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TRAPEZOID-TYPE INEQUALITIES ON TIME SCALES

MARTIN BOHNER, EZE R. NWAEZE, ADNAN TUNA

ABSTRACT. Some trapezoid inequalities were proved in 2004 by B. G. Pach-
patte. It is our purpose in this paper to extend these results to time scales.
Besides that, two more results are also established. Furthermore, we also apply
our results to continuous and discrete calculus to derive some new inequalities
as special cases.

1. INTRODUCTION

In 2004, B. G. Pachpatte [12] proved the following trapezoid-type integral in-
equalities.

Theorem 1.1. If f,g: [a,b] — R are differentiable on (a,b) with f',¢" € L1[a, ],

then
'W/abg(t)dHW[f(t)dt
(o) ()
e <||f’||m / lo0lde + gl / blf(t)ldt> , 1)
<

2(b—a) i ) b / b
[WM} [lflp / lg(®)[dt + 1|, / |f(t)|dt],

b b
10, [ lotoiae+ 1/l [ 15lat

where, for the second inequality, p > 1 and 1/p+1/q = 1.
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Theorem 1.2. If f,g: [a,b] — R are differentiable on (a,b) with f',¢' € Li[a, ],

" (f(a) -2F f(b)> (g(a) -QF g(b))

Lo [ 00 g@)dt]

2(b—a)
e MR a2 10)).

a
6 2

] e \
(1.2)

IN

9(a) +g(b)‘
2

1] 20b-a) 17, ,
2[((]‘*‘1)(‘14‘2)} [”f”p +lg'll,

07 gla) +g(b) f(a) + f(b)
1 2 2

where, for the second inequality, p > 1 and 1/p+1/q=1.

)

\+ 191

In 1988, S. Hilger [8] introduced time scales theory to unify continuous and
discrete analysis. For some trapezoid-type integral and related inequalities on time
scales, see the papers [2H4L/9H11], where further references are provided.

The purpose of this present paper is to obtain time scale versions of the trapezoid-
type integral inequalities and . These results extend some known results
in the literature, and they are also new for the discrete case.

2. GENERAL DEFINITIONS

For a general introduction to time scales theory, we refer the reader to Hilger’s
Ph.D. thesis [§], the books [5,/6], and the survey [1].

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real
numbers.

We assume throughout that T has the topology that is inherited from the stan-
dard topology on R. Tt is also assumed throughout that in T the interval [a, b]
means the set {t € T :a <t < b} for the points a,b € T with a < b.

Definition 2.2. For each t € T, the forward jump operator ¢ : T — T and the
backward jump operator p : T — T are defined by

ot)=inf{seT: s>t}, p)=sup{seT: s<t}.
The graininess p : T — [0,00) is defined by p(t) = o(t) —t. The set T* is defined

as follows: If T has a maximum m with p(m) < m, then T% = T \ {m}; otherwise,
T =T.

Remark 2.3. 1. If T =R, then u(t) = 0.
2. f T =7Z, then p(t) = 1.

Definition 2.4. Let f : T — R and fix t € T*. Then we define f2(t) to be the
number (provided it exists) with the property that for any given € > 0, there exists
a neighborhood U of ¢ such that

|f(o(t) — f(s) — A [o(t) — s]| <elo(t)—s| forall seU.
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We call f2(t) the delta derivative of f at t.

Remark 2.5. 1. If T =R, then f2(t) = f'(t) is the usual derivative.
2. If T = Z, then f2(t) = Af(t) = f(t + 1) — f(t) is the usual forward
difference.

Theorem 2.6. If f,g : T — R are differentiable at t € T", then the product
fg: T — R is differentiable at t and

(f9)2(t) = f2B)g(t) + (o ()9 (2).

Definition 2.7. The function f : T — R is said to be rd-continuous on T provided
it is continuous at all points ¢ € T with o(t) = ¢ and its left-sided limits exist at all
points ¢ € T with p(t) = ¢. The set of functions that are rd-continuous from T into
R is denoted by C,q = Cq(T,R).

Definition 2.8. Let f: T — R. Then F : T — R is called an antiderivative of f on
T if it satisfies F2(t) = f(t) for any t € T*. In this case, the Cauchy integral is
defined by
b
/ f@®)At = F(b) — F(a) forall a,beT.
By a theorem of Hilger [8], every rd-continuous function has an antiderivative.

Theorem 2.9. If f,g € Cq, a,b,c € T, and o, 5 € R, then

b b b
1) [lar®+ss)at=a [ sae+s [ goar
b a

/ F(Hg> BAL = (£9)(b) / 200)

Theorem 2.10. If f is A-integrable on [a,b], then so is |f|, and

b
< / F(1)] At.

Definition 2.11. We define the functions hy, gi : T?> — R, k € Ny, by

b
F)AL

ho(t,s) == go(t,s) :==1 forall s,teT

and then recursively by

t t
gr+1(t,8) = / gk (o(7),8) AT, hpy1(t,s) = / hi(r,s)Ar for all s,teT.
S S

3. MAIN RESULTS

In this section, we state and prove our results. The first theorem extends Theo-
rem [L.1] to time scales.
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Theorem 3.1. Let T be a time scale and a,b € T witha < b. If f,g € Cl;([a,b],R),
then

‘f(a)hz(b a) + f(b)ha(a,b) / g(o(t)At

(b—a)?
g(a)ha(b,a) + g(b
+ (b—a)? /f

—bfa ( / f(o(t))At> ( / g(a(t))At>
<HfAH / s+ o], i)

a

IN

0= 1521, [ a2, [ 10

x l/b </ (t—s)qu+/tb(s—t)qu>At]q7

1920, [ opiac 521, [ e

where, for the second inequality, p > 1 and 1/p+1/q = 1.

Proof. From the hypotheses and using item (4) of Theorem[2.9] we have the identity

fla)ha(b,a) + f(b)ha(a,b)
b—a/ flo

(b—a)?
b
:7@_@)2 / / (s — )2 (s)AsAL. (3.2)

Similarly, for the mapping g, we get

g9(a)hz(b,a) + g(b)ha(a,b) 1 /bg(o—(t))

(b—a)? b—a
e / / SASAL  (3.3)
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Multiplying both sides of ( and (3.3 by f g(o(t))At and f f(o(t)) At respec-
tively, adding the resultmg 1dent1t1es and rewrltmg we get

b

(b—a)2
g(a)ha(b,a) + g(b hgab
+ (b—a)? /f

- ( / f(a(t))At> ( / g(o(t))At> (5.4
- (b_l / b / (s t)fA(s)AsAt> ( / bg(a(t))At)
(b_a [ [ Asm) (/f )

From ([3.4) and taking absolute values, we have

F@ha(bya) + fO)ha(a,b) [*
| e | stooas

()hgba —|—g hgab/

+

flo

b;(/ f(v(t))At> </ g(a(t))At)
K//Is—tllfA IAsAt> (/ oo w)
(/ / s — g™ |Asm) (/ fo |At>
(HfAH /Ig DAL+ g /|f At)
X (/ [ha(a,t) + ha(b,1)] At>,

which is the required first inequality in (3.1)).
Next, from (3.4), taking absolute values and using Holder’s inequality on time
scales, we obtain

f(a)ha(b,a) + f(b)ho(a,b) [*
" | st
+()h2bc;)j—ag hgab/f

—bfa (/ f(o(t>)At> (/ g(a(t))At>
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[(/ / s —tl1F2(s) |A3At> (/ e |At>
(/ / s — tllg™( |AsAt> (/ fo |At> |
<o {(/ / s—t|quAt> (/ / IfA(S)pAsAt>

</ " lAt) T/ b b
+</ / |s—t“AsAt> (/ / |gA<s>|pAsAt> (/ e |At>
<=t 1521, ( [ teonan) 1o, [/
; [ [ ( [e-spsss [ tyms) At] "

Hence, we deduce the second inequality in (3.1)).
Lastly, from (3.4) and taking absolute values, we obtain

f(@ha(b,a) + fO)ha(a,b) [”
" | st

()hgba+g hgab/

+ flo

fa ( A f(a(t))At> ( / g(a(t)mt>
[(//IstlfA AsAt) (/ oo w)
( L L -t ([ o)
<o [( ol ) (//uA |A5At> (/ oo |At>
*(m)g[abps— )(/ / il lAsAt) (/ e |At>]
[\!fA!h(/ 90 |At>+HgAH1</ fo |At>

which proves the last inequality of .

Remark 3.2. By taking T = R in Theorem we recapture Theorem
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Corollary 3.3. Let T = Z in Theorem[3.1 Then we have

b—a—-1)f(a)+(b—a+1)f(b) Z ot)

2(b—a) Nl
b—a—1gla)+(b—a+1)
+ 26— a) tza;lf

2 b b
(> f<t>> (> )
t=a+1 t=a+1

(b—a)?— b
W Afllo Z 91+ 18glle - 1701

t=a+1 t=a+1

(b—a)r? [IIAfII (i Ig(t)|> +||A9p<zb: If(t)lﬂ

< t=a+1 t:ajl
- b—1 t—1 b—1
X[Z ( (t—s)q+Z(s—t)q>1 ,
t=a+1 \s=a s=t

1AFl, ( zb: Ig(t)|> +1Agll, ( zb: If(t)ﬂ ,

t=a+1 t=a+1

where, for the second inequality, p > 1 and 1/p+1/q = 1.

Remark 3.4. If we take g(t) =1 and T = R in Theorem then we get

fl@+fo) 1 [ _ i
- f)de| < 20b—a) |7, 4
2 b—a/a |:(q+1)(q+2):| ||f||p7

11y

where, for the second inequality, p > 1 and 1/p + 1/q = 1. This inequality is the
trapezoid-type inequality given by S. S. Dragomir and T. C. Peachey in [7].
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Theorem 3.5. Let T be a time scale and a,b € T witha < b. If f,g € Cl;([a,b],R),
then

f(a)ha (b, a) + f(b)ha(a,b) [° g(a)ha(b,a) + g(b)ha(a, b)
‘ (b—a)? /a g(t)At + b—a)? / f(t)

- ( A f(t)At> ( / bg(t)At) |

b b
(b_la)2 <HfA||oo/ |g(t)|At+H9A||oo/ |f(t)At> (g3(b,a) — gs(a,b)),

0 ayh [HfAH [ i 12, [ 1swias
xl/ / |a(s)—t|quAt] ,

b b
- [HfAHl/ slae+ g, [ Ir@iae).
(3.5)

where, for the second inequality, p > 1 and 1/p+1/q = 1, and in the third inequality,

IN

M= max |o(s)—t|

(t,5)€la,b]?

Proof. Using item (4) of Theorem and proceeding as in the proof of Theorem
we obtain

fa)ha(b,a) + f(b)hs(a,b) _a/ £(1)

(b—a)?
o // ) — 1) fA(s)AsAL (3.6)

Similarly, for the mapping g, we get

b
g(a)h2 (b7((;;)jag)(2b)h2 (CL, b) _ ; i - / g(t)A

(e // (s)AsAL (3.7)
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Multiplying both sides of (3.6) and (3.7) by f; g(t)At and f; f(t)At respectively,
adding the resulting identities and rewriting, we get

fla)ha(b,a) + f(b)ha(a,b) [P g(a)hz(b,a) + g(b)ha(a,b)
By /ag(t)AH- G /f

(o) (fe)
:< = // s) = 1) F2( )mm) (/ g(t)At>
(e [ Lo-mrmar) ([roar)

Now taking the absolute values of both sides of (3.8)), we get

f(a)ha(b,a) + f(b)ha(a,b) [P g(a)hs (b, a) —|—g Yha(a, b)
‘ b ap = [ o

b b
— ( / f(t)At) ( / g(t)AtN
1 A b A b b b
<g—ap \ I/ Hoo/a l9(®)|At+ g H°°/a |f(t)At> (/ / |a(s)—tAsAt>

—; A ’ A b
(b—a)? (Hf Hoo/a lg(t)|At +||g Hoo/a |f(t)At>
b a(s) b
X/a (/a U(S)t|At+/U(S)IU(S)tAt> As
1 A b A b
oo (121 [ onsee i [ o)

b
(ha(a,a(s)) + ha(b,0(s))) As

X

b b
oo (121 [ s o), [ o)

b
(92(0(s),a) + g2(o(s),)) As

b b
(e (HfAHOO [ lsiaes g [ If(t)At> (93(0,0) — ga(a, 1)),

which gives the first inequality of (3.5). To get the second inequality, we use (3.8])
and apply Holder’s inequality. The last inequality follows in the same fashion as

outlined in the proof of Theorem O

T~

X

T~
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Theorem 3.6. Let T be a time scale and a,b,(a + b)/2 € T with a < b. If
/.9 € Cly(la,b],R), then

b
‘f(a)+f(b)/ sloi)ar + L0+ 90) /f

e w;»ao .

172 /\9 Niat |+ [lg*l. /lf )| At

ezt on (23]

[HfAH (/ 9(o IAt>+||gA|| (/b <o<t>>|At>
(t_

afd q b q
Xl/ <a+b—t) At+/ a+b> At
a 2 a+b 2

2

IN

q

)

leAHl(/ l9( IAt>+||gAHl</ fo |At>

where, for the second inequality, p > 1 and 1/p+1/q=1.

Proof. From the hypothesis and using item (4) of Theorem [2.9] we have the identity

Similarly, for the mapping g, we get

b b
Aol L [geoae= = | <t—a;rb>gA(t)At- (3.10)

To complete the remaining part we simply follow Similar calculations as given in

Theorem [3.1] u after replacing (3.2]) and . by (3.9) and ( -7 respectively. So

we omit the proof to cut out unnecessary repetltlon

Corollary 3.7. Let T =R in Theorem[3.6, Then we have

’f(a);rf(b)/b (a4 9050 /f

) ()
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. b b

" [nf'noo ( / g<t>|dt>+|g’||oo ( / If(t)ldtﬂ,
_a b b

= [|f’,, ( / |g<t>|dt>+|g/||p ( / f(t)ldtﬂ,

[|f’|1 ( / |g<t>|dt> Il ( / f(t)ldtﬂ ,

IN

N

N | =

where, for the second inequality, p > 1 and 1/p+1/q = 1.

Corollary 3.8. Let T =7 and (a+b)/2 € Z in Theorem[3.6, Then we have

2 t=a+1 2 t=a+1
9 b b
“1_a ( Z f(t)> < Z g(t))
t=a+1 t=a+1
b—a r b b
|12l ( > Ig(t)|> + 189l ( > If(t)lﬂ ,
L t=a+1 t=a+1
1 r b b
. IIAf||p< > Ig(t)|> +11Agll, ( > If(t)ﬂ
L t=a+1 t=a+1
< it 1
- i fatb N2 ab)
x[;(2—t>+2b<t—2>],

N | =

1A£1 ( Zb: Ig(t)l> +1Agll, ( Zb: If(t)ﬂ ,

t=a+1 t=a+1

where, for the second inequality, p > 1 and 1/p+1/q = 1.

The next theorem is an extension of Theorem to time scales.
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Theorem 3.9. Let T be a time scale and a,b € T witha < b. If f,g € Cl;([a,b],R),
then

‘ (f(a)hz(b, a) + f(b)ha(a, b)) <g(a)hz(57 a) +g(b)hs(a, b)>
(b—a)? (b—a)?
1 g( )hgba +g b)hgab
2(b—a) [ / flo

f(a’)h2(bv (L) + f( )hQ(a’ b) / g(o’(t))At

(b—a)?
a)ha(b,a) + g(b)ha(a,b
AH f hQ(bva)+f(b)h2(aa b)H
e (b_ a)Z

X / " haa.t) + ha(b,1) At]

+llg

g(a)hQ(bv a) + g(b)hQ(aa b)
(b—a)?

a)ha(b,a) + f(b )hg(a,b)‘
(b—a)?

y /: ( /:@ s+ /j<5 tms) At

(a)hs hgabH

(3.11)

'HfA!

IN

1

q

a)ha(b,a) + g(b)ha(a,b)
(b= a) ‘ o

3 1920, ]2

where, for the second inequality, p > 1 and 1/p+1/q = 1.

Proof. As in the proof of Theorem |3 . we obtain and . Now multiplying
. by & g(a)ha (b, a)+g(b)hz(a b) and (3.3 . by fla)ha (b, a)+f(b)h2(a b , adding the resulting

identities and rewrltlng, we have

2<f( a)ha(b,a) + f(b hgab)<g a)ha(b,a) + g(b hg(a,b)>

(b—a)? (b—a)?
()hgba+g /b
- flo
f()hgba+f Yha(a,b) [°
(b—a)® /g (3.12)
. 1 ()hgba —|—g
_(ba)Z[ o) // (s —t)f2(s)AsAt

NG )thaJrf h”b// (s — t)g™ (s) AsAt
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From (3.12) and taking absolute values, we get

‘ (f(a)hz(ba a) + f(b)ha(a, b)) (g(a)ha(b, a) + g(b)ha(a, b))

(b—ay? (b—a)?
1 g(a )hgba +g )ha(a, b)
_2(b—a)[ /f
f(a)ha(b, a) + f(b)ha(a,b)
¥ et [ stowpar
1 9(a)ha(b, a) + g(b)ha(a, b)
SQ(ba)Ql 0y . S_t”fA JIAsAt

’f hgba+f )ha(a, b)

/ / |s — t]|g™ (s)| AsAt

A a)ha(b, a) + g(b)ha(a, b)
50~ {”f I~ (e
b
+||gAHoo'f 2ol b’{;)_ ;;éb)'”(“’b) H l / (hz(a,t)Jrhz(b,t))At],

which is the required first inequality in (3.11)).
Taking the absolute values of ([3.12)) and using Holder’s inequality on time scales,
we obtain

(f(a)hz(bﬂ)Jrf( )ha(a, b)) ( g(a)ha(b,a) + g(b)ha(a, b))
(b—a)? (b — a)?

1 [g()hgba—i—g hgab/f

" 2(b—a) b—a)?

L J(@ha(b.0) + [(B)ha(a.b) / 9o (t) At

(b—a)?

gﬁ |:</ab/abst|quAt>}z (/ab/ab|fA(s)pAsAt>;

g(a)hQ(bv a) + g(b)hQ(av b) ‘
(b—a)?

+ (/b/bsﬂquAt)é (/ab/ab |gA(s)|pAsAt>;
o | [(@h2(b,a) + f(b)ha(a, b)}

b—a)?
[“fAH ]
al

)hZ (b7 CL) f(b) 2(a, b)
(b—a)?
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X [/: (/:(t—s)qu—i-/tb(s—t)qu> At

Hence, we get the second inequality in (3.11]).
From (3.12) and taking absolute values, we obtain

1
q

‘(f(a)hz(b»(c;):raJ;g )ha(a, b)> ( 9(a)ha(b, a):ra!;(zb)hz(a b)>

1 [()hgba—i—g hgab/f

“2(b—a) b—a)?

_f(a)hQ(b7 CL) + f( )hQ(a7 b) p
T—" [ stowra

<= [(/b/bwﬂu%s)mm)
(/ [ 15l mm)‘f (s )hg(a’b)ﬂ
ssiar (ol ) ([ o)

g(a)hs(b, a) +g(b)h2(a,b)
(b—a)?

- ((t ISP PRE |s = t|) (/ab /ab IgA(S)lAsAt>

1 ha(b,a b)ha(a,b
< [Ir2y) [l Ot

g(a)hZ(bv a) + g(b)hZ (CL, b) ‘
(b—a)?

X

(b—a)

(a)ha(b, ) + F(b)hs(a,b) H
(- ) ’

g(a)ha(b,a) + g(b)ha(a,b) H

which proves the last inequality of (3.11)).

Remark 3.10. By setting T = R in Theorem we recover Theorem

Corollary 3.11. Let T =Z in Theorem[5.9 Then we have

’ ((b —a— l)f(;()bt(j)— a+ 1)f(b)> ((b —a— 1)9(26?[:(5)— a+ l)g(b))

(b—a—1)g(a)+(b—a+1)
a 2(b — a)? Z 1®)

t=a+1

LU
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(b—a)®—1 (b—a—1)g(a)+ (b—a+1)g(b)
e LY ”°°’ 20— a) ’
+lagl, [P O e VIO
(b—a)r 2 [ (b—a—1)g(a) + (b—a+1)g(b)
2 _”Af”p’ 2(b— a) _
B | SR b Y SEST Ol
fo—1 t—1 b—1 q
< 1) (Z(ts)quZ(st)q) ,
1[ (b—a—1)g(a)+ (b—a+1)g(b)
2 ! 2(b—a)
(b—a—-1)f(a)+ (b —a+1)f(b)}
! 2(b—a) ’

where, for the second inequality, p > 1 and 1/p+1/q = 1.

Theorem 3.12. Let T be a time scale and a,b, (a + b)/2 € T with a < b. If
f.9 € Cly([a,b],R), then

(10 (0200
- = | ;g@ [ oty LEL0 /abgw))“}

i 1721 |2 o2y, [H 1]

><[h2 <a a;b)+h2<b a—z&—b ]
R
xl/aa;(a—Qi—b_t>th+/lbb(t_a—Ql—b)th1“7

Al |

where, for the second inequality, p > 1 and 1/p+1/q = 1.

IA

2(b—a)

a) + g(b)

(a) + f(b)
1 2

4o

Proof. To complete the proof, we 51mply follow smnlar steps as outlined in the proof

of Theoremmafter replacing (3.2)) and ( . by (3.9) and (3.10| -7 respectively. [
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Corollary 3.13. Let T =R in Theorem[3.13 Then we have

‘(f(@;f())( g(a )+9(b)>
1 +9 /f )at4 LA /0 /abg

_2(b—a

5 12 \;“M °). \f =

x[%(&“ﬁ") (550

+9(b) ‘

IN

2l

+ g

1 g(a) +g(b
4|:HfA 1 2

where, for the second inequality, p > 1 and 1/p+1/q=1.
Corollary 3.14. Let T =Z and (a + b)/2 € Z in Theorem[3.13 Then we have

(f(a) ;r f(b)> (g(a) ;rg(b)>

)‘+|g 1 f(a)+f(b)H7

2(bl—a) g(a);g(b) zb: f(t”w Zb: g(t)H
f=atl t=at1
s 181 [ gy |HO IO
i 5) e (o 55)]
s 191 29520 g, L0
X a§;1<a;b_¢>q+t§§b<ﬁ_a;b>1q’

where, for the second inequality, p > 1 and 1/p+1/q = 1.
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