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TRAPEZOID-TYPE INEQUALITIES ON TIME SCALES

MARTIN BOHNER, EZE R. NWAEZE, ADNAN TUNA

Abstract. Some trapezoid inequalities were proved in 2004 by B. G. Pach-
patte. It is our purpose in this paper to extend these results to time scales.

Besides that, two more results are also established. Furthermore, we also apply

our results to continuous and discrete calculus to derive some new inequalities
as special cases.

1. Introduction

In 2004, B. G. Pachpatte [12] proved the following trapezoid-type integral in-
equalities.

Theorem 1.1. If f, g : [a, b] → R are differentiable on (a, b) with f ′, g′ ∈ L1[a, b],
then ∣∣∣∣∣f(a) + f(b)

2

∫ b

a

g(t)dt+
g(a) + g(b)

2

∫ b

a

f(t)dt

− 2

b− a

(∫ b

a

f(t)dt

)(∫ b

a

g(t)dt

)∣∣∣∣∣

≤



b− a
3

(
‖f ′‖∞

∫ b

a

|g(t)|dt+ ‖g′‖∞
∫ b

a

|f(t)|dt

)
,

[
2(b− a)

(q + 1)(q + 2)

] 1
q

[
‖f ′‖p

∫ b

a

|g(t)|dt+ ‖g′‖p
∫ b

a

|f(t)|dt

]
,

‖f ′‖1
∫ b

a

|g(t)|dt+ ‖g′‖1
∫ b

a

|f(t)|dt,

(1.1)

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.
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Theorem 1.2. If f, g : [a, b] → R are differentiable on (a, b) with f ′, g′ ∈ L1[a, b],
then∣∣∣∣(f(a) + f(b)

2

)(
g(a) + g(b)

2

)
− 1

2(b− a)

[
g(a) + g(b)

2

∫ b

a

f(t)dt+
f(a) + f(b)

2

∫ b

a

g(t)dt

]∣∣∣∣∣

≤



b− a
6

(
‖f ′‖∞

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖g′‖∞

∣∣∣∣f(a) + f(b)

2

∣∣∣∣) ,
1

2

[
2(b− a)

(q + 1)(q + 2)

] 1
q
[
‖f ′‖p

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖g′‖p

∣∣∣∣f(a) + f(b)

2

∣∣∣∣] ,
‖f ′‖1

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖g′‖1

∣∣∣∣f(a) + f(b)

2

∣∣∣∣ ,

(1.2)

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

In 1988, S. Hilger [8] introduced time scales theory to unify continuous and
discrete analysis. For some trapezoid-type integral and related inequalities on time
scales, see the papers [2–4,9–11], where further references are provided.

The purpose of this present paper is to obtain time scale versions of the trapezoid-
type integral inequalities (1.1) and (1.2). These results extend some known results
in the literature, and they are also new for the discrete case.

2. General Definitions

For a general introduction to time scales theory, we refer the reader to Hilger’s
Ph.D. thesis [8], the books [5, 6], and the survey [1].

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real
numbers.

We assume throughout that T has the topology that is inherited from the stan-
dard topology on R. It is also assumed throughout that in T the interval [a, b]
means the set {t ∈ T : a ≤ t ≤ b} for the points a, b ∈ T with a < b.

Definition 2.2. For each t ∈ T, the forward jump operator σ : T → T and the
backward jump operator ρ : T→ T are defined by

σ(t) = inf {s ∈ T : s > t} , ρ(t) = sup {s ∈ T : s < t} .
The graininess µ : T → [0,∞) is defined by µ(t) = σ(t) − t. The set Tκ is defined
as follows: If T has a maximum m with ρ(m) < m, then Tκ = T \ {m}; otherwise,
Tκ = T.

Remark 2.3. 1. If T = R, then µ(t) ≡ 0.
2. If T = Z, then µ(t) ≡ 1.

Definition 2.4. Let f : T → R and fix t ∈ Tκ. Then we define f∆(t) to be the
number (provided it exists) with the property that for any given ε > 0, there exists
a neighborhood U of t such that∣∣f(σ(t))− f(s)− f∆(t) [σ(t)− s]

∣∣ ≤ ε |σ(t)− s| for all s ∈ U.
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We call f∆(t) the delta derivative of f at t.

Remark 2.5. 1. If T = R, then f∆(t) = f ′(t) is the usual derivative.
2. If T = Z, then f∆(t) = ∆f(t) = f(t + 1) − f(t) is the usual forward

difference.

Theorem 2.6. If f, g : T → R are differentiable at t ∈ Tκ, then the product
fg : T→ R is differentiable at t and

(fg)∆(t) = f∆(t)g(t) + f(σ(t))g∆(t).

Definition 2.7. The function f : T → R is said to be rd-continuous on T provided
it is continuous at all points t ∈ T with σ(t) = t and its left-sided limits exist at all
points t ∈ T with ρ(t) = t. The set of functions that are rd-continuous from T into
R is denoted by Crd = Crd(T,R).

Definition 2.8. Let f : T→ R. Then F : T→ R is called an antiderivative of f on
T if it satisfies F∆(t) = f(t) for any t ∈ Tκ. In this case, the Cauchy integral is
defined by ∫ b

a

f(t)∆t = F (b)− F (a) for all a, b ∈ T.

By a theorem of Hilger [8], every rd-continuous function has an antiderivative.

Theorem 2.9. If f, g ∈ Crd, a, b, c ∈ T, and α, β ∈ R, then

(1)

∫ b

a

[αf(t) + βg(t)]∆t = α

∫ b

a

f(t)∆t+ β

∫ b

a

g(t)∆t,

(2)

∫ b

a

f(t)∆t = −
∫ a

b

f(t)∆t,

(3)

∫ b

a

f(t)∆t =

∫ c

a

f(t)∆t+

∫ b

c

f(t)∆t,

(4)

∫ b

a

f(t)g∆(t)∆t = (fg)(b)− (fg)(a)−
∫ b

a

f∆(t)g(σ(t))∆t.

Theorem 2.10. If f is ∆-integrable on [a, b], then so is |f |, and∣∣∣∣∣
∫ b

a

f(t)∆t

∣∣∣∣∣ ≤
∫ b

a

|f(t)|∆t.

Definition 2.11. We define the functions hk, gk : T2 → R, k ∈ N0, by

h0(t, s) := g0(t, s) := 1 for all s, t ∈ T

and then recursively by

gk+1(t, s) =

∫ t

s

gk (σ(τ), s) ∆τ, hk+1(t, s) =

∫ t

s

hk(τ, s)∆τ for all s, t ∈ T.

3. Main Results

In this section, we state and prove our results. The first theorem extends Theo-
rem 1.1 to time scales.
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Theorem 3.1. Let T be a time scale and a, b ∈ T with a < b. If f, g ∈ C1
rd([a, b],R),

then

∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

− 2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)∣∣∣∣∣

≤



1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(σ(t))|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(σ(t))|∆t

)

×

(∫ b

a

[h2(a, t) + h2(b, t)] ∆t

)
,

(b− a)
1
p−2

[∥∥f∆
∥∥
p

∫ b

a

|g(σ(t))|∆t+
∥∥g∆

∥∥
p

∫ b

a

|f(σ(t))|∆t

]

×

[∫ b

a

(∫ t

a

(t− s)q∆s+

∫ b

t

(s− t)q∆s

)
∆t

] 1
q

,

∥∥f∆
∥∥

1

∫ b

a

|g(σ(t))|∆t+
∥∥g∆

∥∥
1

∫ b

a

|f(σ(t))|∆t,

(3.1)

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Proof. From the hypotheses and using item (4) of Theorem 2.9, we have the identity

f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2
− 1

b− a

∫ b

a

f(σ(t))∆t

=
1

(b− a)2

∫ b

a

∫ b

a

(s− t)f∆(s)∆s∆t. (3.2)

Similarly, for the mapping g, we get

g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2
− 1

b− a

∫ b

a

g(σ(t))∆t

=
1

(b− a)2

∫ b

a

∫ b

a

(s− t)g∆(s)∆s∆t. (3.3)
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Multiplying both sides of (3.2) and (3.3) by
∫ b
a
g(σ(t))∆t and

∫ b
a
f(σ(t))∆t respec-

tively, adding the resulting identities and rewriting, we get

f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

− 2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)

=

(
1

(b− a)2

∫ b

a

∫ b

a

(s− t)f∆(s)∆s∆t

)(∫ b

a

g(σ(t))∆t

)

+

(
1

(b− a)2

∫ b

a

∫ b

a

(s− t)g∆(s)∆s∆t

)(∫ b

a

f(σ(t))∆t

)
.

(3.4)

From (3.4) and taking absolute values, we have∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

− 2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)∣∣∣∣∣
≤ 1

(b− a)2

[(∫ b

a

∫ b

a

|s− t||f∆(s)|∆s∆t

)(∫ b

a

|g(σ(t))|∆t

)

+

(∫ b

a

∫ b

a

|s− t||g∆(s)|∆s∆t

)(∫ b

a

|f(σ(t))|∆t

)]

≤ 1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(σ(t))|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(σ(t))|∆t

)

×

(∫ b

a

[h2(a, t) + h2(b, t)] ∆t

)
,

which is the required first inequality in (3.1).
Next, from (3.4), taking absolute values and using Hölder’s inequality on time

scales, we obtain∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

− 2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)∣∣∣∣∣
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≤ 1

(b− a)2

[(∫ b

a

∫ b

a

|s− t||f∆(s)|∆s∆t

)(∫ b

a

|g(σ(t))|∆t

)

+

(∫ b

a

∫ b

a

|s− t||g∆(s)|∆s∆t

)(∫ b

a

|f(σ(t))|∆t

)]

≤ 1

(b− a)2

(∫ b

a

∫ b

a

|s− t|q∆s∆t

) 1
q
(∫ b

a

∫ b

a

|f∆(s)|p∆s∆t

) 1
p

×

(∫ b

a

|g(σ(t))|∆t

)

+

(∫ b

a

∫ b

a

|s− t|q ∆s∆t

) 1
q
(∫ b

a

∫ b

a

|g∆(s)|p∆s∆t

) 1
p
(∫ b

a

|f(σ(t))|∆t

)
≤(b− a)

1
p−2

[∥∥f∆
∥∥
p

(∫ b

a

|g(σ(t))|∆t

)
+
∥∥g∆

∥∥
p

(∫ b

a

|f(σ(t))|∆t

)]

×

[∫ b

a

(∫ t

a

(t− s)q∆s+

∫ b

t

(s− t)q∆s

)
∆t

] 1
q

.

Hence, we deduce the second inequality in (3.1).
Lastly, from (3.4) and taking absolute values, we obtain∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)∣∣∣∣∣
≤ 1

(b− a)2

[(∫ b

a

∫ b

a

|s− t||f∆(s)|∆s∆t

)(∫ b

a

|g(σ(t))|∆t

)
(∫ b

a

∫ b

a

|s− t||g∆(s)|∆s∆t

)(∫ b

a

|f(σ(t))|∆t

)]

≤ 1

(b− a)2

[(
max

(t,s)∈[a,b]2
|s− t|

)(∫ b

a

∫ b

a

|f∆(s)|∆s∆t

)(∫ b

a

|g(σ(t))|∆t

)

+

(
max

(t,s)∈[a,b]2
|s− t|

)(∫ b

a

∫ b

a

|g∆(s)|∆s∆t

)(∫ b

a

|f(σ(t))|∆t

)]

≤

[∥∥f∆
∥∥

1

(∫ b

a

|g(σ(t))|∆t

)
+
∥∥g∆

∥∥
1

(∫ b

a

|f(σ(t))|∆t

)]
,

which proves the last inequality of (3.1). �

Remark 3.2. By taking T = R in Theorem 3.1, we recapture Theorem 1.1.
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Corollary 3.3. Let T = Z in Theorem 3.1. Then we have

∣∣∣∣∣ (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)

b∑
t=a+1

g(t)

+
(b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)

b∑
t=a+1

f(t)

− 2

b− a

(
b∑

t=a+1

f(t)

)(
b∑

t=a+1

g(t)

)∣∣∣∣∣

≤



(b− a)2 − 1

3(b− a)

(
‖∆f‖∞

b∑
t=a+1

|g(t)|+ ‖∆g‖∞
b∑

t=a+1

|f(t)|

)
,

(b− a)
1
p−2

[
‖∆f‖p

(
b∑

t=a+1

|g(t)|

)
+ ‖∆g‖p

(
b∑

t=a+1

|f(t)|

)]

×

[
b−1∑
t=a+1

(
t−1∑
s=a

(t− s)q +

b−1∑
s=t

(s− t)q
)] 1

q

,

[
‖∆f‖1

(
b∑

t=a+1

|g(t)|

)
+ ‖∆g‖1

(
b∑

t=a+1

|f(t)|

)]
,

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Remark 3.4. If we take g(t) ≡ 1 and T = R in Theorem 3.1, then we get

∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣ ≤



b− a
3
‖f ′‖∞ ,

[
2(b− a)

(q + 1)(q + 2)

] 1
q

‖f ′‖p ,

‖f ′‖1 ,

where, for the second inequality, p > 1 and 1/p + 1/q = 1. This inequality is the
trapezoid-type inequality given by S. S. Dragomir and T. C. Peachey in [7].
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Theorem 3.5. Let T be a time scale and a, b ∈ T with a < b. If f, g ∈ C1
rd([a, b],R),

then

∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(t)∆t+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(t)∆t

− 2

b− a

(∫ b

a

f(t)∆t

)(∫ b

a

g(t)∆t

)∣∣∣∣∣

≤



1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)
(g3(b, a)− g3(a, b)) ,

(b− a)
1
p−2

[∥∥f∆
∥∥
p

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
p

∫ b

a

|f(t)|∆t

]

×

[∫ b

a

∫ b

a

|σ(s)− t|q∆s∆t

] 1
q

,

M

b− a

[∥∥f∆
∥∥

1

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
1

∫ b

a

|f(t)|∆t

]
,

(3.5)
where, for the second inequality, p > 1 and 1/p+1/q = 1, and in the third inequality,

M = max
(t,s)∈[a,b]2

|σ(s)− t|.

Proof. Using item (4) of Theorem 2.9 and proceeding as in the proof of Theorem
3.1, we obtain

f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2
− 1

b− a

∫ b

a

f(t)∆t

=
1

(b− a)2

∫ b

a

∫ b

a

(σ(s)− t)f∆(s)∆s∆t. (3.6)

Similarly, for the mapping g, we get

g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2
− 1

b− a

∫ b

a

g(t)∆t

=
1

(b− a)2

∫ b

a

∫ b

a

(σ(s)− t)g∆(s)∆s∆t. (3.7)
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Multiplying both sides of (3.6) and (3.7) by
∫ b
a
g(t)∆t and

∫ b
a
f(t)∆t respectively,

adding the resulting identities and rewriting, we get

f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(t)∆t+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(t)∆t

− 2

b− a

(∫ b

a

f(t)∆t

)(∫ b

a

g(t)∆t

)

=

(
1

(b− a)2

∫ b

a

∫ b

a

(σ(s)− t)f∆(s)∆s∆t

)(∫ b

a

g(t)∆t

)

+

(
1

(b− a)2

∫ b

a

∫ b

a

(σ(s)− t)g∆(s)∆s∆t

)(∫ b

a

f(t)∆t

)
.

(3.8)
Now taking the absolute values of both sides of (3.8), we get∣∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(t)∆t+
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(t)∆t

− 2

b− a

(∫ b

a

f(t)∆t

)(∫ b

a

g(t)∆t

)∣∣∣∣∣
≤ 1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)(∫ b

a

∫ b

a

|σ(s)− t|∆s∆t

)

=
1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)

×
∫ b

a

(∫ σ(s)

a

|σ(s)− t|∆t+

∫ b

σ(s)

|σ(s)− t|∆t

)
∆s

=
1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)

×
∫ b

a

(h2(a, σ(s)) + h2(b, σ(s))) ∆s

=
1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)

×
∫ b

a

(g2(σ(s), a) + g2(σ(s), b)) ∆s

=
1

(b− a)2

(∥∥f∆
∥∥
∞

∫ b

a

|g(t)|∆t+
∥∥g∆

∥∥
∞

∫ b

a

|f(t)|∆t

)
(g3(b, a)− g3(a, b)) ,

which gives the first inequality of (3.5). To get the second inequality, we use (3.8)
and apply Hölder’s inequality. The last inequality follows in the same fashion as
outlined in the proof of Theorem 3.1. �
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Theorem 3.6. Let T be a time scale and a, b, (a + b)/2 ∈ T with a < b. If
f, g ∈ C1

rd([a, b],R), then∣∣∣∣∣f(a) + f(b)

2

∫ b

a

g(σ(t))∆t+
g(a) + g(b)

2

∫ b

a

f(σ(t))∆t

− 2

b− a

(∫ b

a

f(σ(t))∆t

)(∫ b

a

g(σ(t))∆t

)∣∣∣∣∣

≤



1

b− a

[∥∥f∆
∥∥
∞

(∫ b

a

|g(σ(t))|∆t

)
+
∥∥g∆

∥∥
∞

(∫ b

a

|f(σ(t))|∆t

)]
×
[
h2

(
a,
a+ b

2

)
+ h2

(
b,
a+ b

2

)]
,

1

b− a

[∥∥f∆
∥∥
p

(∫ b

a

|g(σ(t))|∆t

)
+
∥∥g∆

∥∥
p

(∫ b

a

|f(σ(t))|∆t

)]

×

[∫ a+b
2

a

(
a+ b

2
− t
)q

∆t+

∫ b

a+b
2

(
t− a+ b

2

)q
∆t

] 1
q

,

1

2

[∥∥f∆
∥∥

1

(∫ b

a

|g(σ(t))|∆t

)
+
∥∥g∆

∥∥
1

(∫ b

a

|f(σ(t))|∆t

)]
,

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Proof. From the hypothesis and using item (4) of Theorem 2.9, we have the identity

f(a) + f(b)

2
− 1

b− a

∫ b

a

f(σ(t))∆t =
1

b− a

∫ b

a

(
t− a+ b

2

)
f∆(t)∆t. (3.9)

Similarly, for the mapping g, we get

g(a) + g(b)

2
− 1

b− a

∫ b

a

g(σ(t))∆t =
1

b− a

∫ b

a

(
t− a+ b

2

)
g∆(t)∆t. (3.10)

To complete the remaining part, we simply follow similar calculations as given in
Theorem 3.1 after replacing (3.2) and (3.3) by (3.9) and (3.10), respectively. So,
we omit the proof to cut out unnecessary repetition. �

Corollary 3.7. Let T = R in Theorem 3.6. Then we have∣∣∣∣∣f(a) + f(b)

2

∫ b

a

g(t)dt+
g(a) + g(b)

2

∫ b

a

f(t)dt

− 2

b− a

(∫ b

a

f(t)dt

)(∫ b

a

g(t)dt

)∣∣∣∣∣
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≤



b− a
4

[
‖f ′‖∞

(∫ b

a

|g(t)|dt

)
+ ‖g′‖∞

(∫ b

a

|f(t)|dt

)]
,

1

2

(
b− a
q + 1

) 1
q

[
‖f ′‖p

(∫ b

a

|g(t)|dt

)
+ ‖g′‖p

(∫ b

a

|f(t)|dt

)]
,

1

2

[
‖f ′‖1

(∫ b

a

|g(t)|dt

)
+ ‖g′‖1

(∫ b

a

|f(t)|dt

)]
,

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Corollary 3.8. Let T = Z and (a+ b)/2 ∈ Z in Theorem 3.6. Then we have

∣∣∣∣∣f(a) + f(b)

2

b∑
t=a+1

g(t) +
g(a) + g(b)

2

b∑
t=a+1

f(t)

− 2

b− a

(
b∑

t=a+1

f(t)

)(
b∑

t=a+1

g(t)

)∣∣∣∣∣

≤



b− a
4

[
‖∆f‖∞

(
b∑

t=a+1

|g(t)|

)
+ ‖∆g‖∞

(
b∑

t=a+1

|f(t)|

)]
,

1

b− a

[
‖∆f‖p

(
b∑

t=a+1

|g(t)|

)
+ ‖∆g‖p

(
b∑

t=a+1

|f(t)|

)]

×

 a+b
2 −1∑
t=a

(
a+ b

2
− t
)q

+

b−1∑
t= a+b

2

(
t− a+ b

2

)q
1
q

,

1

2

[
‖∆f‖1

(
b∑

t=a+1

|g(t)|

)
+ ‖∆g‖1

(
b∑

t=a+1

|f(t)|

)]
,

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

The next theorem is an extension of Theorem 1.2 to time scales.
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Theorem 3.9. Let T be a time scale and a, b ∈ T with a < b. If f, g ∈ C1
rd([a, b],R),

then∣∣∣∣(f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

)(
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

)
− 1

2(b− a)

[
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣

≤



1

2(b− a)2

[∥∥f∆
∥∥
∞

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+
∥∥g∆

∥∥
∞

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣]
×

[∫ b

a

(h2(a, t) + h2(b, t)) ∆t

]
,

(b− a)
1
p−2

2

[∥∥f∆
∥∥
p

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+
∥∥g∆

∥∥
p

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣]
×

[∫ b

a

(∫ t

a

(t− s)q∆s+

∫ b

t

(s− t)q∆s

)
∆t

] 1
q

,

1

2

[∥∥f∆
∥∥

1

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣+
∥∥g∆

∥∥
1

∣∣∣∣f(a)h2(b, a)f(b)h2(a, b)

(b− a)2

∣∣∣∣] ,
(3.11)

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Proof. As in the proof of Theorem 3.1, we obtain (3.2) and (3.3). Now multiplying

(3.2) by g(a)h2(b,a)+g(b)h2(a,b)
(b−a)2 and (3.3) by f(a)h2(b,a)+f(b)h2(a,b)

(b−a)2 , adding the resulting

identities and rewriting, we have

2

(
f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

)(
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

)
− g(a)h2(b, a) + g(b)h2(a, b)

(b− a)3

∫ b

a

f(σ(t))∆t

− f(a)h2(b, a) + f(b)h2(a, b)

(b− a)3

∫ b

a

g(σ(t))∆t

=
1

(b− a)2

[
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

∫ b

a

(s− t)f∆(s)∆s∆t

+
f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

∫ b

a

(s− t)g∆(s)∆s∆t

]
.

(3.12)
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From (3.12) and taking absolute values, we get∣∣∣∣(f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

)(
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

)
− 1

2(b− a)

[
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

+
f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣
≤ 1

2(b− a)2

[∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣ ∫ b

a

∫ b

a

|s− t||f∆(s)|∆s∆t

+

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣ ∫ b

a

∫ b

a

|s− t||g∆(s)|∆s∆t

]

≤ 1

2(b− a)2

[∥∥f∆
∥∥
∞

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+
∥∥g∆

∥∥
∞

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣]
[∫ b

a

(h2(a, t) + h2(b, t)) ∆t

]
,

which is the required first inequality in (3.11).
Taking the absolute values of (3.12) and using Hölder’s inequality on time scales,

we obtain∣∣∣∣(f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

)(
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

)
− 1

2(b− a)

[
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

+
f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣
≤ 1

2(b− a)2

(∫ b

a

∫ b

a

|s− t|q∆s∆t

) 1
q
(∫ b

a

∫ b

a

|f∆(s)|p∆s∆t

) 1
p

×
∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+

(∫ b

a

∫ b

a

|s− t|q∆s∆t

) 1
q
(∫ b

a

∫ b

a

|g∆(s)|p∆s∆t

) 1
p

×
∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣]
≤ (b− a)

1
p−2

2

[∥∥f∆
∥∥
p

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+
∥∥g∆

∥∥
p

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣]
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×

[∫ b

a

(∫ t

a

(t− s)q∆s+

∫ b

t

(s− t)q∆s

)
∆t

] 1
q

.

Hence, we get the second inequality in (3.11).
From (3.12) and taking absolute values, we obtain

∣∣∣∣(f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

)(
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

)
− 1

2(b− a)

[
g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∫ b

a

f(σ(t))∆t

−f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣
≤ 1

2(b− a)2

[(∫ b

a

∫ b

a

|s− t||f∆(s)|∆s∆t

)∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+

(∫ b

a

∫ b

a

|s− t||g∆(s)|∆s∆t

)∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣
]

≤ 1

2(b− a)2

[(
max

(t,s)∈[a,b]2
|s− t|

)(∫ b

a

∫ b

a

|f∆(s)|∆s∆t

)

×
∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
+

(
max

(t,s)∈[a,b]2
|s− t|

)(∫ b

a

∫ b

a

|g∆(s)|∆s∆t

)∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣
]

≤1

2

[∥∥f∆
∥∥

1

∣∣∣∣g(a)h2(b, a) + g(b)h2(a, b)

(b− a)2

∣∣∣∣+
∥∥g∆

∥∥
1

∣∣∣∣f(a)h2(b, a) + f(b)h2(a, b)

(b− a)2

∣∣∣∣] ,
which proves the last inequality of (3.11). �

Remark 3.10. By setting T = R in Theorem 3.9, we recover Theorem 1.2.

Corollary 3.11. Let T = Z in Theorem 3.9. Then we have

∣∣∣∣( (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)

)(
(b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)

)
− (b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)2

b∑
t=a+1

f(t)

− (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)2

b∑
t=a+1

g(t)

∣∣∣∣∣
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≤



(b− a)2 − 1

6(b− a)

[
‖∆f‖∞

∣∣∣∣ (b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)

∣∣∣∣
+ ‖∆g‖∞

∣∣∣∣ (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)

∣∣∣∣] ,
(b− a)

1
p−2

2

[
‖∆f‖p

∣∣∣∣ (b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)

∣∣∣∣
+ ‖∆g‖p

∣∣∣∣ (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)

∣∣∣∣]
×

[
b−1∑
t=a

(
t−1∑
s=a

(t− s)q +

b−1∑
s=t

(s− t)q
)] 1

q

,

1

2

[
‖∆f‖1

∣∣∣∣ (b− a− 1)g(a) + (b− a+ 1)g(b)

2(b− a)

∣∣∣∣
+ ‖∆g‖1

∣∣∣∣ (b− a− 1)f(a) + (b− a+ 1)f(b)

2(b− a)

∣∣∣∣] ,
where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Theorem 3.12. Let T be a time scale and a, b, (a + b)/2 ∈ T with a < b. If
f, g ∈ C1

rd([a, b],R), then

∣∣∣∣(f(a) + f(b)

2

)(
g(a) + g(b)

2

)
− 1

2(b− a)

[
g(a) + g(b)

2

∫ b

a

f(σ(t))∆t+
f(a) + f(b)

2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣

≤



1

2(b− a)

[∥∥f∆
∥∥
∞

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
∞

∣∣∣∣f(a) + f(b)

2

∣∣∣∣]
×
[
h2

(
a,
a+ b

2

)
+ h2

(
b,
a+ b

2

)]
,

1

2(b− a)

[∥∥f∆
∥∥
p

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
p

∣∣∣∣f(a) + f(b)

2

∣∣∣∣]
×

[∫ a+b
2

a

(
a+ b

2
− t
)q

∆t+

∫ b

a+b
2

(
t− a+ b

2

)q
∆t

] 1
q

,

1

4

[∥∥f∆
∥∥

1

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
1

∣∣∣∣f(a) + f(b)

2

∣∣∣∣] ,
where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Proof. To complete the proof, we simply follow similar steps as outlined in the proof
of Theorem 3.9 after replacing (3.2) and (3.3) by (3.9) and (3.10), respectively. �
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Corollary 3.13. Let T = R in Theorem 3.12. Then we have∣∣∣∣(f(a) + f(b)

2

)(
g(a) + g(b)

2

)
− 1

2(b− a)

[
g(a) + g(b)

2

∫ b

a

f(σ(t))∆t+
f(a) + f(b)

2

∫ b

a

g(σ(t))∆t

]∣∣∣∣∣

≤



b− a
8

[∥∥f∆
∥∥
∞

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
∞

∣∣∣∣f(a) + f(b)

2

∣∣∣∣]
×
[
h2

(
a,
a+ b

2

)
+ h2

(
b,
a+ b

2

)]
,

1

4

(
b− a
q + 1

) 1
q
[∥∥f∆

∥∥
p

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
p

∣∣∣∣f(a) + f(b)

2

∣∣∣∣] ,
1

4

[∥∥f∆
∥∥

1

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+
∥∥g∆

∥∥
1

∣∣∣∣f(a) + f(b)

2

∣∣∣∣] ,
where, for the second inequality, p > 1 and 1/p+ 1/q = 1.

Corollary 3.14. Let T = Z and (a+ b)/2 ∈ Z in Theorem 3.12. Then we have∣∣∣∣(f(a) + f(b)

2

)(
g(a) + g(b)

2

)
− 1

2(b− a)

[
g(a) + g(b)

2

b∑
t=a+1

f(t) +
f(a) + f(b)

2

b∑
t=a+1

g(t)

]∣∣∣∣∣

≤



1

2(b− a)

[
‖∆f‖∞

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖∆g‖∞

∣∣∣∣f(a) + f(b)

2

∣∣∣∣]
×
[
h2

(
a,
a+ b

2

)
+ h2

(
b,
a+ b

2

)]
,

1

2(b− a)

[
‖∆f‖p

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖∆g‖p

∣∣∣∣f(a) + f(b)

2

∣∣∣∣]

×

 a+b
2 −1∑
t=a

(
a+ b

2
− t
)q

+

b−1∑
t= a+b

2

(
t− a+ b

2

)q
1
q

,

1

4

[
‖∆f‖1

∣∣∣∣g(a) + g(b)

2

∣∣∣∣+ ‖∆g‖1

∣∣∣∣f(a) + f(b)

2

∣∣∣∣] ,

.

where, for the second inequality, p > 1 and 1/p+ 1/q = 1.
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Niğde Ömer Halisdemir University, 51240 Niğde, Turkey
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