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FINDING MIXED FAMILIES OF SPECIAL POLYNOMIALS
ASSOCIATED WITH GOULD-HOPPER MATRIX POLYNOMIALS

GHAZALA YASMIN, HIBAH ISLAHI, SERKAN ARACI

ABSTRACT. In this article, the general polynomials are taken as base with
the Gould-Hopper matrix polynomials to introduce a family of 3-variable
general-Gould-Hopper matrix polynomials (3VgGHMaP). These polynomials
are framed within the context of monomiality principle and their properties
are established. Examples of some members belonging to this family are con-
sidered. Certain bilateral and bilinear generating matrix functions for 3Vg-
GHMaP are also derived.

1. INTRODUCTION AND PRELIMINARIES

Special functions of more than one variable have diverse applications in physics
and engineering. The special polynomials of two variables are important from the
point of view of applications and also these polynomials are helpful in introducing
new families of special polynomials. We recall that the general class of 2-variable
polynomials, namely 2-variable general polynomials (2VgP) p,,(z,y) is considered
n [12]. These polynomials are defined by the generating function [12, p.4(14)]

"' D(y,t) = an(w,y)%, po(z,y) =1, (1.1)

n=0
where ®(y,t) has (at least the formal) series expansion

n

By, ) = dul)y boly) 0. (1.2)
n=0 ’

The 2VgP family contains very important polynomials such as the Gould-Hopper
polynomials (GHP) H,(LS) (z,y), 2-variable Hermite Kampé de Feriet polynomi-
als (2VHKAFP) H,(xz,y), 2-variable generalized Laguerre polynomials (2VGLP)
sLn(y,x), 2-variable Laguerre polynomials (2VLP) L, (y,x), 2-variable truncated

exponential polynomials (2VTEP) (of order r) el (x,y), two-dimensional Bernoulli
polynomials (2DBP) BY )(x, y) and two-dimensional Euler Polynomials (2DEP)
EY )(z, y). We present the list of some known 2VgP family in Table 1.
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TABLE 1. Certain members belonging to the 2VegP p,(z,y).

S.No. @®(y,t) Generating Functions Polynomials

I. evt’ exp(zt +yt®) = >0 Hy(f) (z,y) tn—n, Gould-Hopper polynomials (GHP) [9]
2 n

II. eVt exp(zt + yt?) = 3°°° ) Hp(w, y) iy 2-variable Hermite Kampé de Feriet

polynomials (2VHKdFP) [1]

III. Co(—yt®) exp(xt)Co(—yt®) = > 07, SL,,L(y,w)% 2-variable generalized Laguerre
polynomials (2VGLP) [6]

V. Co(yt) exp(xt)Co(yt) = >0 g Ln(y, w)’n—rf ?—varia;al[e ]Laguerre polynomials
2VLP) [5
V. ﬁ % =3, egf‘) (z, y)tﬂ—n, 2-variable truncated exponential

polynomials (2VTEP) (of order r) [7]

J j . n
VI. ’:;Ly_tl Tt_lezt+yt7 =3 Bflﬂ(x, y)'n—,, 2-dimensional Bernoulli polynomials
[t] < 27 (2DBP) [3]
I j ; n
VII. 2:,1/;1 S%Jrle“'*'ytj =3, EW (a, y) Ly 2-dimensional Euler Polynomials
[t] < (2DEP) [18]

It is shown in [12], that the polynomials p, (x,y) are quasi-monomial [5, 16] with
respect to the following multiplicative and derivative operators:

o Py, 0) _ 9 oo 9
M, =z+ By, 0,) Oy 1= e and ®'(y,t) := atq)(y,t) (1.3)
and
P, =0,, (1.4)
respectively.

According to the monomiality principle and in view of equations (1.3) and (1.4),
we have

My {pa(2,9)} = poy1(2,9) (1.5)
and

Py{pu(z,y)} = npn_1(z,y), (1.6)
respectively.

Now, since the 2VgP p,,(z,y) are quasi-monomial, the properties of these poly-
nomials can be derived from those of the multiplicative and derivative operators
M, and P, respectively. In fact, we have

M, Py{pn(x,y)} = 1 pa(x,y), (1.7)
which yields the following differential equation satisfied by p, (x, y):
'(y, 0x) )
20y + ———=0; —n | pu(z,y) = 0. 1.8
< ®(y, 0:) @) (18)

Again since pg(z,y) = 1, the 2VgP p,,(z,y) can be explicitly constructed as:

pa(@,y) = My{po(x,y)} = My {1}. (1.9)
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Identity (1.9) implies that the exponential generating function of the 2VgP
prn(x,y) can be cast in the form :

~ ° t'n/
exp(Mpt){1} = Y _ pu(x,9) =, [t < oo, (1.10)
n=0 ’
which yields generating function (1.1). Again, expanding the exponential function
xt

e®" and using series expansion (1.2) in the left hand side (Lh.s.) of generating
function (1.1), we get the following series definition of the 2VgP p,, (z,y):

(, n'i: T on(y) (1.11)
y) = lkl :

It can be easily verified that the Mp and Pp satisfy the following commutation
relation:

[Py, M) = 1, (1.12)
which deals with combinatorics of commutation relations [13].

An extension to the matrix framework of the classical special polynomials have
been extensively studied and investigated in recent years [2, 4, 10, 14, 17]. Matrix
polynomials are important due to their applications in certain areas of statistics,
physics and engineering and is an emergent field.

Throughout the paper unless otherwise stated, we assume that A is a positive
stable matrix in CV*¥ | that is, A satisfies following condition:

Re(u) >0, for all p € o(A), (1.13)

where o(A) denotes the set of all the eigenvalues of A.

If Dy is the complex plane cut along the negative real axis and log(z) denotes
the principal logarithm of z, then 23 represents exp (% log(z)). If A is a matrix in
CNXN with o(A) C Dy, then Az = /A denotes the image by 22 of the matrix
functional calculus [8] acting on the matrix A.

We consider Gould-Hopper matrix polynomials (GHMaP) ¢7*(z,y; A, B) [4],
which are defined by the series [4, p.81(2.2)]

["] /5 A\n—m
Z 2A k(B)kxn—mkyk

; A, B) 1.14
and specified by the generating functlon [4, p.81(2.1)]
o0 tn
exp(ev24 1) exp(Byt™) =Y _ gi'(w,y; 4, B) -, (1.15)

n=0

where A and B are matrices in CV>*¥ and m is a positive integer.

In view of monomiality principle (1.5) and (1.6) (for GHMaP ¢/ (z,y; A, B)) and
equation (1.15), we find that the GHMaP ¢ (x,y; A, B) are quasi-monomial [5, 16]
under the action of the operators

Mg = zV2A + my(V2A)~ (M= po{m=1 (1.16)
and
Py=-—-9 (1.17)

respectively.
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Now, since the GHMaP ¢ (x,y; A, B) are quasi-monomial, the properties of
these polynomials can be derived from monomiality principle. In view of the mono-
miality principle (1.7) (for GHMaP ¢ (z,y; A, B)), the differential equation satis-
fied by GHMaP ¢ (z,y; A, B) is given by

(my(\/2A)*mB(‘92T + 20, — n) gn(z,y; A, B) = 0. (1.18)

From monomiality principle (1.9) (for GHMaP g¢(x,y; A, B)), the GHMaP
g (z,y; A, B) can be explicitly constructed as

o (e A, B) = (V24 + my(V2A) " VBor1) {1}, (119)

which yields series definition (1.14) of GHMaP ¢ (z,y; A, B).
Monomiality principle (1.10) (for GHMaP ¢ (x,y; A, B)) implies that the expo-
nential generating function of the GHMaP ¢ (x, y; A, B) can be cast in the form

. > . n
exp(Mgt){1} = nZ:%gn (@934, B) =, (1.20)

which on using the relation
Oyg(z,y; A, B) = (V2A)"™ B O™ g™ (v,y; A, B), (1.21)

gives the generating function (1.15).
The formal solution of equation (1.21) along with the initial condition

g (@,0; A, B) = (V2A)"a", (1.22)
is given by the following operational representation
9gn' (z,y; A, B) = exp(y(V24) " BO;"){(zV2A)"}. (1.23)

Taking suitable values of the indices and variables in (1.14) and (1.15), we
get certain new and known special polynomials as special cases of the GHMaP
g (z,y; A, B). Some of the known cases are mentioned in Table 2.

TABLE 2. Certain members belonging to the GHMaP ¢ (x, y; A, B).

S.No. Values of the matrices Relation between the Name of the resultant
and indices GHMaP gl (x,y;A,B) special polynomials
and its special cases

I. A—LSAB=1Ic chNxN gn (m y; A T) 3-index 2-variable Hermite matrix
(2 V) (z,y; A) polynomials (312VHMaP)[10]
II. A— ZAB=-I¢c cNxN g (x,y; A, —T) Generalized Hermite matrix
=Hp m(z,y, A) polynomials (GHMaP)[14]
1. A=1c¢ ct*l B=1¢ecCt*! (m y; (2 Gould-Hopper polynomials
m)(ﬂi ) (GHP)[9]
IV. B=—-ITeCV*N m=2 gi(m, y; A, —1I) 2-variable Hermite matrix
= Hy(x,y,A) polynomials (2VHMaP) [2]

V. A%%ECle,BZIECD(l 92 (x,y;

s ) 2-variable Hermite Kampé de
m =2 =

,1
(z,y) Feriet polynomials (2VHKdFP)[1]
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The operational methods combined with the monomiality principle open new
possibilities to deal with the theoretical foundations of special polynomials and also
to introduce new families of mixed type special polynomials. Recently the mixed
type special matrix polynomials are considered and studied by few authors [11, 17].
The importance of this new class of matrix polynomials have been recognized both
in purely mathematical and applied frameworks.

Motivated by the recent work on mixed type polynomials and the importance
of operational methods in introducing new families of mixed type special matrix
polynomials, a family of 3-variable general-Gould-Hopper matrix polynomials (3Vg-
GHMaP) are introduced in section 2. In section 3, certain examples of some mem-
bers belonging to this family are considered and their properties are derived. In
section 4, bilateral and bilinear relation are established involving these members.

2. GENERAL POLYNOMIALS BASED GOULD-HOPPER MATRIX POLYNOMIALS

In this section, we introduce the 3-variable general-Gould-Hopper matrix polyno-
mials (3VgGHMaP) denoted by 97" (z,y, z; A, B) by means of generating function
and series definition. Further, certain properties of these polynomials are also ex-
plored.

First, we derive the generating function for the 3VgGHMaP ,¢7"(z,y; A, B) b
proving the following result:

Theorem 2.1. The generating function for the 3VgGHMaP o977 (z,y,2; A, B) is
glven as:

exp (m\/ﬂ t) ) (y, V2A t) exp (Bzt™) = ioipgzT (z,y,2; A, B) %T: (2.1)
n=0 '

Proof. Replacing = by the multiplicative operator Mp of the 2VgP p,(z,y) and y
by z in the left hand side (L.h.s.) and right hand side (r.h.s.) of the generating
function (1.15) of GHMaP ¢ (x,y; A, B), we have

exp (M V2A t) exp (Bzt™) Z an (Mp,z; A,B) tn—T: (2.2)

Now using equation (1.10) in the Lh.s. and equation (1.3) in the r.h.s. of equation
(2.2), we find

\/71) my '(y-0z) t"
an:vy exp(Bzt™) Zgn <x+ B0, AB) (2.3)

which on using equation (1.1) in the Lh.s. and denoting the resultant in the r.h.s.
by »gm(z,y,z; A, B), that is
'(y

0z)
——= 2 A B)| = ,9" ;A B 2.4
q)(y7ax) aza 9 > pgn (x’yaz7 9 )7 ( )

yields assertion (2.1). O

g (NLy, 2 A, B) = g (x+

Remark. We remark that, equation (2.4) gives the operational correspondence
between the GHMaP ¢ (x, 2; A, B) and 3VgGHMaP g7 (x,y, 2; A, B).

Next, we obtain the series definition of the 3VgGHMaP ¢ (x,y, 2; A, B) by
proving the following result:
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Theorem 2.2. The 8VgGHMaP g (x,y, z; A, B) are defined by the series:

[ ](\/ﬂ)n—kaka

3\3

pon(z,y,2;A,B) =

pnfmk(xvy) (25)

Pt (n —mk)!k!
and
pIn (T,Y,2; A, B) Z — k 'k' )g:{ik(x,z;A,B). (2.6)
k=0

Proof. Replacing z by Mp and y by z in the series definition (1.14) of GHMaP
g,T(x,y;A,B), we have

\/7 n—mk gk .k
Z A)

(Mp,zAB (0 — mk) k]

MR (2.7)
k=
Using equation (2.4) in the L.h.s. and equation (1.9) in the r.h.s. of the above
equation we get assertion (2.5).
Further, using series expansion (1.11) of 2VgP p, (z,y) in the r.h.s. of equation
(2.5), we get

("= T n—mk \/— k pk ker k
A)”L m B n—m 7’2
pIn (33 Y, z; A B =n! Z Z ¢7 7" n—mk—r)'k' ’ (28)
which on using series expansion (1.14) of GHMaP ¢ (x, y; A, B) and using appro-
priate indices yields assertion (2.6). O

In order to frame the 3VgGHMaP ¢ (z, y, z; A, B) within the context of mono-
miality principle, we first determine multiplicative and derivative operators:

Theorem 2.3. The 3VgGHMaP g (x,y, z; A, B) are quasi-monomial under the
action of the following multiplicative and derivative operators:

g =aV2A+ (I)((y,a))F-l—mz(\/ﬂ)_(m_l)Ba;”_l (2.9)

and

Ou, (2.10)

1
r9 /2 A
respectively.
Proof. Consider the identity

\?2%1 {exp(x\/ﬂ t) D(y, V2A t) eXp(thm)}

Differentiating equation (2.1) partially with respect to t, we find

<x\/ﬂ+ (<jﬁ;>r+ it le){expumw By, V2A 1)

0 m
EXp(BZtm)} = Zp9?+1($ay»Z§A,B)ﬁ~ (212)
n=0 ’



FINDING MIXED FAMILIES OF SPECIAL POLYNOMIALS 49

Since ®(y,t) is an invertible series of ¢, therefore @((”’t)) posses power series

expansion of ¢t. Thus, in view of the identity (2.11), equation (2.12) becomes

x ( ) mz —(m—1) m—1 exp(z
(WJF(I)(%@)WJF (V24) BO” ){ p(zV2A t)

oo t"
O(yV2A t)exp(Bzt™)} =Y pgiia(2,y, 2 A, B (2.13)
n=0 :

Using (2.1) in the Lh.s. of equation (2.13) and rearranging the summation, we
get

> (wv2A o ST e VBB ) e A, B
n=0 '

o0 t’n,
= Zpgﬂl(x,yw;A,B)g. (2.14)
n=0 :
Now, equating the coefficients of the same powers of ¢ in both sides of the above
equation, we find

@J+ ©, %F4nmw>wlBW”)bﬁ@%zAB»

P(y, 0.)
= pgnm+1(xvy7 Z;5 Av B)a (215)

which in view of monomiality principle (1.5) (for 3VgGHMaP ,¢7'(z, v, z; A, B))
yields assertion (2.9).

In order to prove assertion (2.10), we use generating function (2.1) on both sides
of the identity (2.11), so that we have

0 = . tn
\/ﬂ {Zpgn (xvyaZ,AvB)n!}

n=0

[e'e] . tn
= ZPQn—l(‘T?y?Z;AvB)m- (216)

n=1

Rearranging the summation in the Lh.s. of equation (2.16) and then equating
the coefficients of the same powers of ¢ in both sides of the resultant equation, we
find

0,
oy {pgn' (x,y,2, A, B)} = n pgp' 1 (2,9, 2, A,B), n>1, (2.17)

which in view of monomiality principle (1.6) (for 3VgGHMaP ,¢7(x, v, z; A, B))
yields assertion (2.10). O

Remark. We remark that equations (2.15) and (2.17) are the differential recur-
rence relations satisfied by the 3VgGHMaP ,¢7(z,y, z; A, B).

To derive the differential equation for the 3VgGHMaP ¢ (x,y, z; A, B), we
prove the following result:

Theorem 2.4. The 3VgGHMaP ,g7"(z,y, z; A, B) satisfy the following differential
equation:

/
<x8z + Z((;/’g””))am +mz(V2A)""BOT — n> pIn (x,y,2; A, B) = 0. (2.18)

Proof. Using expressions (2.9) and (2.10) and in view of monomiality principle (1.7)
(for 3VgGHMaP ,g7(z,y, z; A, B)), we get assertion (2.18). a
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Theorem 2.5. The following operational representation for 3VgGHMaP

pIn(x,y, 2; A, B) holds true:
b1 (,9,2 A, B) = exp(=(V2A) " BOL){(V2A)"pa(a.9) ).

Proof. Using operational representation (1.23) of GHMaP ¢ (z,y; A, B) in the r.h.s
of the series definition (2.6) of 3VgGHMaP ,¢7"(z,y, z; A, B), we get
ez A B) =3 O e (o(VEA) B o) (VIR (220)
r=0 ’

ri(n

(2.19)

which on using the series representation (1.11) of 2VgP p,,(z,y) on the r.h.s, gives
assertion (2.19). O

In view of Table 2, taking suitable values of the matrices and indices in equations
(2.1), (2.5), (2.6), (2.9), (2.10), (2.18) and (2.19), we can find the generating func-
tion and other properties for the mixed special polynomials related to 3VgGHMaP
pan(x,y, z; A, B). We present the generating functions for these polynomials in
Table 3.

TABLE 3. Certain members

0 (z,y,2; A, B).

belonging to the 3VgGHMaP

. Values of the

matrices and

Relation between
the 3VgGHMaP

Name of the
resultant mixed

Generating function
of the resultant

indices pgnm (x,y,2z; A,B) special special polynomials
& its special cases polynomials
I. A— FA, p9n (2, y, 25 A, T) 3-variable general- exp (:c\/rA t+ zt’") ) (y, VrA t)

B=1ecN*xN

= pH'SL’,,Y:‘)(Iw y, z; A)

3-index Hermite
matrix polynomials

n
=302 0 p HY (v, 2, A) by

(3Vg3THMaP)
II. A— JA, pIn (,y,2; B A, —I) 3-variable general- exp (:cx/mA t— ztm) ] (y, vVmA t)
B=—1ecVxN =pHn m(z,y,2, A)  generalized Hermite =>7%( pHn,m(z,v, 2, A)%
matrix polynomials
(3VgGHMaP)
III. A= % e ctxt, pg:?(f, y), z; %, 1) 3-variable general exp (zt + zt:"’))@ (y,t) .
B=1¢ecC!x! :pHnm (z,y,2) -Gould-Hopper =30 pHnm (z,y,z)%
polynomials
(3VgGHP)
V. B=—1eCVXN, pg%(at, y,z; A, —1I) 3-variable general- exp (:c\/QA t— ztz) P (y, V2A t)
m =2 =pHp(z,y,2, A) Hermite matrix =Y o pHn(z,y,z, A) %
polynomials
(3VGHMaP)
V. A — % ectxt, pg% (z,vy, z; %, 1) 3-variable general- exp (cvt + zt2) P (y,t)

B=1¢ccClX1,
m =2

= pHn(x7 Y, 2)

Hermite polynomials
(3VGHP)

n
:Zyozo=o pHn(JC, Y, 2)%,7

In the next section, examples of some members belonging to the 3VgGHMaP
I (x,y, 2; A, B) are considered.

3. EXAMPLES

The family of 2VgP p,,(z,y) contains a number of important special polynomials
of two variable. Certain members belonging to the family of 2VegP p,(z,y) are
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considered in Table 1. We note that corresponding to each member belonging to
the 2VgP p, (z,y), there exist a new special polynomial belonging to the family of
3VgGHMaP ,g7"(x,y,2; A, B). Thus, by making suitable choice for the function
®(y,t) in the results derived in the previous section, we get the properties of these
new special polynomials.

We consider the following examples:

Example 3.1. Taking ®(y,t) = e¥*" (for which the 2VgP p,(z,y) reduce to the

GHP HT(LS)(x, y) of order s) in the Lh.s. of generating function (2.1), we find that the
resultant Gould-Hopper-Gould-Hopper matrix polynomials (GHGHMaP), denoted
by e g (x,y, z; A, B) are defined by the following generating function:

exp(eV2A £+ y(V2A 1)°) exp(B2t™) = Y g (2,9, % A, B)

Tk
n!
ne0 n:

(3.1)

The series definition and other results for the GHGHMaP 5 g (z, vy, z; A, B)
are given in Table 4.

TABLE 4. Results for the GHGHMaP g7 (z,y, z; A, B).

S.No. Results Expressions

. " m (2] (vamn—mkpgk k (s
1. Series definition () In (Y, 24, B) =nl 3™ %Hilmk(m.y)
2. Multiplicative and MH(S)Q ‘= oVZA + mz(VZA) "V Bam 1 4 V3 Asyds !

. . > — 1

derivative operators PH(S)g = Tﬁam

3. Differential equation (20 + sy, + mz(vV2A)" " B0 —n) 1 (s) 9, (2, y,2; A, B) =0
4. Operational rule ()9 (2, y, 25 A, B) = exp (z(\/QA)’mBB;") {(V2ZA)"H' (2, )}

Remark. Since for s = 2, the GHP Hﬁs)(x,y) reduce to the 2VHKAFP H,(z,y).
Therefore, taking s = 2 in equation (3.1), we get the following generating func-
tion for the Hermite-Gould-Hopper matrix polynomials (HGHMaP) denoted by

ngl('rvy7Z7A7B)

(o) tn
exp(zV2A t + y(V2A t)?) exp(Bzt™) = Z g (z,y, Z;A,B)E. (3.2)

n=0

The series definition and other results for the HGHMaP g7 (x,y, z; A, B) can
be obtained by taking s = 2 in the results given in Table 4.

In view of Table 2, taking suitable values of the matrices and indices in the results
of GHGHMaP g (x,y,2; A, B) , we can find the corresponding results for the
mixed special polynomials related to g gn'(z,y,2; A, B). We use the suitable
notations for these polynomials and present their generating functions in Table 5.
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TABLE 5. Certain members belonging to the GHGHMaP
H(S)g?('r7yaz;AvB)'

S.No. Relation between Name of the resultant Generating function of
the GHGHMaP mixed special the resultant special
H) gt (x,y,z; A, B) polynomials polynomials

& its special cases

I. H(s) g:’: (z,vy, z; %A, I) Gould-Hopper-3-index exp(zVTA t + y(\/m t)S + 2t™)
. . n
= g(s) H,(Jr:‘)(z,y,z;A) Hermite matrix =2, H(S)Hv(tr,r:‘)(zyyyzyz‘l)tnj
polynomials (GH3IHMaP)
II. o) g:Ln (z,v, z; %A, —1I) Gould-Hopper-generalized exp(zvVmA t +y(vVmA t)° — zt™)
. . n
= 1(s) Hyp om(z,y,2,A) Hermite matrix =2, H(S>Hn,m(ﬂc,y,z,A)t77
polynomials (GHGHMaP)
III. w(s) g:{"(z, Y, z; %, 1) 2-iterated Gould- exp(zt + yt5 + 2t™)
. n
= gs) Hv(xm) (z,y, z) Hopper polynomials (2IGHP) :220:0 () H7(1m) (z, v, 2)37
Iv. H(.g)gi(r,y, z; A, =) Gould-Hopper- exp(zV2A t + y(V2A t)° — zt?)
= 1 (s) Hy(z,y, 2, A) Hermite matrix =32, H(‘S)Hn(z,yyz,A)%
polynomials(GHHMaP)
V. 2(s) 92 (z,y, 25 5,1) Gould-Hopper- exp(zt 4+ yt° + zt?)
= () Hn(z, v, 2) Hermite polynomials (GHHP) =00 p(s) Hn (2o y, z)%

It is also important to observe that taking s = 2 in the generating functions
(Table 5) of the mixed special polynomials with ae (z,y) as base, we obtain the
results for the corresponding mixed special polynomials with H,, (z,y) as base.

Example 3.2. Taking ®(y,t) = Co(—yt®) (for which the 2VgP p,,(z,y) reduce to
the 2VGLP ;L (y,z)) in the L.h.s. of generating function (2.1), we find that the re-
sultant generalized Laguerre-Gould-Hopper matrix polynomials (GLGHMaP), de-
noted by ;g7"(z,y,2; A, B) are defined by the following generating function:

exp(zV2A t)Co(—y(V2A t)°) exp(Bzt™) = Z 290 (Y, 2 A, B):L—n' (3.3)

n=0

The series definition and other results for the GLGHMaP ; g7 (z,y, 2; 4, B) are
given in Table 6.

TABLE 6. Results for the GLGHMaP _; g7 (z,y, z; A, B).

S.No. Results Expressions
n —mk gk k
1. Series definition Ll @,y 2 A, B) = Yy WEATEBRE g ()
2. Multiplicative and M Lo = TV2A + mz(\/QA)f(mfl)Ba;"fl +V2A 38;16571
e 5 1
derivative operators PSLQ n= ﬁdz
3. Differential equation (20,0, + s0; + mz(V2A)"™ B0, 0y — ndy)_ 19, (%, y,2; A, B) =0

4. Operational rule 090 (,y,2; A, B) = exp(2(V2A) """ B ){(V2A)" s Ln(y, )}
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Remark. Since for s =1 and y — —y, the 2VGLP (L, (y, z) reduce to the 2VLP
L,(y,z). Therefore, taking s = 1 and y — —y in equation (3.3), we get the
following generating function for the Laguerre-Gould-Hopper matrix polynomials
(LGHMaP) denoted by ;¢ (x,y, z; A, B):

exp(xV2A t)Co(yV2A t) exp(Bzt™) = Z nan(z,y, 2 A, B)% (3.4)

n=0

The series definition and other results for the LGHMaP ;¢ (z,y,2; A, B) can
be obtained by taking s = 1 and y — —y in the results given in Table 6.

In view of Table 2, taking suitable values of the matrices and indices in the results
of the GLGHMaP ;g7 (z,y,2; A, B) , we can find the corresponding results for
the mixed special pblynomials related to ngT”f(x,y, z; A, B). We use the suitable
notations for these polynomials and present their generating functions in Table 7.

TABLE 7. Certain members GLGHMaP
SLg;n(xa:%Z;A’B)'

belonging to the

S.No. Relation between Name of the resultant Generating function of
the GLGHMaP mixed special the resultant special
sLEn (%,¥,2; A, B) polynomials polynomials
& its special cases
1. SLg:Ln(I,y,z; %A,I) Generalized Laguerre- exp(zVTA t + 2t™)Co(—y(VTA t)%)
. . . n
= SLHi:‘T) (z,y,z; A) 3-index Hermite matrix =, SLH;:"T) (z,y,2, A) Ly
polynomials (GL3IHMaP)
II. SLgZL(gc, Y,z B A, 1) Generalized Laguerre- exp(zvVmA t — zt"™)Co(—y(vVmA t)%)
= sLHn,m(l’y’Z’A) generalized Hermite matrix = ZZOZUSLHn,m(Z’y’Z’A){}T
polynomials (GLGHMaP)
III. SLg::L (z,y, z; %, 1) Generalized Laguerre-Gould- exp(xt + 2t™)Co(—yt®)
, . n
= SLHEL"L) (z, vy, 2) Hopper polynomials (GLGHP) :Zfzo s LHS’” (z, vy, z)%
IV. SLgi(z,y,z;A, —1I) Generalized Laguerre- exp(zV2A t — ztz)C’O(fy(\/2A t)%)
= sLHn(‘T‘y’Z‘A) Hermite matrix = ZZQZOSLHH(ZVylsz>%
polynomials (GLHMaP)
V. SLQ?]/(’% Y, 25 %7 1) Generalized Laguerre- exp(xt + zt2)Co(—yt®)

= L H (29,2

Hermite polynomials (GLHP)

n
= Zzo:osLHn(x,y,z)tn—!

It is also important to observe that taking s =1 and y — —y in the generating
functions (Table 7) of the mixed special polynomials with sL,(y,x) as base, we
obtain the results for the corresponding mixed special polynomials with L, (y, z)
as base.

Example 3.3. Taking ®(y,t) = ﬁ (for which the 2VgP p, (z,y) reduce to the

2VTEP (of order r) el (x,y)) in the Lh.s. of generating function (2.1), we find
that the resultant 3-variable truncated exponential-Gould-Hopper matrix polyno-
mials (3VTEGHMaP), denoted by . g7 (x,y, z; A, B) are defined by the following
generating function:

exp(zV2A t)exp(Bzt™) "
= ngn(z,y,z; A, B)—
1— y(V2A tyr 2 g (2 )l

n=0

(3.5)
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The series definition and other results for the 3VITEGHMaP g (z, vy, z; A, B)
are given in Table 8.

TABLE 8. Results for the 3VTEGHMaP g7 (x,y, z; A, B).

S.No. Results Expressions

. . m . _ [2] (vaayn—mkpgk k()
1. Series definition o) 9n (z,y,2;A,B) =n!3,™, Wenimk(z,y)
2. Multiplicative and M (ry =TV 2A 4+ mz(V 2A)_(m_1)38;n_1 + V24 ryd,yort

e s A ¢ 1

derivative operators Pe(r)g = ﬁ[‘)m

3. Differential equation (20. + rydyy0, + mz(V2A)""BO;" —n) (m gy (z,y,2;A,B) =0
4. Operational rule (1 9n (%Y, 23 A, B) = exp (z(\/2A)_mB6;") {(V2A)" e (z,9)}

In view of Table 2, taking suitable values of the matrices and indices in the results
of the 3VTEGHMaP . gn'(z,y, z; A, B), we can find the corresponding results for
the mixed special polynomials related to . ¢ (x,y, z; A, B). We use the suitable
notations for these polynomials and present their generating functions in Table 9.

TABLE 9. Certain members belonging to the 3VTEGHMaP
e(T')gyT(x’yvz;AvB)'

S.No. Relation between Name of the resultant Generating function of
the S VITEGHMaP mixed special the resultant special
o(r) gn' (x,y,2; A, B) polynomials polynomials

& its special cases

I. e(i)g:L"(m, Y, Z; %A, I) 3-variable truncated exponential- exp (a:\/rA t+ ztm) (1 —y(VrA t)i)fl
L . . . n
= () Hg:.,nT) (z,y,2z;A)  3-index Hermite matrix =y, ) H;’ﬁ)<z, v, 2, A)ZT
polynomials (3VTE3IHMaP)
1I. () QZL(I, Y, 2; %A, —1I) 3-variable truncated exponential- exp (z\/mA t— zzm) (= y(~/mA t)ﬂ")fl
= .(n) Hyp,om(x,y,2,A) generalized Hermite matrix =2, o) Hym (2,9, 2, A)%
polynomials (3VTEGHMaP)
III. () an (z,y, z; %, 1) 3-variable truncated exponential-  exp (wt + zt™) (1 — yt") "1
. g n
= o(m) H7(7/M) (z,9,2) Gould-Hopper polynomials =20 ) Hy(,m) (z, vy, z) f?T‘
(3VTEGHP)

IV. o(r) gi(z, y,z; A, —1I) 3-variable truncated exponential- exp (z\/ 2A t — ztz) (1—y(VvV2A t)"")71

n
= _(m Hy(z,y,2,A) Hermite matrix polynomials ="y () Hp(z, vy, z, A)th'
(3VTEHMaP)
V. o () gi (z,y, z; %, 1) 3-variable truncated exponential- exp (a:t + zt2) (1— yt’”)_1
. . n
= . Hy(x,y, 2) Hermite polynomials (3VTEHP) =32, () Hy(z, vy, Z)tTT'

Example 3.4. Taking ®(y,t) = Wexp (yt?) (for which the 2VgP p,(z,y)

reduce to the 2DBP Béj)(x,y)) in the Lh.s. of generating function (2.1), we find
that the resultant 2D Bernoulli-Gould-Hopper matrix polynomials (2DBGHMaP),
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denoted by g, (7,9, 2; A, B) are defined by the following generating function:

V2At , s m
————— exp(aVvV2A t+ 2At)7) exp(Bzt™) = g (x,y,2; A, B)—.
p(VaA D) 1 p(zV y(V2At)7) exp(Bzt™) ;}Bmgn( y )

(3.6)
The series definition and other results for the (2DBGHMaP) ., g, (z,y, 2; A, B)

are given in Table 10.

TABLE 10. Results for the 2DBGHMaP B(j)gzl(x,y,z;A, B).

S.No. Results Expressions
. s m [] (Vaamyn—mkgkk
1. Series definition B9 (z,y,2; A, B) =nl Y™ %Bfﬁmk(a y)
2. Multiplicative and M e = V2A (z + 8;1 + jy(?i*l + (1 - exp(az))fl)
B
derivative operators +mz(v/2A) (M- gy -1
D 1

Fowe = vem%

3. Differential equation (1 + 8, + yj87 + (1 — exp(8,)) "0
+mz(vV2A)""BI" — n)B(j) g:‘(r, y,2;A,B) =0

4. Operational rule B(j)gm’(x, y, z; A, B) = exp (z(\/ 2A)’""Ba;n> {(vV24)"BY (z,y)}

In view of Table 2, taking suitable values of the matrices and indices in the results
of the 2DBGHMaP . g;"(z,y, z; A, B), we can find the corresponding results for
the mixed special polynomials related to gu) g7 (x,y, z; A, B). We use the suitable
notations for these polynomials and present their generating functions in Table 11.

TABLE 11. Certain members belonging to the 2DBGHMaP
B(j)ng<x7y7Z;A,B).

S.No. Relation between Name of the resultant Generating function of the
the 2DBGHMaP mixed special resultant special
5@ gnm (x,y,2; A, B) polynomials polynomials

& its special cases

VA tcxp(a:\/rA t+y(VTrA t)1+ztm)

m T o
1. B(j)gn (z,y, 2; 5A, I) 2D Bernoulli-3-index exp(VrA t)—1
n
=50 Hf:ﬁ,) (z,y, 2; A) Hermite matrix polynomials =>ry BG) Hy(;,'i«) (z,y,2,A) tTTv
(2DB3IHMaP)
VmA texp(l‘m t+y(VmA t)j—ztm)
m . m — i- iz
II. B() In (z,y, z; 5 A, I) 2D Bernoulli-generalized oxp(VmA D=1 -
= 50 anm(z,y,z,A) Hermite matrix polynomials = Z;o:() B(j)Hn,'m,(zﬁyv ZaA)?,T
(2DBGHMaP)
. . ) t ex])(zt+ytj +ztm)
III. 5G)In (z, vy, z; 2 1) 2D Bernoulli-Gould- T exp(m—1

. n
=50 H,(Lm) (z,y, 2) Hopper polynomials (2DBGHP) =372 B H,(Lm) (z,y,z)%
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S.No. Relation between Name of the resultant Generating function of the
the 2DBGHMaP mixed special resultant special
BG) g:’(x, v,z; A, B) polynomials polynomials

& its special cases

V2A texp(x\/ﬂ t+y(V2A t)j—th)
exp(V2A t)—1
= B(j)H-,,,(z,y,z,A) Hermite matrix = 2701010 B(j)Hn(z,y,z,A)%
polynomials(2DBHMaP)

v. () In (@, Y,z A, =1) 2D Bernoulli-

texp(zt+yt-j+zt2)
T exp(H-1
. n
=5 Hy(z,y,2) polynomials (2DBHP) =370 B Hn(xvyﬁz)%!

V. BG) g%(z, Y, 2; %, 1) 2D Bernoulli-Hermite

Example 3.5. Taking ®(y,t) = expfwexp (yt?) (for which the 2VgP p,(z,v)

reduce to the 2DEP Ey(Lj)(as,y)) in the Lh.s. of generating function (2.1), we find
that the 2D Euler-Gould-Hopper matrix polynomials (2DEGHMaP), denoted by
E(j)g;"(x, y,z; A, B) are defined by the following generating function:

2 . e m
— . . ¢ xV2A L+ \/ﬂje Bzt™) = ; (g, y, 2 A, B)—.
exp(V2At)+1 il a )’) exp( ) Z EHYIy, (z,y )n!

n=0
(3.7)
The series definition and other results for the 2DEGHMaP Emg;"(:m y,2; A, B)
are given in Table 12.

TABLE 12. Results for the 2DEGHMaP E(j)g;"(x,y,z;A,B).

S.No. Results Expressions
1 Series definiti A B) =t Slm] (VDR BRE )
. eries definition 26 9n (T, Yy, 2 A, B) = nl 35, ™ et En k(T 9)
2. Multiplicative and M o = VA (@ +yd2 7t — (1 + exp(8x)) "t
Jo1¢
derivative operators +mz(vV2A)" "B
P 1
Powo = 72z
3. Differential equation (29, + jyd2 — (1 + exp(9;)) ' 0x

+mz(vV2A) ™ BO" — n)E(j)g:l"(w, y,2;A,B) =0

4. Operational rule 26 9n (%Y, 2; A, B) = exp (z(\/QA)f""BG;”) {(\/QA)’LEfzj)(x,y)}

In view of Table 2, taking suitable values of the matrices and indices in the results
of the 2DEGHMaP g g (z,y, z; A, B) , we can find the corresponding results for
the mixed special polynomials related to g gn'(z,y, z; A, B). We use the suitable
notations for these polynomials and present their generating functions in Table 13.
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TABLE 13. Certain members belonging to the 2DEGHMaP
E(J’)g:zn(mayvz;‘LLB)'

S.No. Relation between Name of the resultant Generating function of the
the 2DEGHMaP mixed special resultant special polynomials
@ grrf'(x, y,z; A, B) polynomials

& its special cases

)gﬂq‘(z, Y,z 5 A, I) 2D Euler-3-index zVTA t +y(VrA t)) + ztm)

n
n!

. -2

B0 exp(VTA t)+1 CXP(

= E(j)Hy(,ml)(z,y,z;A) Hermite matrix =20 E(j)Hy(,:’;L)(z,y,z,A)
polynomials (2DE3IHMaP)

am .m _ — 5 2 J_ m
II. 5G)In (z,vy, z; o A, —I) 2D Euler-generalized (VA D1 exp (zx/mA t+y(vVmA t) zt )

X X n
=5 Hyp m(x,y,2,A) Hermite matrix = Z;’LOZO 2G) Hy om(z, v, z, A)tn—,
polynomials (2DEGHMaP)

III. 5 g:’:‘ (z,vy, z; %, 1) 2D Euler-Gould-Hopper W exp (zt + ytj + ztm)
. n
=5 H,(Lm) (z,y, 2) polynomials (2DEGHP) =0 2) H,(lm) (z,y,z)tn—!

g2 AL - i i -2 V/ V/ I 42
IV. E(J)g"(z,y, z; A, —1I) 2D Euler-Hermite matrix (VR DI exp (z 2A t+y(V2A 1) zt )

n
= E(j)Hn(J;,y,z,A) polynomials (2DEHMaP) =370 E(j)Hn(J;,y,z,A)fnj

g2 .1 . i 2 J 2)
V. 52) gn (@, 9,25 5, 1) 2D Euler-Hermite (VA D exp (zt + ytd + =zt

. n
= o) Hn(z,9,2) polynomials (2DEHP) =Y00 g Hn(z, v, )iy

In the next section, bilateral and bilinear generating matrix functions for the
newly introduced matrix family are explored.
4. BILATERAL AND BILINEAR GENERATING MATRIX FUNCTIONS

In this section, we derive several families of bilateral and bilinear generating
functions for 3VgGHMaP ,¢7(z,y, 2; A, B). We begin by stating the following
theorem.

Theorem 4.1. Corresponding to an identically non-vanishing function
Q. (qq, -+ ,q,) consisting of r complex variables qi,---,q,. (r € N) and of
complex order v, let

Au,’r](Qla"' aQV';¢) = ZakQV+77k(ql7"' 7qT)¢ka (ak #07 v,m e (C) (41)
k=0

and
9?,5,1/,77(3") Y, 2541, 543 6)
= Y g (2,9, 25 A B) Qi (@1, q,)E5 (nys € N). (4.2)

Then we have

o

2
Z @ms,u,n (1‘7y7 2,41,y ti) "
n=0

= exp(zV2A t)®(y, V2A t) exp(Bzt"™)Ay n (g1, -~ ¢,37), (4.3)
provided that each member of (4.3) exists.
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Proof. Let us denote the Lh.s. of equation (4.3) by T. Then from (4.2), we get

oo [%] sk
m t’n S
T= Z ak pIn-sk(®, Y, 25 A, B)Quipi(ay, - "qy-)Vkm~ (4.4)
n=0k=0 '
Now using the relation [15]
o0 oo oo 7]
DSOS A(kn) =Y A(k,n — mk) (4.5)
n=0 k=0 n=0 k=0
gives
o m ktn
T = Z Z ar p9n (3772/7 Z5 A7 B)QVJrnk(QIa T 7QT‘)7 E
n=0 k=0 ’
= Zpng(fan,Z;A,B Zasz/+nk(Q1v"' aqr)'ykv
n=0 " k=0
which on using equation (2.1) and (4.1) gives assertion (4.3). O

In order to give some applications of Theorem 4.1, we consider the multivariable
function Q,14k(q1, - q,) (k € No,r € N) in terms of the functions of one or more

variables. For example, setting r = 2 and Q4% (u,v) = C’i‘_ﬁnk (u,v; , D) in The-
orem 4.1, where C’l/ ek (u,v; a, D) denotes the 2-variable 1-parameter Gegenbauer
matrix polynomials (2V1PGeMaP) generated by [17]

(o —atV2A+ytP1)™" =3 C (x,y;0, AL°, (n#0), (4.6)
n=0

where A is a matrix in CV*¥ satisfying condition (1.13). Then we obtain the
following result which provides a class of bilateral generating matrix relations for
3VgGHMaP ,g™(2,y, 2; A, B) and 2VIPGeMaP CY (z, y; v, A).

Corollary 4.2. Let
Ay y(u,v39) ZakCIE’jr)nk (u,v; 0, D)YF,  (ap, u #0; v,m € No) (4.7)

and
O 00T, Y, 23U, v;6)
= ZLi]O %Pg;n—sk(x? Y, z; A7 B)Cl(,lﬁnk (u7 e D)£k7 (n7 s € N) (48)

Then we have

o0

Z@;”Sl,n (ZL‘ Y, 2, U, V; ’y)t"
n=0
= exp(xV2A t)®(y, V2A t) exp(Bzt™)Ay n(u,v;7y), (4.9)

provided that each member of (4.9) exists.
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Remark. Using equation (4.7) and (4.8) in (4.9) (for ar, = 1, v = 0 and n = 1),
we get
(5]

Z Pg:’zlfsk (iC, Y,z A7 B)Clgu) (U, v Q, D)W
k=0

X tn—sk:
(n — sk)!

= exp(zv24 t)®(y, V2A t) exp(Bzt™) Y pe C,(C‘L)(u, v;a, D)Y*, (4.10)
which on using generating matrix function (4.6) gives
(%]

Z pIn—sk (T, Y, 23 A, B)C,i“) (u,v; o, D)Y*
k=0

tnfsk
(n — sk)!

= exp(xV2A4 )®(y, V2A t) exp(Bzt™)(al — uyv/2D + vy2I)~*. (4.11)

Making appropriate choices of ®(y,t) (Table 1) for different 2VgP in equation
(4.11), we get bilateral generating matrix function involving the corresponding
members of 3VgGHMaP and 2V1PGeMaP, given in Table 14.

TABLE 14. Bilateral generating matrix function for some
members of 3VgGHMaP ¢ (x,y,2;A,B) and 2V1PGeMaP

¥ (w,y; a, A).

S.No. Values of ®(y,t) and Bilateral generating matrix function
Corresponding 2VgP

i [z n—sk
L D(y,t) = eVt S0 () 9o (%59, 2 A, BYCH) (u, v; a, D)yF S
GHP Hﬁf)(:):, y) = exp(2V2A t + y(V2A t)) exp(Bzt™)(al — uyV2D + vy21)~H
i 5] m (k) K _tn—sk
II. P(y,t) = Co(—yt'); Zk'zoiLgn_sk(z,y,z;A,B)Ck (u, v; a, D)y skt
2VGLP ; Ly (y, x) = exp(zV2A4 t)Co(—y(vV2A t)?) exp(Bzt™)(al — uyv2D + vy21)~H
1 151 . (1) (4. v: k _tn=sk
1II. O(y, t) = Tt >rlo e(i)QZLSk(m»y727A7 B)C" (u, v; o, D)y n—sk)!

2VTEP e.(,:") (z,y) exp(xv/2A t) exp(Bzt™)(al — uyv2D + vy2I)~H

— 1
T 1—y(V2A 1)t

. [z . n—sk
V. Byt = ooy e 0t Sl () 9 ok (@9, 5 A, BYCH (u,v5 0, D)y R 0
2DBP BT(lJ)(z, y) = ooi/iA -1 “222’;)_1 exp(zV2A t + y(V2A t)7) exp(Bzt™)
(oI — uyV2D + vy21)~H
— 2 7y. 5] m . (1) . k _tn—sk
V. P(y,t) = xp(OFT &P (yt?);  >Xipio E(j)gn—sk(z7y’Z’A7B)Ck (u,v; o, D)~y Tn=sk)T

2DEP E,(lj) (z,y) = m exp(zV24 t + y(vV2A t)7) exp(Bzt™)

(ol — uyV2D + vy21)~H

Next, setting r = 3 and Q4 (u,v,w) = H,(Lr’t)(u,v,w;C’) in Theorem 4.1,

where Hf,r’t)(m v, w; C') denotes the 3-index 3-variable Hermite matrix polynomials
(3I3VHMaP) generated by [10]

tn
ogm s (m,s) .
exp (xt\/ mA — yt™I + zt I) = g OHn (z,y, z; A)—n!, (4.12)
where I is a unit matrix and both I and A are matrices in CV*¥ satisfying condition

(1.13). Then, we obtain the following class of bilateral generating matrix relation
for 3VgGHMaP ,g7"(z,y, z; A, B) and 3I3VHMaP H,(f’t)(u, v,w; C).
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Corollary 4.3. Let
(r;t) .
Ay (u, v, w;59) ZakHv+nk (w,v,w; CYY*,  (ap # 0; v,n € Np) (4.13)

and

o, (I Y,z u, v, w3 §)

n,8,v,m

Zk 0 Tresmip9n—sk (2, Y, 2 A, B) 512k(u,v,w;0)§k, (n,s € N). (4.14)
Then we have
Zensvn (a: Yy Z, U, UV, W5 rY)t”
n=0
= exp(xV2A t)®(y, V2A t) exp(Bzt™)Ay n(u, v, w; ), (4.15)

provided that each member of (4.15) exists.

Remark. Using equation (4.13) and (4.14) in (4.15) (for ax = &, v = 0 and
n=1), we get

o3

)lk tn—sk
k! (n — sk)!

= exp(zV2A t)®(y, V2A t) exp(Bzt™) Y 7o, H,gr’t)(u, v, w; C)%, (4.16)

Pg:zn—sk:(xa Y, % A; B)H]gr’t) (U, U, W, C

o

which on using generating matrix function (4.12) gives

[

w3

] ( 0 k tn—sk
m . —_—
Opgnfsk(m,y,z,A,B) (u, v, w; C) K (n = k)

= exp(zV2A4 t)®(y, V2A t) exp(Bzt™) exp(uyVrC — vy"I + wytI).  (4.17)

k

Making appropriate choices of ®(y,t) (Table 1) for different 2VgP in equation
(4.17), we get bilateral generating matrix function involving the corresponding
members of 3VgGHMaP and 3I3VHMaP, given in Table 15.
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TABLE 15. Bilateral generating matrix function for some
members of 3VgGHMaP ,¢7'(z,y,2;A,B) and 3I3VHMaP

H,(f’t)(u, v, w; C).

S.No. Values of ®(y,t) and Bilateral generating matrix function
Corresponding 2VgP

i 3 ot k o n—sk
I. O(y,t) = e¥t 5 ZkS:O H(i)QZ{LSk(E:yxZ?A;B)HI(J )(u,v,w;C)'L—!m
GHP Hﬁf)(x, y) = exp(zv2A t + y(V2A t)?) exp(Bzt™) exp(uyvrC — vy" I + w~tI)
i [2] "t k in—sk
1I. @(y,t) = Co(—yt'); 2rkio iLg;";sk(z,y,z;A,B)H]iT )(u,v,w;C)%m
2VGLP ; Ly (y, x) = exp(zV2A t)Co(—y(V2A t)?) exp(Bzt™) exp(uyVrC — vy" T + w~y*I)

[%] b k in—sk
k20 (i) In—sk (@Y, 25 A, B)H,ﬁ’ ) (u, v, w; C)%m

exp(xv/2A t) exp(Bzt™) exp(uyVrC — vy I + w~ytI)

III. P(y,t) = ﬁ,

2VTEP egj) (z,y) = W

. (] t kon—sk
Iv. O(y,t) = Wﬁxp (wt'); X2, B(j)g.:?,sk(zayyz;AvB>H;ir )(u»%w;c)%ﬁ
() - V2At /' J m
2DBP B,/ (z,y) = oo/iA -1 exp(zV2A t 4+ y(vV2A t)?) exp(Bzt™)
exp(uyVrC — vy" I + w~tl)
i (2] \t k n—sk
V. o(y,t) = Wexp(lﬁj)% o E(j)g;[sk(z,y,z;A,B)H,(f )(u,u,w;C)'}’Tlm

2DEP EY) (z, v) = corvETaT SPEV2A t+ y(VIA 1)) exp(Bzt™)

exp(uyVrC — vy" I + w~ytI)

Again in Theorem 4.1, setting r = 3 and Q, 4k (u,v,w) = qgll,+nk(u, v, w; C, D)
defined by generating function (2.1), we obtain the following result which provides
a class of bilinear generating matrix relations for 3VgGHMaP ¢ (x,y, z; A, B).

Corollary 4.4. Let

Au,n(uvvvw;ﬂ)) = Z akqgf/—i-nk(u,v,w; Ca D)¢k7 (ak 7£ Ov v,n € NO) (418)
k=0

and
O s v (@Y, 250, v, w3 6)

= ZE;:]O %pg;nfsk(xa Y, z; Aa B)qgll/+nk(u7 U, W; C, D)gk’ (nap S N)(419)

Then we have

o0
v
e ., (w Y, 2,y 0, w5 F) ¢ (4.20)
n=0

= exp(zV2A4 t)®(y, V2A t) exp(Bzt™) Ay, (u, v, w;7),
provided that each member of (4.20) exists.

Remark. Using equation (4.18) and (4.19) in (4.20) (for ax = 7, v = 0 and
n=1), we get
(5] ’Yk tn—sk

m . [ .
kZ:Opgnfsk(xvyv Z; A7 B)qgk(uvvvw7 Cv D)gm

= exp(zV24 t)®(y, V24 t) exp(Bzt™) > pe g g9k (u, v, w; C,D)%, (4.21)
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which on using generating matrix function (2.1) gives

(%] k n—sk
m . l . vt —
i ok (T, y, 23 A, B) gy, (u, v, w; C, D)ﬁ e exp(zvV2At)

®(y, V2A t) exp(Bzt™) exp(uv/2C 7)®(v,v2C ) exp(Duwy').  (4.22)

Making appropriate choices of ®(y,t) (Table 1) for different 2VgP in equation
(4.22), we get bilinear generating matrix function involving the corresponding mem-
bers of 3VgGHMaP, given in Table 16.

k=0

TABLE 16. Bilinear generating matrix function for some members
of 3VgGHMaP ,¢7"(z,y, z; A, B).

S.No. Values of ®(y,t) and Bilinear generating matrix function
Corresponding 2VgP

i [z k o n—sk
I ey, t) = e¥t; Shio (i) Ine ek (@ v, 2 A, B) () 0k (w, v, w3 C, D) Fr oy
GHP H,(Ll)(z,y) =exp(zV2A t + y(vV2A t)i’)_exp(thm)
exp(uv2C v + v(V2C 7)7) exp(Dwryt)
i (%] m 1 Ak gn—sk
II. O(y,t) = Co(—yt'); YploiLIn—sk (T Y,z A B)jLgg (u, v, w; C, D) oy oyt
2VGLP ; Ly, (y, ®) = exp(zV2A t)Co(—y(V2A t)*) exp(B2zt™) exp(uv/2C 7)
Co(—v(V2C 7)7) exp(Dwrt)
1 (%] I ok gnosk
II1. o(y,t) = Tt} 2rlo e(i)gn_sk(x,y,Z;A,B)e(j)gk(u,v,w;c,’[))ﬁm
(i) _ exp(zV2A t) exp(Bzt™) exp(uv2C v) exp(Dw~")
ZVIEP e’ (2, v) - (1-y(vV2A ©)))(1-v(v2C t)7)
_ t i (5] m l AR _gnosk
v. o(y,t) = Wexp(lﬁ )i Xklo B(q‘,)gn_sk(%.U7Z§AaB)B(j)Qk(u’Uyw;(lD)ﬁm
(4) _ 2VAC t i m
2DBP By’ (z,y) = GVEA D)1 (V3T t)_1)7eXp(ZV2A t+y(V2A t)") exp(Bzt™)
exp(uv2C 4 + y(V2C 7)7) exp(Dwy')
2 i 5] m ! Lk gn—sk
V. 2(¥, 1) = Gt P W) Xilo gi) In—sk (@92 A B) g(5) 95 (w, v, w3 O, D) o (—ggy

_ dexp(avV3A t+y(VIA B)1) m
T (exp(V2A t)+1)(exp(V2C t)+1) exp(Bz")
exp(uv2C ~ + v(vV2C v)7) exp(Dw~t)

2DEP E) (2, )

5. CONCLUSION

In this article, the mixed family of special polynomials associated with GHMaP
are introduced by means of generating functions and series expansions. These poly-
nomials are framed within the context of monomiality principle and their properties
are derived. The family of 3VgGHMaP are introduced and are characterized by
their properties. Some bilateral and bilinear generating matrix functions are also
established for this hybrid class of matrix polynomials.

Acknowledgments. The authors are thankful to the anonymous referee for sev-
eral useful comments and suggestions towards the improvement of this paper.
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