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NOTE ON CONSTANTS APPEARING IN REFINED YOUNG
INEQUALITIES

SHIGERU FURUICHI

ABSTRACT. In this short note, we give the refined Young inequality with
Specht’s ratio by only elementary and direct calculations. The obtained in-
equality is better than one previously shown by the author in 2012. In addition,
we give a new property of Specht’s ratio. These imply an alternative proof of
the refined Young ineqaulity shown by author in 2012. We also give a remark
on the relation to Kantorovich constant. Finally, we give a proposition for a
corresponding general function.

1. INTRODUCTION

Young inequality, (1 — v)a + vb > a*~?b" for a,b > 0 and 0 < v < 1 has been
refined with constants which are greater than 1, in many literatures [2] [ [5, 6] [7]
8,[9]. In this short note, we treat the refinements of Young inequality on ratio type
only, although the refinements of Young inequality on difference type has been also
studied by many researchers.

In [4], we obtained the refined Young inequality with Specht’s ratio

1—
AZOF S 5r), (@ >0) (1.1)
T
where S(z) is Specht’s ratio [I1] given by S(z) = —2— and r = min{v,1 — v}

elogxz—1
for v € [0,1].

In this short note, we show the refined Young inequality with Specht’s ratio
and a new property of Specht’s ratio. Then these give an alternative proof of the
refined Young inequality . Finally we consider the general property for which
we showed the property on Specht’s ratio and Kantorovich constant. Then we state
a sufficient condition that such a general property holds for a general function.
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2. MAIN RESULTS

Theorem 2.1. Forv € [0,1] and x > 0,

(1—v) 4wz
:I;’U

> S(z)", (2.1)
where r = min{v, 1 — v}.

Proof. We set

log x log x
=1 1- —wl - —-1-1
g(z) =log{(1 —v) +va} —vloga r<x_1 ng—l)

(I) We firstly prove g(x) > 0 for 0 < < 1. We calculate the deivative of g(x)

by z as
h(x)
z(r —1)2{(1 —v) +vx}logz’

g'(w) =
where
h(z) = v(1—v)(z—1)*log z+r {(1 — v) + va} {x (logz)® + (z — 1)? — (22 — 1) loga:} .
(i) For the case of 0 < v < 1, h(z) = vhy(z,v) where
hi(z,v) = (1—v)(z—1)3log z+{(1 — v) + vz} {a: (logz)> + (z — 1)® — (22 — 1) log x} .

Then we have for 0 <z <1

Ple0) _ (1) {(x ~ 1) ~ 20(a ~ 1) loga + 2 (10 2)?} 2 0

due to Lemma [2.2| below. Thus we have hi(z,v) > hq(z,0) with
hi(z,0) = (x — 1)*logz + z(logz)? + (x — 1)* — (z — 1)(z + 1) log z.

Since hq1(1,0) = 0, we assume 0 < x < 1. Then hi(x,0) > 0 is
equivalent to

rzlogex x-—1

(x—1)2+ —(z+1)>0

z—1 log x

dividing the both sides by (x — 1)logx > 0 for z > 0. From the
arithmetic-geometric mean ineqaulity, it is sufficient to prove the in-
eqaulity

(x—1)2+2y/z—(x+1)>0

which is true since (r —1)2 + 2z — (z+1) = Vo (y/z - 1)3 (V2 +2) >
0. Thus we have h(x) > 0 which implies ¢’(z) < 0. Therefore we
have g(z) > g(1) = 0for 0 < 2 < land 0 < v < % Note that
lim,_.q log 15%3{ =0 by lim,_,q lfff =1.

(ii) For the case of £ <v <1land 0 <z <1, h(z) = (1 —v)hs(z,v) where

ha(z,v) = v(z — 1)*logz + {(1 — v) + vz} {z(logz)* + (x — 1)* — (z° — 1) logz } .
Then we have

dha(x,v)

8 — (o~ Dk ()

where

ko(z) = (z — 1)% = 2(z — 1) log z + x(log z)?.
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2
Since kb (z) = 2 (f - i) +(logz)? > 0, we have kz(z) < ko(1) =0

NS
for 0 < x < 1. Thus we have W > 0 for 0 < x < 1 which implies

ha(z,v) > ha(x, 3). So we here prove 2hy(z, 3) = (z — 1)3logz + (z +
1) {z(logz)? + (z — 1)? — (2> — 1) logz} > 0 which is equivalent to
z(x+1logz (x+1)(xz—-1)
+
z—1 logz

dividing the both sides by (z — 1)logax > 0 for x > 0. From the
arithmetic-geometric mean inequality, it is sufficient to prove the in-
equality

(x —1)* + > (r+1)2

(z—1)2+2vz(z+1)— (z+1)*>0
which is simplified as  + 1 > 2y/x and this is trivial. Thus we have
h(z) > 0 which implies ¢’(x) < 0. Therefore we have g(x) > ¢g(1) =0
f0r0<m§1and%§1}§1.
(IT) We finally prove g(x) > 0 for the case of x > 1. From Lemma below,
we see g(x) > f(x) where

2 2
— log {(1— —vlogz —r [ —— —1—log —— ).
f(z) =log {( v) + vz} —vloge T(m—i—l ogx+1)

Then we have
(z =1 fi(z)
(x+1)2{(1 —v) + vz}

1) —
F@)= -
where
fil@)=v(l—v—r)2? + (1 —0v)(2v — 1)z +v(l —v).
Since f](z) = 2v(1—v—7)z+(1—v)(2v—7), we have fi(z) = 2v(1—2v)z+
v(l—v)>0for 0<wv < 3andz >1,also have f{(z) = (1-v)(3v—1) >0
for 2 <v <1and 2 > 1. Thus we have fi(z) > fi(1) = 4v(1 —v) — 7 > 0.
Thus we have f/(z) > 0 and we then have f(x) > f(1) =0 for z > 1.
U

Lemma 2.2. For 0 <z <1, we have
(x —1)* + z(logz)? < 2z(z — 1) logz (2.2)

Proof. Since (x — 1)loga > 0 for 0 < z < 1, the ineqaulity (2.2)) is equivalent to
the inequality
-1 1
x zlogz _ -

log r—1
By the arithmetic-geometric mean inequality, we have the first inequality in the

following
r—1 «xlogx

> 21 > 22.
log x x—1
|
Lemma 2.3. For xz > 1, we have
1 1 2 2
ogxr log 0T _ log

z—1 r—1"x+1 x+1
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Proof. Since the function y — logy is decreasing for 0 < y < 1, 25 < ez <1
implies the desired result.

2
Remark. Since Kantorovich constant K(x) = (mle) is geater than or equal to

S(x), we have K(x)" > S(x)" for 0 <r <1 so that we easily obtain the inequality
(I1—=v)+av

x’l}

> K(z)" = S(@@)", 0<r< % (2.3)

from the result in [I4], where r = min{v, 1 —v}. For the convenience to the readers,
we give the proof of the first inequality in . Sincer = v for the case v € [0,1/2],
we consider the function wi(v,z) = (1 —v) + v — (‘”TH)QU for v € 10,1/2] and

0. By simple calculati Tunlve) — _g1-v(p 4 1) (log (252))? <0
x > 0. By simple calculations, we got —5 5~ = — (x+1) (og(?)) <

with w1(0,2) = wi(1/2,2) = 0, thus we have wi(v,z) > 0 for v € [0,1/2] and
x > 0. Similarly, since r =1 —v for the case v € [1/2,1], we consider the function

wa(v,z) = U=utve (L“)Q(liv) for v € [1/2,1] and © > 0. Since we have

x 2z

o) _ g ()07 (g (21))? < 0 with wa(1/2,2) = wa(L,2) = 0, we
have wa(v,z) > 0 forv € [1/2,1] and x > 0.
We also have K (x") > S(a") forxz > 0 and 0 < r < 1. For the convenience of the

readers, we give a proof of the inequality K (x) > S(x) for x > 0, which is equivalent
to wi(xz) > 0, where wy(x) = 2log(x + 1) — 2log2 — logx — 10% +1+log (logw)

x -1
Since lto_ilt > t-‘% for t > 0, we have only to prove the inequality wa(x) > 0, where
wa(z) = 2log(z +1) —2log 2 —logz — &% 41 + log (%ﬂ) =1-1%82 4 ]og (TEL),
%, We easily find wh(z) <0 for 0 <z <1
and wh(xz) > 0 for x > 1, since we use again the relation 1;_—gi > t-%l fort > 0.
Thus we have wa(x) > wa(1l) =1 forx > 0 with x # 1. It is trivial we(1) = K(1) =
S(1) =1 forxz=1.

Then we have wh(z) =

Remark. Forz >0 and 0 < r <1, we have the inequality
K(z)" > K(z").
The proof is done by the following. The above inequality is equivalent to the in-
equality g.(x) > 0, where
gr(z) =rlog(x +1) —log(z" + 1) — rlog2 + log 2.

Since gl.(z) = %, we have g,.(1) = 0, gi(z) <0 for 0 < 2z < 1 and

gr(x) >0 for x > 1. Thus we have g.(z) > g,(1) = 0.

Remark. We have no ordering between S(x)" and K(z"), since we have the fol-
lowing examples. When x = 5 and r = 0.2, S(z)" — K(2") ~ 0.0384244. When
x =30 and r = 0.49, S(z)" — K(2") ~ —0.0162285. When = = 0.1 and r = 0.4,
S(xz)" — K(2") ~ 0.0534669. When z = 0.01 and r = 0.49, S(x)" — K(a") ~
—0.0955003.

Theorem 2.4. We have the inequality
S(x)" = 5(z")
forx>0and0<r<1.
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To prove Theorem [2.4] we prepare the following lemma.
Lemma 2.5. Put k(t) = —(t—1)3+3t(t—1)(logt)?> —t(t+1)(logt)3. Then k(t) >0
for0<t<1and k(t) <0 fort>1.
Proof. 1t is trivial that k(1) = 0. We firstly consider the case of ¢ > 1. By calcu-
lations, we have k(3)(t) = —3t=2I(t), where I(t) = 2(t — 1)® + 2(t — 1) logt + (2t —
1)(logt)?. Then we have l'(t) = —2—2t 1 +4t+2(3—t 1) logt+2(logt)? and I (t) =
262 {t(2t + 3) + (2t + 1)logt} > 0 for t > 1. Thus we have I’(t) > I'(1) = 0 and
then I(t) > I(1) = 0, namely k() () < 0 for t > 1. Thus we have k" (t) < k(1) =
0, where k”(t) = t='{—6(t — 1) +12(t — 1)logt — 3(t + 1)(log t)*> — 2t(log t)®}.
And then k'(t) < K'(1) = 0, where k'(t) = —3(t — 1)2 + 6(t — 1)logt + 3(t —
2)(logt)? — (2t + 1)(logt)3. Therefore we have k(t) < k(1) = 0.

Since we have just shown that

—(t—1)3 4+ 3t(t — D) (logt)? — t(t + 1)(logt)®> <0, (t>1),

we have

_ (1_1)3+3 (i—1> (10g5)2—|—§ <i+1> (logs)® <0, (0<s<1)

S S

putting t = s~1. Thus we have k(s) > 0 for 0 < s < 1, by multipying s* to both
sides in the above inequality.

Proof of Theorem We set
u(z,r) = rlog(S(z)) —log(S(z"))

_ ., logx_l_logloga: B rlogx_l_logrlogx .
z—1 z—1 zr —1 " —1

Then we have for any z >0 and 0 <r <1
Pulz,r)  —(a" —1)*+ 32" (2" — 1)(logz")? — 2" (z" + 1)(logz")?
arz r2(zm —1)3
by Lemmaﬁwitht =z". With u(z,1) = 0 and lim, o u(x, ) = 0 by lim,_,¢ # =
log z, we have u(z,r) > 0 for any z > 0 and 0 < r < 1. Since it is known that
S(z) > 1, u(z,r) > 0 implies the inequality S(z)" > S(2") for any > 0 and
0<r<1.

<0

([l
Thus Theorem and Theorem gives an alternative proof of the inequality
given in (|1.1). In addition, the inequality in (2.1]) gives a better bound than one in

(L.1).
3. CONCLUDING REMARKS

Summarizing the ordering the constants appeared in this short note, we have
the following relations for r = min {v,1 — v}, v € [0,1] and = > 0.

U= > K (o) 2 K (o)
v v
(-v)tvz S(z)" > S (z")

IU
In addition, we have no ordering between S(z)" and K (2") as stated in Remark
It is known that Kantorovich constant and Specht’s ratio have similar properties:
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They take infinity in the limits as * — 0 and x — oo.
They take 1 when x = 1.
They are monotone decreasing functions on (0, 1).
They are monotone increasing functions on (1, 00).
As we have seen in Section 2, properties K(z)" > K(2") and S(z)" > S(z") for
x> 0and 0 <r <1, make us to consider the following general result. To state
our proposition, we define a geometrically convex function f : J — (0,00) where
J C (0,00). If the function f : J — (0, 00) where J C (0, 00) satisfies the inequality
f(at=vb?) < f(a)t=?f(b)Y for a,b > 0 and v € [0,1], then the function f is called
a geometrically convex (multiplicatively convex) function. See [10] e.g., for the
geometrically convex (multiplicatively convex) function. We easily find that if the
geometrically convex function f : J — (0,00) is decreasing, then f is also (usual)
convex function.

It is known that the function f(z) is a geometrically convex if and only if the
function log f(e®) is (usual) convex. See e.g., [1].

Proposition 3.1. Assume the function f : (0,00) — (0,00) satisfies f(1) < 1. If
f is a geometrically convex function, then we have f(x)" > f(z") for x > 0 and
0<r<l1.

Proof. Put @ = 1, b = z and v = r in the definition of a geometrically convex
function, f(a'=vb%) < f(a)!=?f(b)". Then we obtain the inequality f(x)" > f(a")
for x > 0 and 0 < r < 1, since we have the condition 0 < f(1) < 1.

O

Remark. If we assume f is a twice differentiable function, we have the following
alternative proof for Proposition[3.1 We put g(r,z) = rlog(f(x)) — log(f(z")). It
is known in [I0, Proposition 4.3] that the geometrically convexity (multiplicatively
convezity) of f is equivalent to the following condition , under the assumption
that f is twice differentiable.

D(z) = f(2)f'(z) + = (f(2)["(z) = f'()*) 20, (x>0) (3.1)
Then we calculate
d29(r7x) _ xr(logx)Q T /(T el T\ 2
) = e (PN () a7 1) — T @) <0,

by the condition (3.1). It is easy to check g(0,z) > 0, g(1,2) = 0 so that we
have g(r,x) > 0 for any x > 0 and 0 < r < 1. We thus obtain the inequality
flx)" > f(z") forx >0 and 0 <r < 1.

Thus we can make a judgement whether the function f is a geometrically convex
or not, by using D(z) or %. We can find D(z) = % > 0 for Kantorovich
constant K (z). The expression of D(x) is complicated for Specht’s ratio S(z).
But we could check that it takes non-negative values for > 0 by the numerical
computations. In addition, for the function agr,(z) = U—;}Cﬁ defined for z > 0
with 0 < v < 1, we find that D(z) = v(1 —v)z=2" > 0 so that arg(z)” > arg(a")
for 0 <r<1andz>0.

Remark. As for the converse in Proposition[3_1], under the assumption we do not
impose the condition 0 < f(1) < 1, the claim that the inequality f(x)" > f(a")
forx >0, 0 <r <1, implies f is a geometrically convexr function, is not true in
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general. The function f(x) := ﬁ_—i on (0,1) is not a geometrically convex since
2 2 » 06T (27 )
D(z) = —2((;;)? < 0, (also d lodng;(e ) — 2(625_1;51) < 0). Actually, the function

f(x) is a geometrically concave. On the other hand, we have the inequality f(x)" >
f@") for0 <z <1 and 0 <r <1. Indeed, we have

1—2x Zlf:czlfx.. (3.2)
1+x 1+=x 1+

The first inequality is due to 0 < i;—i < 1 and the second one is easy calculation as
lI-2)1+2")—(14+2)(1—2")=2(z" —x) > 0.
However, we have not found any examples such that the function f satisfies
0 < f(1) <1 and the inequality f(x)" > f(x"), but it is not a geometrically convez.
l1—z

In the above example f(x) = 177 on (0,1), we see actually f(1) := li/(mlf (x) = 0.

We considered the open interval (0,1) not (0,1] in the above example, to avoid the
case 0V in the left hand side of the inequalities (3.2). We also have not found the
proof that the inequality f(x)" > f(x") for the function f : (0,00) — (0,00) under
the assumption 0 < f(1) <1, implies the geometrically convexity of f.

Note that Kantorovich constant is convex by K (x) = % > 0 but Specht’s ratio
is not convex in general, since S”(10) ~ —0.00156565 by numerical computations. If
we impose the log-convexity on Proposition then the inequality holds only
for z > 1. However the Kantorovich constant is not log-convex. These show that it
may be difficult to simplify the condition , more than this. Note here that if
the function f : J — (0, 00) satisfies the inequality f((1 —v)a+vb) < f(a)' = f(b)°
for a,b > 0 and v € [0, 1], then f is called log-convex function. It is easy to find that
all log-convex functions are also (usual) convex function by the use of the weighted
arithmetic-geometric mean inequality.

In the papers [Bl [7], we proved the refined Young inequalities for a special case
suchas 0 <z < 1:

(1—v)+vx 1 (1—11)+v:1:>1 2vv(1 — v)(z — 1)2
P I E w S T

However, the inequality f(x)" > f(z") for 0 < 2 < 1 does not hold in general for
these lower bounds of W Actually, at least the sufficient condition given in

Proposition such that zD(m) > 0 for 0 < z < 1 does not hold in general for these
lower bounds of w They can be checked by numerical computations.

We conclude this short note by stating that a property f(x)” > f(z") has been
studied in [12, [13] in details by the different approach. Such a property is named
there as power monotonicity and applied to some known results in the framework

of operator theory.
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