JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: WWW.ILIRIAS.COM/JIASF
VOLUME 11 IsSUE 1(2020), PAGES 12-23.

WEIGHTED OSTROWSKI AND GRUSS TYPE INEQUALITIES

JOSIP PECARIC, MIHAELA RIBICIC PENAVA

ABSTRACT. The main objective of this paper is to present several weighted
Ostrowski and Griiss type inequalities for continuous functions with one point
of nondifferentiability using certain inequalities for the Chebyshev functional.

1. INTRODUCTION

For two real functions f,g : [a,b] — R such that f,g,f g € Li[a,b], the
Chebyshev functional [12] is defined by

b b b
= | rsma— = [ 1w [awa

The symbol L,[a,b], 1 < p < oo, denotes the space of p-power integrable

S(f.9) =

1
functions on interval [a, b] equipped with the norm || f[|, = (f; lf(®)° dt) r and
Lo [a,b] stands for the space of all essentially bounded functions on interval [a, b]
with the norm || f[|, = ess sup;epq 4 [£ ()]

Under the assumptions that f, g : [a,b] — R are two bounded integrable func-
tions, a, 8, and § are real numbers such that a < f(¢) < 8, and v < g(t) < 4,
for all t € [a,b], Griiss proved the following inequality which establishes a connec-
tion between the integral of the product and the product of the integrals (see [12],
p.296.)

S (f.)l < 3 (8- 0) (6 —7).

Another representation for S (f, g) was obtained by Sonin (see [12], p.246)

- i . /bf(t)dt> d, (1.1)

b
S(e) = = /(ﬂﬂ—W(ﬂw—

a

where 7 is an arbitrary real number.
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In 1938 A.M.Ostrowski [I4] pointed out the following inequality which gives an
approximation of the integral ﬁ f; f (s)ds as follows

b
'fm—bia/ () ds) <

for all z € [a,b], where f : [a,b] — R is continuous on [a,b] and differentiable on
(a,b) such that |f' (z)]| < C.

Over the last decades some new Ostrowski type inequalities and Griiss type
inequalities have been studied and applied in numerical analysis (see [T} B}, 4, 5] 6]
7, [8, @, 10, 111 15] and the references cited therein).

In paper [I3] Niezgoda proved Ostrowski type inequalities for functions whose
the first derivatives are from the D (zg) class. The symbol D (zg), zo € la,b],
denotes the class of all continuous functions f : [a,b] — R differentiable on the set
(a, o) U (zo, b) such that

(a:—a)2—|—(b—x)2
2(b—a)

c, (1.2)

sup |f ()| < oo and sup |f' (t)| < . (1.3)
te(a,xo) te(zo,b)

In what follows, (p,q) is a pair of conjugate exponents if 1 < p,q < oo and
l + l = 1, with the convention 1/c0 = 0 and 1/0 = oo. Further, I C R is an

mterval IntI is the interior of I and J(f) denote the mean value of f

[ »

Theorem 1.1. Let f : I — R be a differentiable mapping on Intl and let [a,b] C
Intl. Suppose that ' € D (xg), for some xqy € [a,b],

M,= sup |f"(t)] <oo and M, = sup |f"(t)]|< oo, (1.5)
te(a,xg) te(zo,b)
where M; = 0 if xp = a and M, = 0 if zop = b. Then for = € [a,b] the following
three inequalities hold

_7/ f dt_( _a+b)f<b;—£(a)

b—a P zg—a P b—zg 1/p
W{[Ml(xo—a)} =+ (M (b — )] b_a} ; 1<p<oo,
< i {Ml (xofa)2+MT (bfxo)z] , p=1,
%(bia) maX{Ml (on*(I),MT (b*xO)}v p = o0,

where (p,q) is a pair of conjugate exponents.

Using a method originated in [10], Niezgoda [13] established the following Griiss
type inequalities.

Theorem 1.2. Suppose that f € D (xg), for some xo € [a,b], (p,q) is a pair of
conjugate exponents and g € Lg[a,b]. Denote

M,= sup |f'(t)] <oo and M, = sup |f'(t)] < oo, (1.7)
te(a,xo) te(zo,b)
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where My = 0 for xog = a and M, = 0 for xo = b. Then the following inequalities
hold

1S (f,9)|
1/p

1 1
< (b_a)(;.;.l)l/p [Mlp (xo — a)p+ + M? (b — zO)p+ } lg —J(9)ll

ey max{M; (zo — a), My (b—z0)} g — T (9)]]; . p

Agli¢ et al. have proved the following identity (see [2]) by using generalizations
of the Montgomery identity [1]:

Theorem 1.3. Assume that I is an open interval in R, [a,b] C I, and w : [a,b] —
[0,00) is some probability density function, that is integrable function satisfying

f:w(t)dt =1, and W (t) = f;w(x)dx for t € [a,b], W (t) =0 fort < a and
W (t) =1 fort > b. Suppose f : I — R be such that {1 is absolutely continuous
for some n > 1. Then for each x € [a, aT‘Lb] the following identity holds

b (4) .
/aw( )f(t)at = o lzf ()/a w(s)(s —z)'ds

1!
i=0

+Z f(Z) a+b_x)/ w(s)(s—a—b—&—x)ids]

+ ﬁ /ab Foyn(z,5)f™ (s)ds, (1.9)
where
Fyn (z,5)
— [Jw () (u—s)"" " du, a<s<u,
= —%[f;w(u)(u—s)”fldu—fsbw(u)(u—s)”fldu}7 r<s<a+b-—ux,
fsbw(u)(ufs)nfldu, at+tb—z<s<b.

In this paper, using results from paper [2], we will obtain the weighted general-
ization of inequalities ([1.6)) involving derivatives of arbitrary order of function f. As
special cases, we get some new error estimates for two-point quadrature formulae.

2. MAIN RESULTS

We introduce the following notation
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and

b
D(fix)= / f(t)dt

b—a
n—1

— S [ @+ (1) O @t b))
1=0

(b—2)" —(a—z)t
(i+ 1) (b—a)

(2.2)

In the next theorem, under the assumptions that f(*~Y € D (z(), we will con-
sider the upper bound for D,, (f;x).

Theorem 2.1. Assume that f : I — R is a differentiable mapping on Intl, [a,b] C
Intl and w : [a,b] — [0,00) is some probability density function. Suppose that
f=Y € D(xy), for some zo € [a,b], n € N and

Cr= sup |f™ ()| <oo and C, = sup |f™ (t)] < oo,
t€(a,xo) t€(zo,b)

where C; = 0 if xg = a and C,. =0 if xg = b. Then for x € [a, %‘H’] the following
inequalities hold

|Do (f; )]

< ﬁ [Clp (1‘0 —a)—|—C;f’ (b_xo)]l/p ||Fw,n (xy')qu =~ (23)
ﬁmax{cla CT}”FU)JL (xa')Hla p = o0,

where (p,q) is a pair of conjugate exponents.

Proof. Using identity (1.9) and notation (2.1]) we get

b
Do (i) = gy [ Fualw) /) (s)ds

/ Foon (2, 8) f) (5)ds + / b

a xo

_ 1
 (n—1)!

Fyn(z, s)f(")(s)dsl .

Now, taking the absolute value and applying triangle inequality and Holder inequal-
ity, respectively, we have

[ D (f;2)]
1 [ xo b
<t || Pante s + | [ Rt 155005
(n_ ) |1Va To
1 -
< Fwn 5" ’ () Fwn 5" H )
> (’I’L—l)! _” , (.’t )”q,[a,mo] f p,[a,mo]+” , (x )Hq,[zo,b] f pol0,b]
1 _
< oy G w0 - )M | Fn (2., forg) + Cr (b= 20)7 | Fur (2, .)||q’[mb]} .

Further, using discrete Holder inequality for 1 < p < oo we obtain the following
inequality

Dy (f12)] < —

(n—1)!

[CP (xo — a) + CF (b—20)]"/" | Fun (, )], -

q
For p = co we get

|Dy (f;2)| < max {C;, Cr-} ||Fw,n (z, )”1 )
which completes the proof. [
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In the next corollary we will use the Beta function and the incomplete Beta
function of Euler type defined by

1 T
B(u,v):/ (1 =) e, Br(u,v):/ 1=, w0 > 0.
0 0

Corollary 2.2. With the assumptions of Theorem for each x € [a, “TH)] we
have

1D (f;2)]
Sn!(bl_a)max{(a:—a)",(a_x) ;(b_x) }[C’l(xo—a)+Cr(b—x0)],
(2.4)
D (f;z)]

n!

i 3 (x _ a)2n+1 + (b _ x)2n+1
2(2n+1) (b —a)?

n 2n—1 1/2
L2 <b2 %) [Bgz(n+1,n+1)Bz_a(nH,nH)D
2 2 1/2

x [CF (w0 —a) + CF (b—w0)] '™, (2.5)
1D (f; )
3 . (x — a)n+1 [2 i (71)n+1} (b x)nJrl b a\" (71)n+1 1
= (n+1)! (b—a) _< 2 ) 2
x max{Cj, C,}. (2.6)
Proof. Applying 1) with w(t) = ;2=, t € [a,b] and p = 1,p = 2, p = o0, respec-
tively, we get above inequalities. O

Remark. For n = 1 inequality reduces to the following inequality for two-
point quadrature formula

1 /bf(t)dtf(x)+f(a+bx)

b—a 2

1 [3a+b— 4z
—\4 4(b—a)

Since, for n = 2 we obtain the following inequality

1 /bf(t)dt—f(x)+f(a+b_x) @)= fatb—u2) (a+b_w>’

) [Cl ({L‘O —(l) +CT (b—l‘o)}

b—a 2 2 2

. ((za>2+<bx>2

i(b—a) )[CI(IOG)JFCT(Z)IO)],
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Remark. For n =1 inequality (@ reduces to the following inequality

b xT a — T
R PR LR (A

—a2 —x2 —a
<<3(m 221:5)) : _b4 >maX{CI’CT}'

Further, for n =2 from inequality (@ we get

I f@+fla+b—z) [f(x)—fatb—z) ath
b_a/af(t)dtf 5 — 5 ( 5 a:>|

—a 3 — T 3
< <(z 6)(;:(5) ) )max{C’l, Cr}.

Theorem 2.3. Suppose that f : I — R is a differentiable mapping on Intl, [a,b] C
Intl and w : [a,b] — [0,00) is some probability density function. Assume that
™ € D(x), for some n € N and

Cr= sup |f"V (1) <00 and Cr = sup |fFY(1)] < oo,
te(a,xo) te(zo,b)

where C; =0 for xg = a and C. =0 for xg = b. Then forx € [a, “T*'b] the following
inequalities hold

1 b
cr) — (n)
‘Dw (f7$) (’fl*l)'f (370)/& Fw,n(mas)ds
L [CP@o—a)"t! | Cr(b—ap)t 1P
<! wtm [F5E ] B @), 1<p <00 ()

(nfll)! max{C} (zg — a), Cr (b—20)} [ Fuwn (z,7)]; 5 b =00,

where (p,q) is a pair of conjugate exponents.

Proof. Using identity (1.9) and notation (2.1) we get

1
(n—1)!

— (n_l 5 /ab Py (2.5) (f(n)(s) ) (xo)) ds.

Dw (f;x)_

b
A (xo)/ Fyn(z,s)ds
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Further, taking the absolute value, applying the triangle inequality and Holder
inequality we obtain

1 b
Dw (fa l’) - mf(n) (IO) /a Fw,n(z7 S)dS

| Puntes) (76) = £ (o)) ds

|

7 () = £ (@)

+ / ' Fun(z,s) ( FO(s) — (xo)) ds
1

= (n —1)! [”Fw’n (@ Mg a0l

+ ”Fw,n (737 )

ps[a,zo]

lafous Hf(m () — (“)Hp,[xo,bj .

By Lagrange mean value theorem there exist p € (s, xg), such that

£ (s) = £ (o) = fOHY (1) (s = o), (2.8)

from which follows
£ (5) = £ ()| < G o — 5),

thus, for 1 < p < oo, we get

C?P (zg — a)Pt?
I W Y | e A0 il 2.9
[0 =5 @ <0 (29)
Similarly, we deduce
P (h— )P+1
™y — £ el <CT(—0 2.10
[0 =5 @ < T (2.10)
Further, for p = oo the following inequalities hold:
Hf(”) ()= r (CUO)H aae] = Ci (zo —a),
o00,la,zq
Hf(n) ()= f™ (xO)H <C, (b—m). (2.11)

00,[z0,b]

Finally, using discrete Holder inequality and inequalities (2.9) and (2.10) for
1 <p < oo we get

b
|Dw (f;;z:)f(n%l)!f(”) (zo)/ Fyn(z,5)ds

(n) (n) P e
#7990 = £ (a0) pm)

< l(Hf(") ()= £ o)

(n—1)! p.la,zo]
q q a
(WP @M + 1P @) )
1
1 CP (xg —a)’™ P (b—zo)"™ v
< T + [ Fw,n (17")Hq-
(n—1)! p+1 p+1
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Similar, for p = co we obtain

b
Dy (f;z) — (ni 1)!f(n) (xo)/ Fw,n(ma s)ds

< max{Cl (iEO — CL) , Oy (b - xO)} ”Fw,n (.’t, )”1 ’

which completes the proof. (I

Corollary 2.4. With the assumptions of Theorem for each x € [a, “T*b] we
have

1\ x_anJrl _1\n _wn+1
D(fia) - E Lm0 e L™
S%ﬂé—afmm{@aw’m_x);wb_ﬂ }Bhwo@2+cmb%fy
(2.12)
, (D" +1 (@—a)" ()" (b—x)"""
_ L 3 (gj - a)2n+l + (b o x)2n+1
= 3n! 2(2n+1) (b — a)?
n 2an—1 1/2
L2 (62_“) [BH(n+1,n+1)—Bm(n+1,n+1)D
< [€7 (w0 — a)® + O2 (b — w0’ v (2.13)
, )" +1 @—a)" 4 (=1)" b-2)""
’D(f’m)_ > CESICED) 77 (o)
o1 ((fﬂ —a)" 24 )" Tt (b a>” [(1)”+1 +1 )
~ (n+1)! (b—a) 2 2
x max{Cj (xo —a), Cr (b—x0)}. (2.14)
Proof. Applying with w(t) = ﬁ, t €la,b] and p=1,p = 2,p = oo, respec-
tively, we get above inequalities. ([l

Remark. Forn = 1 inequalities and reduce to the following inequal-
ities for two-point quadrature formula

b x a — X
R PRI

1 |3a+0b—4x|
< (zZ ==t 7 =
_<8+ 8(h—a)

) [cl (zo — )+ C, (b— xo)ﬂ
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and
1 b f@)+fla+b—2x)
t)dt —
= | 1 :
< 3(x—a)2+(b—m)2_b—a (Ch (20— a), C (b— 20)}
S Q(b—a) 1 max 1 (Zo a), Cp Xo)g-
Remark. For twice differentiable function f, p = q = 2, xg = %rb and T = a

inequality yields the following trapezoid inequality

b
L[ g - L0210

) 1 ) 1 ) 1/2
— (b - a) {201+20T} . (2.15)

1
<
123

where C = SUDye (g, 242) I ()| < oo and C, = SUDye (agb p) [ ()] < oc.
Niezgoda [13] has improved inequality with the constant 1/12.

At the end, we will establish certain Griiss type inequalities involving derivatives
of arbitrary order of function f.

Theorem 2.5. Let f : I — R be a differentiable mapping on Intl, [a,b] C Intl
and let w : [a,b] — [0,00) be some probability density function. Suppose that
f € D(xg), for some n € N and

Cr= sup |f"V (1) < oo and Cr = sup |f"FY (t)] < 0.
te(a,zo) te(xo,b)

Then for x € [a, ‘%rb} the following inequalities hold

(n—1) _ f(n-1) a b
|Dw (fiz) - ! o Eb)l)! (J; ~ ) (@) / Fyn(z,s)ds

CP(zo—a)P+! CP (b—zg)P+! 1/p
< (nil)! [ a ;+1) = p—‘,—;)) ] ||Fw,n (z,) — J(Fw,n)”qa 1 <p< o0,
ﬁ maX{Cl (xO - a) , Cr (b - xO)} ”Fw,n (x, ) —J (Fw,n)Hl , p =00,
(2.16)

where (p,q) is a pair of conjugate exponents.
Proof. By using identity (1.9) and notation (2.1]) we obtain

b b
T, Pt [ 0

b b b
- T </ Punes) O (6)ds = o [ Funlads [ 1) (s)ds>.

Dw(f;x)i
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Now, applying the Sonin identity (1.1)) with F,, ,,(z,) instead of f, f () instead of
g and n = f(™ (), we deduce

b b b
/ Fuonl, )/ (s)ds — -2 / Fopn(z, 5)ds / £ () ds

= /ab (f(n) (s) — f™ (:co)) (Fw,n(x, s) — 7 i - /ab Fon(z, S)ds> ds

= [ (00 = £ a0) (Fun,5) = T (B ds

# [ (596~ 1000) Fan9) I (B .

0

Further, we apply the triangle inequality and Holder inequality to get

(n—1) — fn=1) (4 b
|Dw(f;:v)f e [ Rt sas
< (| 06 = 160 (B9 = Py s

+

)

709 () = 7 (o)

[ (196 = 19 @0) (Bt )~ Fug)) s

[¢]

ps[a,zo)

1
< G I 29 =T el

+ [ Fon (2,7) = J(Fw7")||q7[$07f’] Hf(”) ()~ f(”) (xO)pr[xme .

For 1 < p < oo using discrete Holder inequality and inequalities (2.9) and (2.10)
we deduce

n— n— b
D, (f;z)ff( D (b) — f(»=D (a)/ Fupon (2, 5)ds

(n—=1)!(b—a)
! :
< (TL — 1)' |:HFw,n (1'7 ) —J (Fw,n)HZ’[a’xo] + HFw,n (-T, ) — J(va”)||g,[xo,b]:|
1
p P P
9 [Hfm) () = £ () N wa () = £ (29) ]
p,[a,wo] p,[a:o,b]
1
1 C? (z — a)’*! L CRO- zo)PH /p o (o) (P
~ (n—1)! p+1 p+1 wam A w,n/llg -

Similarlly, for p = co we have

(n—1) _ r(n—1) a b
‘Dw(f;x)—f g O [ Funtesas

< ﬁ ma‘X{Cl (xo - (1) ) CT (b - LEQ)} ||Fw,n (JZ, ) —-J (Fw,n)Hl .
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Corollary 2.6. Under the assumptions of Theoremfor each T € [a, %H’] we

have
AU IO
D : — Fyn ) d
w(f)x) (n—l)'(b—a) " w, (Qj S) S
b—g)lt1/P 1
- s (O + O P | Fun () = T (Fun)ll,, 1S p <os,
2(?1_:11)! max{Cy, C}[Fun (z,) = J (Fun)ll; p =00,
(2.17)
Proof. Applying |j with zg = “T'H’, we obtain inequalities |j O

Remark. Setting w(t) = ﬁ fort €la,bl, n=1,p=qg=2 and x = a we get

trapezoid inequality .
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