z(n) £ 0 for n € {a,a+1,--- ,b},where a,b are positive integers with a < b,

and obtained the following Lyapunov inequality

§ (n) > %7 if b—a—1 iseven,
n:aq B ﬁ, if b—a—1 isodd.

In 2002, Bohner et al. [1] investigated the following Sturm-Liouville dynamic
equation
() + q(t)2” (1) = 0, (1.6)

on time scale T under the assumptions that (1.6) has a solution z(t) satisfying
xz(a) = z(b) = 0 and z(t) # 0 for ¢ € [a,b]y, where a,b € T with a < b and
q: T — (0,00) is rd-continuous, and obtained the following Lyapunov inequality

b b—a
At >
/aqu) 1220

where C' = max{(t —a)(b—1t) : t € [a,b]r}. For some other related results on
Lyapunov inequality, see, for example, [4,6,8, 11-13].

2. MAIN RESULT AND ITS PROOF

In this section, we give the main result and its proof of this paper.

Lemma 2.1. (see [2]) Let a,b € T with a <b and 1/p+1/q =1 withp > 1 and
q > 1. Then for any functions f,g € Crd([a,b]’IhR), we have

/:If(t) ()t < / sty / a0t

Lemma 2.2. Let a,b € T with a < b. Suppose that a,f3,7v,6 € [0,4+00) and
p,q € (1,400) with a/p+ B/q = 1/p+1/q = v/p+ §/q = 1. Then for any
functions f, g € Crq([a,b]1,R), we have

[ swsa<{ [ rorworadt{ [ iropaoray’
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Q=

Proof. Let F(t) = (|f(0)]*|g(D)]")* and G(t) = (|f(1)|]g(t)|)+. By Lemmal21]we

have
/|f AL = /bF(t)GtAt

/|f Ielap ek { /|f OF gl st}

This completes the proof of Lemma 2.2. O

IN

Remark. Let a =p,8=v7=0 and § = q in Lemma we obtain Lemma |2.1].

Now we state the main result of this paper.

Theorem 2.3. Let a, § € [0,4+00) and p,q € (1,+00) with a/p+5/q = 1/p+1/q =
1. If has a solution x(t) satisfying the anti-periodic boundary conditions ,

then
o(n+1)p

/|u WAL 2 1 b At b _At q2°
(biap Hz lf a"(t)f (t)]q

Proof. For any 1 < i < n, write

. _l ' Jsitta)l )’
UL Ten
o[ [ 520 Mk
e A ’

and

[/ A(t)] |

Qa,
Since x(t) satisfies S;(a,x(a)) + Si(b,z(b)) = 0 for 0 < i < n, we see that for any
t€la,blrand 0 <i<n-—1,

¢ b
Sip1(r, 2(7)) / Sit1(r, (7))
Si(t,2(t)) = Si(a,z(a +/ S U AT =S (b (b)) | T AT
(0(0) = S (aa(a)+ [ 20 R
Using Lemma [2.2) we obtain that for 0 <i <n —1,

P Sia(r,x(r)) b Sia(r,2(r))

1
Si(t, x(t = —|Si(a,z(a +/ AT + S;(b, x(b 7/ A
|Si(t, z(1))] 5 5i(a,z(a)) ’ ai+1(7) 7+ Si(b, (b)) ) 7|
1+1 t .73 1
< .
~ 2/ | al+1 |At 2’U/l+1’Ul+1 (2 1)

and

Suttste)] < L2 / s watrar”.
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which implies

U;V; = / |S At E / |S (tﬁvx At “
a; (t)
_% (1<i<n-—1) (2.2)
and
UpVp = / |9t At 5 / [9n( At}E
< “”;’"” / 192 (t, ))|pAt] ’ (2.3)
Combining (2.1)), (2.2)) and ( it follows that
H?: w;r A »
fo(t)] < LD (b a)i / S22t a)Pal”. (2.4)

From we have
S (¢, 2 () P25 (¢, 2(1) = —u(®) |z ()P~ a(t).
Thus we obtain
S (¢, ()P = [u()l|a() PS5 (t x(2))]. (2.5)
By integrating from a to b it follows that

/ |55 (0, a(t) Pt

[ olleorist @ awar

< Ut w5t aampant /\u DO,
{%(h—aﬁ ([ staawpa)’ [ [ wora] [ [ isteeopal’
_ {Hnl“’“ /|SAtx )[PAE / Ju(t) |’1At%

2n+1

Since z(t) Z 0 (¢ € [a,b]1), it follows from ) that

b
/ |S2(t, z(t))[PAt > 0.
Thus we obtain

b o(n+1)p
/ u(b)]IAE > .
a b b q
b - a)p ! Hz 1 A(t;:) [fa affA(tt):|

This completes the proof of Theorem 2.3. (]
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Corollary 2.4. Let p,q € (1,400) with 1/p+1/¢ =1 and —1/q < r < 1/p.
has a solution x(t) satisfying the anti-periodic boundary conditions , then

b 9(n+1)p
JRCCRNE
a b b
= I S s [ i |

Corollary 2.5. Let p,q € (1,+00) with 1/p+1/q=1. If has a solution x(t)
satisfying the anti-periodic boundary conditions , then

2(n+1)p

fworacs o e

a a;i(t)

Now we give an application of Lyapunov-type inequality of Theorem [2.3] for the
following eigenvalue problem
S (t, 2 () P25 (1 () + rult) [z ()P~ 22 (t) = 0, (2.6)
on some time scale T under the anti-periodic boundary conditions, where Sy (¢, z(t)) =
x(t), Sk (t,z(t)) = ak(t)SkA_l(t,x(t)) for1<k<m,ar:T— (0,00) (1 <k<mn)
and u : T — R are rd-continuous and p > 1. It is easy to see the lower bound of

the eigenvalue r in (12.6])

|’I’" Z l b At 172 10
(b—a)+ [T, f7] oI ik L2 fu(t)|2At]7

where a, 8 € [0,+00) and ¢q € (1,+00) with a/p+ 8/q=1/p+1/q¢=1.

9(n+1)(p—1)
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