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GENERALIZATION OF OSTROWSKI KIND INEQUALITY FOR
DOUBLE INTEGRALS ON TIME SCALES

EZE R. NWAEZE, SETH KERMAUSUOR

ABSTRACT. In this paper, we use the newly developed technique of parameter
function to obtain some new Ostrowski type inequalities for double integrals.
For this, we first obtain a generalized Montgomery identity for double integral
and then use it obtain two Ostrowski type inequalities. Our results generalize
some of the results of Zheng in [27] and Liu et al. in [22]. Furthermore, we
apply our results to different time scales to obtain some interesting results that
may be applied in the study of difference and differential equations.

1. INTRODUCTION

The following result due to A. Ostrowski is known in the literature as the Os-
trowski inequality [8].

Theorem 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with the
property that |f'(t)| < M for all t € (a,b). Then

b x_LJ,-bQ
fo) - [ a < |3+ S - o,

for all x € [a,b]. The constant L is the best possible in the sense that it cannot be
replaced by a smaller constant.

Ever since the above result was established in 1938, many researchers have de-
veloped loads of generalizations and extensions. See the survey article [I]. In 1998,
Barnett and Dragomir [2], proved the following double integral version of Theorem

mi!
- 1 aZf
Theorem 1.2. Let f: [a,b] X [c,d] = R continuous on [a,b] x [c,d], f;, = 910y
82
exists on (a,b) X (¢, d) and is bounded, i.e, ||f; || := sup o f@.y) <

(z,y)€(a,b)x(c,d) axay
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00. Then we have the inequality

b d d b
/ F(s,t)dsdt — l(b—a)/ f(m,t)dt—i—(d—c)/ f(s,y)ds—(d—c)(b—a)f(m,y)”

2
1 9 a+b 1 5 c+d

for all (z,y) € [a,b] X [c,d].

With the advent of time scales in 1988, many research papers (see [9] 10, [11]
12, (13, [14}, [15] (16} (17, 18, [19} 20, 21} 23, 24]) have been published with regards to
the extension of Theorem to arbitrary time scale (see Section [2| for definition).
Worthy of mention is the result due to Liu et al. [22] which extends Theorem
to time scales. They, in fact, proved the following result:

152 ylloo (L.1)

Theorem 1.3. Let x,t € Ty, y,s € Ty and f : [a,b] X [¢,d] — R be such that
f(,-) is integrable on [a,b] X [¢,d], f(x,-) is integrable on [c,d] for any x € [a,b]

2
and f(-,y) is integrable on [a,b] for any y € [c,d], the partial derivative %
254,
exists and is continuous on [a,b] X [c,d]. Then
( —0, — C / / f 0'1 0'2 ))AltAQS
_c/fI02 ))Azs — _a/fUl y)Ait + f(z,y)
< e .
< (b_a)(d_c) (ha(@,0) + ha(w,8)) (ha(y, ) + ha(y ) ) (1.2)
for all (z,y) € [a,b] X [¢,d], where M = sup M < 00
a<t<be<s<d | D1tAazs

Motivated by the idea used in [25 27] and using the technique of parameter
functions initiated in [26], we give a somewhat generalization of Theorem |1.3| which
in turn contains Theorem For this, we first prove a generalized Montgomery
identity for double integral and then use it to obtain two Ostrowski type inequalities
for double integrals. Our generalized Montgomery identity generalizes Lemma 2.1
in [27].

This work is arranged as follows: we give a brief overview of time scale essentials
in Section [2] In Section [3] our results are formulated and proved.

2. PRELIMINARIES

We start this section by presenting the following definitions and results about
time scales. To know more about the subject of one variable time scale calculus,
we refer the interested reader to the books [3, [4].

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of R. The
forward jump operator ¢ : T — T and backward jump operator p : T — T are
defined by o(t) .= inf{s € T : s >t} fort € T and p(t) := sup{s € T : s < t}
for t € T, respectively. Clearly, we see that o(t) >t and p(t) <t for allt € T. If
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o(t) > t, then we say that t is right-scattered, while if p(t) < t, then we say that t is
left-scattered. If o(t) =t, thent is called right dense, and if p(t) =t then t is called
left dense. Points that are both right dense and left dense are called dense. The set
T* is defined as follows: if T has a left scattered mazimum m, then TF = T — m;
otherwise, T¥ = T. For a,b € T with a < b, we define the interval [a,b] in T by
[a,b) = {t € T :a <t <b}. Open intervals and half-open intervals are defined in
the same manner.

Let Ty and Ty be two time scales with delta differential operators A; and Ao,
respectively. Suppose a,b € Ty and ¢,d € Ty, with a < b and ¢ < d, we define the
rectangle [a,b] X [c,d] by

[a,8] X [eyd] = {(u,0) : u € [a,8], 0 € [c, d]}.
For the sake of convenience, we will assume that T; and Ty have a uniform jump
operator o.

For more on two-variable time scales calculus and multiple integration, see [5l [6]
.

Definition 2.2. The function f : T — R is said to differentiable at t € T, with
delta derivative f2(t) € R, if for any given € > 0 there exist a neighborhood U of t
such that

(o) = £(s) — FAWo(t) — 5)] < elo(t) — 5], Ys e U
If T =R, then fA(t) = %(:), and if T = Z, then f2(t) = f(t+ 1) — f(t).

Definition 2.3. The function f : T — R is said to be rd—continuous if it is
continuous at all dense points t € T and its left-sided limits exist at all left dense
points t € T.

Next, we state the following known properties of the A—integral.

Theorem 2.4. If a,b,c € Twitha <c<b, a € R and f,g are rd-continuous, then

() JPUr) + ()] At = fbf )AL+ [ g(t) At
i) [, af(t) At—af f
HAt=— [' f

i) J, f(

IOINE N 10 At+ ff Ft)At

I F0a] < [ 1Fw)1a

(vi) [) F(£)g> (0 At = (Fg)(b) — (fg)(a) — [} FA(t)g(o(t))At.

Definition 2.5. Let hy, : T? = R, k € N be functions that are recursively defined
as

(v

ho(t, S) =1
and

¢
hit1(t,s) = / hi (7, 8)AT, for all s,t € T.

If T = R, then for all 5,¢ € T, hy(t, s) = L=20°
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3. MAIN RESULTS
To prove our main results, we will need the following lemma.

Lemma 3.1 (A generalized Montgomery Identity for Double Integrals). Let a,b, s, x, €
Ty, ¢,d,t,y, € To, with a < b, c < d, f:[a,b] X [¢,d] = R be A1As differentiable,
¥ be a function of [0,1] into [0,1]. Then, we have the following equation

Q1NN (,y) + 21 (0) D5V f (2. d) = 26N f(,0) ) + @2(N) (23N (b, y) — 2V f(a.1))
+ 05(0) (3N (b, d) = D4V f(a,d) ) + Bs(A) (P4(N)f(a,€) = B3N (b,0))

/fxa )Agt — By /f Y)Ays — D3\ /fbo (1)) Ast

—|—@4 /faa Agt—q)5 /f A18+@6 /f Als

/ / F(0(5), o) AstAss

/ / K1 S x K2 if(A )AgtAls, (31)
where X € [0,1],
fs=(a+yvN)5%) =s—A1(N), s€a, )
Kilsz) = {s —(a+(1 +¢2(1 — ALY =s— Bi(\), s € [, 1] (3:2)
_ = (et p()GE) =t — A (), t€ey)
Kalt,y) = {t —(c+ (1491 =N)%E) =t — Ba(N), t € [y,d] (8:3)
P1(A) = Bi(A) — Ai1(N),
Dy(N) = Ba(N) — Aa(N),
P3(A) =b— Bi(}),
@4()\) =a— A1(>\),
®5(A) = d— Ba(N),
@6()\) =C— AQ()\)
Proof. Using item (iv) of Theorem [2.4] gives
b pd 2 2
/ / K1(57x>K2(t7 6 S t A tAl —/ / S—Al A2()\)> 8Alf(A2)A2tA1

°re 0% f 92 f(s,1)
+/a /y (s — A1(N)) (t — B2(N) A1 Azt AztA1s+/ / s — B1(\)) (t — A2(N)) A18A2tA2tAls

e 0*f(s,1)
+/w /y (s = B1(\) (t — Ba2(N)) Ashyt AgtAs. (3.4)

We now consider each integral on the right hand side of Equation (3.4). Applying
item (vi) of Theorem [2.4] we get

/ / (s — A(A t—AQ()\))aAQf(AZ)AQtAl
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_ /x (s — A1 (W) [/y (t- Az(WfﬁA )A2t] S

39

- / (s — A1(N) [(y —A2(N) oy (c— Az(N) onae) /y S

Ays Ays Aqs

Agt:| Als

= = 4:0) [ 5= ) LD A~ fe- ) [ (s a0 2L

- /Cy [/: (s — A1(N) 3f(212(t))A18] Aot

= (y — A2(V)) (z — Ai(V)) f(z, ) = (y — A2(V)) (@ — A1(N)) fla,y) — (y — As(

— (c= A2(N)) (& — A1(N)) f(z,¢) + (¢ — Az(N)) (@ — A (V) f(a, c)
_/y (x—Al(A))f(x7J(t))A2t+/ (a—Al fla,o(t Azt-l-/ / f(o

(&

Similarly, we obtain

2
/ / S—A1 t—BQ( )) aA;fS(AQt)AztAIS

= (d— Ba(V) (x — A1(V)) f(, d) — (d — Ba(N)) (@ — A1 (V) f(a,d) — (d — Ba(N)

— (y = B2(N) (z = Ax(N)) f(2,9) + (y — Ba(N)) (@ = A1(N)) f(a,y) + (y — Ba(X

—/yd(m—Al(A))f(x,a(t))Agt—&—/yd(a—A1 (a,o(t A2t+/ / flo

/ / SfBl t*AQ( )) (Zlf;A22 AQtAlS

= (y_A2()‘))(b_Bl(>‘))f(bay) - (y—AQ()\))(x—Bl( ))f (7,y) y Ag(A
— (¢ = A2(N) (b = Bi(N)) f(b,¢) + (¢ = A2(N)) (z — Ba(N)) f (=, — Aa(A

_/Cy (b—Bl(A))f(b,a(t))Agt—&—/cy (z — Bi(N)) f(x, 0t A2t+/ / flo

and

b pd 2
/ / (S — B1 ()\)) (t — BQ(A))%AQﬁAls

= (d—B2(N) (b= Bi(N)) f(b,d) = (d = Ba(N)) (z = Bi(N)) f(w,d) — (d — Ba(

— (y— Bs(V) (b= Bi(N) £(b.y) + (y = BaV) (& = By V) f(,9) + (y — Bo(A

W) [ re)mas
2(N) /xf (o(s),c)Ays

AgtAls

/Ifas ),d)Ars
/ flo(s),y)Ays

AgtAls

/ flo(s),y)Ays

b

») / F(o(s).d)Ays
b

) / F(o(s).4) s
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/d (bBl()\))f(b,a(t))AgtJr/d (z — By(N) f(z, o A2t+/ / F(o(s),0(£)) AgtAs s,
Yy Yy )
Substituting Equations . . and (| into ( , we obtain
/a /C Ki(s,x) Af;(Azt)AgtAls
ey ) ( ) )+ (B2 = 4(0)) [(b = Bi(N)f (b, ) — (a = A1(N)f(a,)

/\

ey ) (@ Ba(A — (e = A (N)f(.0)] + (e = A2(N)) [ (a = AV f(a,0)
N, 0)] + (4= Bay ) [ (b= Bi(V)f(b,d) = (a = A (V) f(a,d)|
f

(BQ(A)AQ(A))/b (o(s), )Alsf( L) — A (V) /dfxot)A2t+

C_AQ / f A1S— d— B2 / f A18+ CL—Al / f a 0’ Agt—
b Bl / f b U A2t+/ / f AQtAls
Hence, Lemma [3.1] follows. O

Remark. If we assume that A € [0,1] is such that a + (A\)%5%, a+ (1 + (1 —
N)552 € Ty, c+p(N) 452, e (14+9(1-X)) 95 € Ty, and x € [a+ (M) P32, a+ (1 +9(1 - N)*32],

y € [e+v(N)5E,c+ (1 —|— 1/)(1 —\)%<], then Lemma reduces to Lemma 2.1
in [27] if we take p(N) =

Theorem 3.2. Let a,b,s,z,€ Ty, ¢,d,t,y, € Ta, with a < b, ¢ < d, f : [a,b] x
[e,d] = R be A1Ay differentiable, ¢ be a function of [0,1] into [0,1]. Assume also

2
that K := sup Of(s,1)
a<s<be<t<d | D15t

< 00. Then, we have the following inequality

1)@ (V) f(z,y) + O1 (V) S5V (@,d) = 26N () ) + Bo(N) (@3 (N F(b.y) — (V) F (@)
- %(A)( 3 (b,d) = ®s(N) f(a, ) ) + B6(N) (24N (a,¢) — @3(N) f(b,0))
/f.I‘O' Agt—q)g /f Als—q)g /be’ ))Agt

+‘I)4 / faa A2t7@5 / f A18+(I)6 / f A15

/ / F(0(5), o) AstArs

b
SKU |s—A1(/\)\A13+/ s — Bi(\)|Ars

Y d
/ |t—A2()\)\A2t+/ |t—B2(A)A2t],
" 3)
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where A;(\), B;(A) for i € {1,2} and ®;(\) fori € {1,2,3,4,5,6} are all defined
in Lemma [31]

Proof. By applying Lemma and item (v) of Theorem we get

DLNP2(N)F (@) + P1(N) (P5(N)f (3, d) = PN f(,) ) + P2(N) (P5(N)F (b, 1) — P2V f(a,1) )

+ @5 (1) (30 (b,d) = 2 (V) f(a, ) ) + @6(N) (24 (V) F(a,0) = 5(N)f (b))
/fxa ) Aot — By (A /f y)Ars — B3(A /fbo 1)) Aot

+(I)4 /faa Agt—@5 /f A13+<I>6 /f Als

//f 1)) AstArs
G )‘AgtAl (3.10)

//'Klsx”K2 vl A syt

The desired result follows by using the definitions of K (s,z) and Ka(t,y) as given

mand. O

3.1. Application I. We now apply Theorem [3.2] to obtain the following results.
Corollary 3.3. If Ty = Ty = R, then for all (z,y) € [a,b] X [c,ﬁwith K =

9 f(s,t)
0sOt

sup
a<s<bje<t<d

< 00, we have that the inequality in Theorem|3.4 becomes

21 (N@2(N)f () + 21 () (SN (2, d) = 6N f(2,0) ) + L2(N) (2N (b,y) — 24N (a.))

+ @5 () (P3N (b, d) = 2(N)f(a, ) ) + 6 (V) (4N (a,¢) = (V) f(bs )

e [ " fes byt — B0 / " F(s,u)ds — B0 / " 1oty
+ 3,00 /df(a,t)dt—cpsm /bf(s,d)ds+<1>6()\) /bf(s,c)ds—i—/b/df(s,t)dtds

<K U s — Ay(A \ds+/|s—Bl J|ds /|t—A2 |dt+/|t—32 |dt]

(3.11)

where A;(X), B;(X) fori € {1,2} and ®;(N\) fori € {1,2,3,4,5,6} are all defined
in Lemmal3 1l

Corollary 3.4. If Ty = Ty = Z, then for all (z,y) € [a,b — 1]z X [¢,d — 1]z the
inequality in Theorem[3.9 becomes

DLNP2(N)F (@) + P1(N) (Ps(N)f (2, d) = DoV f(,) ) + P2(N) (P5(N)F (b, 1) — P2V f(a,1) )
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+@5()) (<I> (NS (b d) = 24N (a, d)) +@6(N) (<I>4(A)f( &) = B3N f(b,0))
fozH—l Zfs+1y Zfbt—i—l
b—1d—-1

+ ®y(N ZfatJrl Zfs+1d+<1>6 Zf +1e)+ Y Y fls+1t+1)

s=a s=a t=c

SK[zs—Aluwzw—Bm [Zu—AQ(A)HZu—Bz(A)

s=a t=c

(3.12)

where A;(X), B;i(X\) fori e {1,2} and ®;(X) fori e {1,2,3,4,5,6} are all defined in
Lemmal[31) and K denotes the mazimum value of the absolute value of the difference
A1 Asf over [a,b— 1]z X [e,d — 1]z.

Corollary 3.5. If we assume that A € [0,1] is such that a + ¢¥(\)%52, a +
(L+ (1 —N)5% € Ty, c—i—z/J( )¢ e+ (L+9(l —N)%5< € Ty, and z €
[a+ N5 a+ 1+ =N))52], y € [e+ v 5E e+ (1 +9(1 - )45,

then Inequality @ can be formulated as follows

21N @2(N) f () + 21 () (S5 (N (x,d) = 6N f(z,0) ) + L2(3) (2N (b,y) — 24N (e )

+<1>5<A>( 3N (5,d) = 24N (a,d)) + B6(N) (221N f(a, ) = D5V f(b,0))
/fxa ) Aot — Ba (A /f y)Ars — ®3(\ /fbo— ) Aot

+ Dy(N /faa N Agt — B5(A /f d)Ays + Dg(A /f ¢)Ays

//f ) AgtAys

<K[h2 (a a+ P\ )b2 >+h2 (z a+ (A )b2“)+h2 <x,a+(1+¢(1>\))b2a)

th <C’C+W)d;C) +he (y,cw(A)d;C)
d—c

2 >+h2 (d,c+(1+w(1—A))dgC)17 (3.13)

+ ho (b,a+(1+¢(1—)\))b;a>

+hn (et (L4 w(1 =)
where ®;(\) fori € {1,2,3,4,5,6} are all defined in Lemma[3.1] and hs(-,-) is given
in Definition [2-5

Taking 1)(A\) = X in the above Corollary [3.5] we obtain

Corollary 3.6. If we assume that A € [0,1] is such that a+ %52, a+(2—X)25% €
Ti, c+ A5, e+ (2—-N)5< € Ty, and z € [a+ M52, a+(27)\)b_7“], y €
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[c+ A5 e+ (2= N)955<], then

21 (V22N f () + 21 () (SN (2, d) = Be(N)f(2,0) ) + B2(3) (N f(b,)

+<1>5<A>( 3N (b,d) = s\ f(a,d)) + Bs(N) (4N (a,¢) = @5(N) f(,0))
/fma ) Aot — Do (A /f y)Ars — P3(A /fba t))Ast

+ Dy(A /faa ))Agt — D5 (A /f d)Ays + Pg(A /f c)Ars

//f ) AstArs

gK[m(, b;a>+h2<xa+)\b)+h2(x,a+(2—)\)b;a)

+h2(b7a+(2—)\)b;a> [hg(CC—I—)\d)—i—hg(y,c-i-)\d;c)
d—c

3 )+h2<d,c+(2—)\)d;6>]. (3.14)

Here ®;()\) fori € {1,2,3,4,5,6} are all defined in Lemma [3.1] with (\) =

Remark. If we interchange the roles of s and t and set A = 0, then Corollary[3.6
reduces to Theorem [1.3 with o1 = 02 = 0.

+ ha (y76+(2—)\)

‘We now present another result in same direction.

Theorem 3.7. Let a,b,s € Ty, ¢,d,t € Ty, with a < b, ¢ < d, f,g: [a,b] X [¢,d] —
R be A1As differentiable, ¢ be a function of [0,1] into [0,1]. Assume also that

24N (a,))

2 2
Koo S| < omiEe e [SURG| < oo e
all ( ) [a b] [e,d], we have the following mequahty
/ F(0(5), 0(6) Aoty / / 1) AotAys
+<I>1(/\)<I>2(/\) @,y / / ) AstArs + gla, y / / o AQtAls}
+<I>1()\)<I>5()\) (z,d) / / £))AstAys + gz, d / / flo Azmls}
— <I>1()\)<I)6(/\) (z,¢ / / 1) AgtAys+ g(z, ¢ / / flo AgtAls]
+¢2(A>¢3(A) F(b,y / / 1) AstArs + g(b,1) / / fo Amls]
- CIJQ(/\)<1>4(/\) (a,y / / t))AstArs+ g(a,y / / flo AgtAls]




44 E. R. NWAEZE, S.

+ 02025 (0,0) / /
- B0 0. / /
+c1>4()\)<1>6(/\) ac//
— 936|700 / /
7@1()\)/fo Azt//
—dy(N) /fa Als/a/c
—%(A)/fba Azt//
+<I>4(/\)/faa Agt//
—%(A)_/@ fo(s) A//
+<I>6()\)—/bf(a Als//

< | [ [ 1atots |A2tAls+L//|f
x l/ |s—A1()\)|Als+/z s — Bi(\)|Ars

KERMAUSUOR

AgtAlergbd//f
AztAls—i—gad//f
AztAls+gac//f
AQtA15+gbc//f

AQtAlS+/ (z,0(
AgtAls+/
t))AgtAys —|—/ (b,0(
AQtA13+/ (a,o(t
t))AgtAys —|—/

AgtAls + /

(t))lAgtAls

d
/ |t—A2(/\)\A2t+/ It — Ba(\)| Aot |,
c Yy

AQtA15:|
AgtA18:|
AQtA15:|

AgtA18:|

M//f s
YA s / / flo AgtAls}
i Lrosomas]
M//f sin]
Als//f AgtAls]
s Frosanss:

(3.15)

where A;(X), B;(X) fori € {1,2} and ®;(N\) fori € {1,2,3,4,5,6} are all defined

in Lemma[31l

Proof. By Lemma [3.1] we have

DL NP2V f (2,y) + P1(N) (P5(N)f (2, d) = De(N)f(,) ) + P2(N) (P5(N) S (b,y) — P4(N) f(a,1))
- %(A)( 3 (b,d) = ®s(N) f(a, ) ) + B6(N) (24N (a,¢) — @3(N) f(b,))

/fza ))Agt — Py (A /f
+ ®4(A /faCT ))Agt — O5(A /f
//f £)AstArs

Als — (I)g / f b g ))Agt

A1$+(p6 / f

:/ / Kl(s,gc)Kg(t,‘y)yf(s’t)AgtAls7

AlsAgt

)A1$

(3.16)
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and similarly,

D1 (N)P2(Ng (@) + D1 (V) (@5 (N)g(w,d) — Bs(N)g(w,0)) + @2(N) (P5(N)g(b,y) -

+ 05(0) (3(N)g(b,d) — ®s(Ngla, ) ) + Ps(N) (Pa(N)g(a,¢) — D3(N)g(b,0))

d b
— @1()\)/ g(x,o(t))Agt — @2()\)/

a

d
g(o(s),y)Ars — ‘1)3()\)/ g(b,a(t))Aqt

d b b

+®4() / gla,o()Aat = 5(3) [ g(o(s) s+ B(N) [ glo(s).c)s

// AgtAls

92g(s,t)

= K K AotA 1

[ Kt 325D s (317)
Now, multiplying both sides of (3.16 by/ / t))AgtAys and (3.17
by / / flo t))AqtAys, adding the resulting equations and taking absolute

values, we get

AQtAlS/ / AQtAl'S

®4(N)g(a, y))

+<I>1()\)<I>2(/\)_ .y // AgtAls+gacy//f AgtAls}
+<I>1()\)<I>5()\): md// AgtAls+gxd//f A2tAls}
—@1@)@6@): xc// AgtAls+gxc//f AgtAls]
+<I>2(/\)<I>3(/\): (b,9) // £))AotArs + g(b, ) / / (o AgtAls]
—<I>2()\)d>4()\): (a,9) // 1)AatArs + gla,y) / / F(o(s), o () Aot Ars
+<I>3(/\)<I>5(/\): bd// AgtAls+gbd//f AgtAls}
BB | £ ad// AgtAls-l—gad//f 1) AatAys
+<I>4(/\)<I>6(/\): ac// AQtA15+gac/a/Cf AgtAls}
(Ve | £( bc// A2mls+gbc/a/cf AgtAls]

Ufm Agt// AgtAlsqL/c (.0 Azt//f

A2tA15:|



%(Af/bf

—<I>3()\)/fba Agt//
+<I>4()\)/faa Agt//

—‘1)5()‘)_/a flo

+<1>6<A>_/bf

[//|g

E. R.

e

Als/

e [
|A2tA13+L//|f
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/ 1) AstAys + /

AgtAler/ g(a,o(

/ AQtA]_S + /

AQtAlS + /

s | [ 10

AQtA18+/ (b,o(t Azt//f

o [
s / o
o 1

(3.18)

The desued result follows by using the definitions of K (s,z) and Ka(t,y) as given

in and (| .

O

3.2. Application II. In this section, we apply Theorem[3.7]to the real and discrete

case.

Corollary 3.8. IfT; =

+ ®1(N)P2(N)

+ ‘1’1(/\)‘550\

g

— D1 (N)Ps(A

g

+ <I>2()\)<I>3()\)
- éz(A)%(A)
+ <I>3()\)<I>5()\)
= P4(N)P5(A)

+ (1)4()‘)(1)6()‘)

- @3(/\)‘1)6(/\)

o [ [
o[ [
ay//

o f '
)
a c /b /d

SINECS

g(s,t)dtds + g(z,y) /ab /Cd f(s,t)dtds}

b pd
stdtds+gxd//fstdtds]
stdtds—i—gmc//fstdtds}

stdtds+gby//fstdtds

stdtds+gay//fstdtds]

&tdtds—i—gb,d//f s, t)dtds

g(s, t)dtds + g(a, d) / ’ / ’ f(s,t)dtds}

b pd
stdtds+gac//fstdtds]
t)dtds + g(b //f dtd]

Ty =R in Theorem[3.7, then we obtain the inequality

z/ab /Cdf(s,t)dtds/ab /Cdg(s,t)dtds
:f(%y) /ﬂb /cd
r 1. p /b/d

1) AgtAy }
AztAls]
AQtAlS:|
AgtAls]

AgtAl S:|

|A2tA18 X/ / |K1 S x)HKQ(t y)|A2tA13
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o) | Syt / b / " g(s. s + / " gl vyt / b / ' f(s,odtds}
i // oo P
R
Y e e
00| [ stsseras [ [ ots.aas+ [ gts.0s [ [ s )it

K/ab/cd|g(s,t)|dtd8+L/ab/cd|f(s7t)|dtds]
X [/j|s—Al(A)|ds+/mb|s—Bl(A)|ds] [/y |t—A2()\)dt+/d|t—BQ(>\)|dt],

2
9 é;(;;t) ’ and L

d%g(s,t) ’ .

for all (z,y) € [a,b]X[e,d], where K := sup pn

a<s<bje<t<d

= sup
a<s<bje<t<d

Corollary 3.9. If T, = Ty = Z in Theorem[3.7, then we obtain the inequality

b—1 d—1 b—1d—1
222f(s+1,t+1)ZZg(s+1,t+1)
s=a t=c s=a t=c
b—1d—1 b—1d—1
+<I>1()\)<I>2(/\) myZng—i—lt—i—l +ga:y22fs+1t+ }
s=a t=c s=a t=c
b—1d—1 b—1d—1
+cI>1()\)<I>5(/\) (@,d)> > gls+1,t+1) +gxd22fs+1t+1}
s=a t=c s=a t=c
b—1d—1 b—1 d—1
—d (N Ds(N) | f chng+1t+1+gchZfs+1t+1]
s=a t=c s=a t=c
b—1d—1 b—1d—1
+<I>2()\)<I>3()\) b)) > D gls+1,t+1) +gbyZZfs+1t+1]
s=a t=c s=a t=c
b—1d—1 b—1d—1
—<I>2()\)<I>4(/\) ayZng+lt+1 +gay22fs+lt+l]
s=a t=c s=a t=c
b—1d—1 b—1d—1
+<I>3()\)<I>5(/\) FO,A)D D gls+ Lt +1) +g(b,d) > > f(s +1t+1}
s=a t=c s=a t=c
b—1d—1 b—1d—1
—<I>4()\)<I>5()\) (a,d)> > gls+1,t+1 +g(a,d)ZZf(s+1,t+1)}
s=a t=c s=a t=c
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b—1d—1 b—1d—-1
+ @4 (\) D [ (@,0)> > gls+1,t+1) +gacZZfs+1t+1)}

i o
— B3 (\)Pg [ (b,0) Y “g(s+1,t+1)+g(b,c) ZZfs+1t+1)]
s=a t=c s=a t=c
rd—1 b—1d—1 b—1d—1
— o (N[ D fat+ 1)) g(s+ 1t +1) +ngt+1 S fs+1,t+1)
o i P
— ®y(N) Zf(s+1,y)ZZg(s+1,t+ +ng+1,y ZZfs+1t+)
:tsi ? bs 1adt lc bS 1adt 1C
— 03N [ D Fbt+1)Y D gls+1,t+1) +Zgbt+1 S fs+1, t—f—l)}
i i i
+ 0N flat+1)Y D g(s+1,t+1) —l—Zgat—i—l YD fs+1,t+1)
- t=c s=a t=c s=a t=c

rb—1 b—1d—-1 b—1d—-1

— 5N [ D> fs+Ld)D> > gls+1,t+1) +ng+1 d) ZZsz—lH—l)}

- s=a s=a t=c s=a t=c

rb—1 b—1d—1 b—1d—-1
+ (N | D fls+1,0)) D gls+1,t+1) +Zg s+1,0)> > fls+1,t+1)
b7‘18d:11 s=a t=c b s=a t=c
[KZZ|9(S+1J+1)I+LZZ|f(s+1,t+1)|
s=a t=c s=a t=c

z—1
X lZ|S—A1 |+Z|S—B1

S=a

- d—1
[Z t— As(M)|+ ) |t — Ba(N)

t=c

for all (z,y) € [a,b— 1] x [¢,d — 1], where K denotes the mazimum value of the
absolute value of the difference Aoy f over [a,b — 1]z X [¢,d — 1]z and L denotes
the maximum value of the absolute value of the difference AsAqg over [a,b— 1]z x
[07 d— 1]2

Remark. More results can be obtained from Theorem by taking V(X)) = X or
(X)) = A2 and then consider different values of A in [0, 1], for example, X = 0,1/2
and 1
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