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WEIGHTED CEBYSEV TYPE INEQUALITIES FOR DOUBLE
INTEGRALS ON TIME SCALES

SHAKILA MOBEEN, NAHEED ASHRAF, AMMARA NOSHEEN, KHURAM ALI KHAN

ABSTRACT. Thrive of the research undertaken is focused upon weighted Mont-
gomery identity for double delta integrals on time scales and weighted Cebysev
type inequalities for delta integrals on time scales. The obtained results are also
discussed by choosing special time scales T=R, T =hN, h > 0, T =¢", ¢ > 1,
T = N2.

1. INTRODUCTION

1.1. Cebysev Inequality. In 1853 Cebysev inequality (without proof) is given by
Irenee-Jules (Cebyéev’s friend) and in 1882, P. L. Cebysev proved it in following
form [7]:

1
[T, 92)| < 75(b = @) [[¥1]loo Y2 ]loc, (1.1)
where, 11,19 : [a,b] — R are absolutely continuous functions, whose first deriva-
tives 9] and v} are bounded and ||.|oo denotes the norm in Le[a,b] defined by

111 ]|loc =€ss supeq,pyt1 ()| and

b

b b
T (i) = s [ 1@ @ o= | oo [ ] | = [ @)e ],
(1.2

a

provided the integrals in (|1.2)) exist.

During the past few years, many mathematicians have given considerable attention
to the inequality see [0, [T, 12, 14, [15] etc. Guezane-Lakoud et al., in [0}
Remark 1], gave a weighted Montgomery identity for functions of two independent
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variables as,

d

Py (z,y) = /‘I’l( )1 (8, y) dt+/‘1)2 Y (x,s)ds (1.3)
b d d 82 .
_ / B, (1) / By (5) vn (£ y) dsdt + / / Po, (2,1) Qa, (4,5) %dsdt,

where Py, (2,t), Qo, (y,5), ®1(t) and Dy(s) are defined in [9] with some different
notations and proved the following Cebysev inequalities,

ale (t,S) 82w2 t S
<
Ty (1, Pa,1h1, )| < H 5105 LH 5105 ‘ // H? (x,y) dxdy,
(1.4)
b d %41 (t,5)
1 P2 (x,y)] S
T (@1, Pa, 11, 12)| < 5//@1@)@2@) H ?;6;2 S H (z,y) dxdy,
+ ¢ (2,y |H 9105

where, T1(®1, Do, 101, 12), T1(P1, Pa, P71, 1)2) are defined in [9]. The theory of time
scales is an important turn for the scholars in the field of mathematics, it extends
the concept of existing continuous and discrete calculus. Some of inequalities based
on theory of time scales can be seen in [, [, 5L 6]. The aim of the paper is to extend

(1.3) - (1.5) on time scales.

1.2. Preliminaries on Time Scales. For basic concepts on theory of time scales
consult [2, B]. Few of which, used in the paper are given here. A time scale is
an arbitrary nonempty closed subset of real line denoted by T. Some particular
examples of time scales are Z,R,[0,1] U [2,3],[0,1] UN and the Cantor set. On
non-density points of time scales, two operators o,p : T — T called forward and
backward jump operators are defined by o(t) = inf{s € T : s > t} and p(t) =
sup{s € T : s < t} for t € T. The graininess function p : T — R is defined by
w(t) =o(t) —t.

The mapping ¥ : T — R is called rd-continuous if 1, is continuous at each
right-dense or maximal point of T and lil? P1(s) = ¥1(t7) exists for each left-

st~

dense point ¢t € T. The set of all rd-continuous functions from T — R is denoted
by Crq[T, R].
[3] Delta differentiation for function of two variables:

If Ty x Te = {(z,y) : « € Ty and y € Ty}, then for a given § > 0, the J-
neighborhood Us(zo, yo) of a given point (xg,yo) € Ty x Ty is the set of all points
(x,y) € T1 x Tq such that d((zo,yo0), (x,y)) < . Let o1 , o2 denote the forward
jump operators in Ty, Ty, respectively, then first-order partial delta derivatives of
¥ : Ty x Ty — R at a point (zg,y0) € Ty x Ty are defined to be

(0, 40) _ lim Y(01(70),Y0) — ¥(z,Y0)

Alif r—x0,2701(T0) (o1 (.’L‘()) -

and
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(o, yo) _ lim ¥ (o, 02(y0)) — ¥ (o0, y)
Aoy y—yo,y#02(Yo) o2(y0) — ¥y '
These derivatives can be denoted by 1 (¢, y0) and 2 (x¢, 3o ), respectively. In
a similar fashion, second-order partial derivatives are 122 (z, y) and 2152 (z, ).
[3] Delta integration for function of two variables on time scales:
Let a,b € Ty with a <b, ¢,d € Ty with ¢ <d, A, A1, Ay € R, and ¥, 91, Y9 € Chry,
then

d
[ (z,y) AqzDAoy =0if a=b, c=d,

(i1) [ [z¥(z,y)A1zdoy = A(b— a)(d - c), whenever ¢(z,y) = constant,
(@09) [ Jatng.ye) V(@ ¥) D182y = pu1(z0) p2(y0) ¥ (20, o),
(iv) ffﬁ [A1)y (2,y) + Asths (2, y)|A1zAgy

=4 ffB 1 (x,y) ArzAoy + Ay ffﬁ o (z,y)Ar1wAsy,

(v) ffg z,y)A1xAgy = ffﬂ (z,y)ArzAoy + ffﬂz ¥ (r,y)A12A2y, where,
B1 = la1,b1)T, X [c1,d1)T,, B2 = [az,ba)T, X [c2,d2)T, and ¥ is A— integrable
on f1, B2,

i) [ [3¥1 (@ y)Aizdoy < [ [y 2 (z,y)Arzdoy, If ¢ (z,y) < Yo(,y) for all

(z,y) € 5,
(vii) | ffﬁ z,y) A zAgy |< ffﬁ | ¢ ,y) [ Az Doy,

(viig) fAlew z,y Agy—ngyfw z,y Alx—ffﬁ (2, y) Az Asy.

For more mformatmn and pI"OOfb conbult 13-

—
=

=

S o

Remark. In [10, Corollary 7] W. Liu et al., proved the following identity,

/ fo (1.6)

2. Weighted Montgomery Identity for Functions of Two Variables on
Time Scales

(s) As+

f) =

We have to use it in proofs of our results.

Let ®; : [a,b]T, — [0,00), P2 : [¢,d]T, — [0,00) be non-negative, bounded and
integrable probability density functions, such that

O (t) = /t Oy (x)Az, for a<t<b, Qa)=0, N©Bd)=1 and (2.1)

Qa(s) = / Qo(y)Ay, for c<s<d, Qac) =0, Qad) =1, (2.2)
while respective Peano kernels are defined by,
_ @), a<t<uz
P<I>1 (l’,t)—{ Ql (t)*l, I<t§b (23)

and
Q(s), c<s<y

Qo ={ 10, 0205Y (24)
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Weighted Montgomery ddentity for functions of two variables on time scales is
the following:

Theorem 2.1. Let Ty , Ty be two time scales and a,b € Ty, ¢,d € Ty for a < b,
¢ <d and ®1 : [a,blr, — [0,00), Py : [¢,d]T, — [0,00) are non-negative, bounded
and integrable. If 11 € Crq(la,blr, X [¢,d]1,,R) is differentiable, bounded function
such that Y2122 (t,s) exists and integrable on I, where I = [a,blr, X [c,d]r,, then
for allt € [a,b] and s € [c,d], we have

b d
vi(e) = [ 0OwOA+ [ Bl 0()das
b d ’ ‘ b d
—/ <I>1(t)/@g(s)wl(a(mo(s))A23A1t+//Pq>1 (2,1) Qa, (y, 8)VE122 (L, 5) AgsAit.
a C a C (2.5)
Proof. Rewrite for the partial map ¥4 (.,y), v € [¢,d] to obtain
b b
viey) = [ ©00 0@t + [ Pue o it for all () €1
’ ’ (2.6)
For the map 1(t,.), t € [a, b], takes the following form
d d
01(0(t),) = [ ©2()0a(o(0)0(5) Bast [ Qu (w50 (0(0). ) das, for all (ty) € 1.
‘ ‘ (2.7)
However for the partial map 7,/}1A1 (t,.), t € [a,b], is reproduced as
d d
lAl(t,y) z/q)g(s)z/}fl(t,o(s))Ags—i—/ Qas,(y, s) flAz(t,s)Ags, for all (t,y) €I
‘ ‘ (2.8)

Substitute and in
b d d
() = / By (t) / By (5)1 (0 (), 0(5)) Ags + / Qo (4, 5622 (0(1), 5) s § Ayt

d

‘ b ‘ d
+/Pq>1(.’13,t) /@2(3) fl(t,a(s))Ags—i—/Q%(y,s) flAZ(t,s)Ags Aqt.

a C (&
Consequently after simplification and by using (2.3)) and (2.4), we get (2.5)), which
is called double weighted Montgomery identity on time scales. O

3. WEIGHTED CEBYSEV TYPE INEQUALITIES FOR DOUBLE INTEGRALS ON
TIME SCALES
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3.0.1. Weighted Cebysev Type inequality I.

Theorem 3.1. Let Ty, Ty be two time scales and a,b € T1,¢,d € Ty fora < b,c < d
and @1 : [a, by, — [0,00), P2 : [e,d]1, — [0,00) be non-negative and integrable. If
V1,2 € Cra(la,blt, X [c,d]1,,R) be differentiable, bounded functions such that
Y1222t s) and Y2122 (t,s) are integrable on I. Then for all (z,y) € T

b od A,
T (1, P2, b1, 92)| < %//@1 { flzwj z L"ﬁ‘l:AfAf ’ ‘)’ﬂ@ }H(x,y) Arzoy,

(3.1)
where,

—~

b d
T (P1, P2, 901,02) = [ [ @1(2)P2(y)th2(, y)1 (z,y) ArzAsy

%afbfq)l(x)%(y)wz(w,y)afb (1 (o(t), y) At AzAqy
-3 afbf@l(:ﬂ)%(y)wl(%y)j ()a(o(t), y) ArtA1zAsy
-3 f fl (I)l(x)(%(y)i/h(%y)f@g(s)wg(x,U(S))AgsAlegy
-3 55‘1’1(%)‘1’2@)%(%#)5 (s)¢1(x, 0(s)) AgsArzAay
+§afbf¢’1($)‘1’2(y)¢2(x ) afb (t fd% (8)h1(o(t), 0(s)) AasArtA1zAgy
+%afbcfd<1>1( ) (y) (2, ) f f<1>2 (1), 0(5)) ApsArtA 2 Mgy
and .
H(x,y) = [ [P, (,1) Qa, (4, 5) | A2sAat.

Proof. Replace 11 by 19 in (2.5)) to get

d

b
o (z,y) = / By (£ (o (), y) At + / Bo(8)a(, 0 (5)) Ao

a c

- / @ (1) / Da(8)0a(0(t), o (s)) Dasit+ / / Poy (,) Qs (3, $)0215% (1, ) Agsigt,

(3.2)
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Multiply (2.5) by @1(z)®2(y)v2(2,y) and by @1 (x)®2(y)¢1(2,y), sum the

resultant identities and then integrate over I, to obtain

b d
1
T (®1, o, 91,42) = 5//‘1’1 VP2 (y)ha(z,y //p¢>1 2,t) Qa, (y, 8)YT1 22 (8, 5) AosAtAzAgy

b d b d
+%//(I)l(x)q)Z(y)wl(xvy)//p@l I't Q<1>2 (yv ) g (t,s)AQSAltAleQf%

Therefore

b d 1A,
ooz ] foiom{ S Yo

Remark. If the weights are considered as ®1(-) = ®2(-) = 1 in Theorem 3.1} then
it becomes [11, Theorem 3.1].

Remark. When Ty = Ty =R in Theorem[3.1] it becomes [9, Theorem 4].

Corollary 3.2. If we choose Ty = hy\N = {t = hiky : k1 € N}, witha =1, b = n,
Ty = hoN = {s = hoky : ks € N}, with c =1, d =m for hy,hy >0 and m, n € N,
in Theorem [3.1] then ([3.1)) takes the form

3

hiha

T (@1, P2, Y1, ¢2)| < Z Z 1(h1k1)®o(hoko) H (hyky, haksa)

. s (hk1, hoks) |HwA1A2 hikr, hoks) H

N 1 (b, hoks) [ ¢ hlkl,hgk;ﬂ

where,

n—1 m—1

H (hik1, hoka) = hihg Z Z |Po, (h1k1, hoka) Qa, (hik1, hoks) |

k1=1ks=1
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and

n

1
T(q)hq)Q»wlan) -
k1

hihs

-1 m—1
> D1 (haky)®a(hoka) o (haky, hoko )t (haky, hoks)
=1 ky=1

n—1

D1 (h1k1)Pa(hoka)pa(hike, hoks) Z Dy (hik1)1(hi(ky + 1), hoks)
k=1
n—1

1 (h1ky)Po(hoka)hr (hiky, hoksa) Z Oy (hik1)a(hi (ki + 1), haks)
ki=1
m—1

1 (k) ®a (hoko)yr (ks haka) Y ®a(hoka)iba(hakr, ha(ks + 1))
ka=1
m—1

D1 (hik1)Pa(hoka)pa(hika, hoksa) Z Do (hoka)1(hik, ho(ke + 1))
ko=1

3
|
—_
s
3
|
-

|

3z
Lo
iR
3@‘
N
Lol
==

|
Nk

3 F
Lo
o
3@
[V
Lol
=

|
w‘g
G
i\g

3
[

3
|
==
X
o
Il
I

m‘g‘

E
2
Il
-
C
M
Il
-

n—1 m—1

>N Bi(hakr)a(hoka)ha(haky, hoks)
k?l 1k}2 1

n—1 m—1

X Z Z @1(h1k1)‘1’2(h2k2)¢1(h1(k‘1 + 1), h2(k‘2 + 1))

ki1=1ko=1

hlhz

h1h2

Z Z (haky)®o(hoks) s (hky, hoks)

n—1 m—1

X (I)l hlkl (o2 hgkg)’(/)g(hl(k’l + 1) hQ(kQ + 1))

1=1

&
o

2=1

Corollary 3.3. If we choose Ty = ¢} = {t = qfl c ki € N}, with a =1, b = n,

Ty = ¢ = {SZQIZCZ Zk‘gGN} withc=1,d =m, q1,q2 > 1, q1,92 € R and
m, n € N in Theorem [3.1] then (3.1) takes the form

n—1 m—

(g2 — 1)
T (1, o, b1, 902)| < % Z Z 0 g5? @1 (g} ) D2(g5? ) H (qlflvq;2>

A A
”w)t }
n—1 m—1

W (qll,q;)
A1dg ( 11617q2 )
H(af ) = (@ - D= 1) Y. Y af'al o, (o' 08?) Qs (ol a87)

k
‘% ((111 , QQ )
k1=1ko=1

where,
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and
1 n—1 m—1
mT (<I>1,<I>z7¢1,w2 Z Z q (J2 )@2(q§2)wz(q'fl,q§2)w1(qlf1,q§"’)
q1 q2 P
DS el el ) S dbeat k)
1 Q1 2 QQ Q1 7(]2 91 7QQ
ki1=1ko= k1=1
(1 —1) - k1 ko k1 k1 ki+1 ko
) Z 4" a2 1 (g )<I>2(q2 ql ,q2 Z a7 (g )v2(ai" ™ 43°)
klzlk‘z:l kl 1
( 1) n—1 m—1
go —
2 Z qfl%zq)l( )(I)2((I2 ¥ ( (h 7Q2 Z QIQCQ‘I)Q (Ch »q]2€2+1
k1:1k2:1 k}2 1
(q2 B 1) = k1 ko k1 ko+1
-5 521 ()" ) P2 (g5 )2 (gt s 45 Z g di(ar", 4
ki=1ky=1 ko=1

g -Digp-1) T .
ploz el Z Z 0 g5 @1 (g ) Pa(g5? )b (ay" 45%)

x Z ¢ @1 (qy Z 65> ®2(q5* ) (a1 g5 *)
ki=1 ko=1

n—1 m—1

a1 — 1)( q -1)
Pl D =D 5N g b b e b (g )

ki1=1ko=1

% Z qfl@l Z C]§2(I)2 ( k1+17q§2+1).
kl 1 ]{)2 1

Corollary 3.4. If we choose T = N? = {t =k?:k € N}, Ty =N2 = {s =k} ko€ N}
m Theorem where a,c =1, b=n, d=m, m,n € N. then (3.1)) takes the form

n—1 m—1
T (@1, o, ¢01,902)| < 5 3 D (2k1 + 1)(2ka + 1)@ (k) P2 (K3)

k}lzlkz:l
5 )|
|92 (K1, k3)| |41 AlAzl H(E2)
o 05 oz (k.09)|
where,
—1 m—1
H (ki,k3) = Z > (2k1 +1)(2k2 + 1)|Po, (KT, k3) Qa, (KT, K3) |
1:1 2:1

and



WEIGHTED CEBYSEV TYPE 69

T(<1>1,<1>27¢17¢2)=:f“:”§; (21 + 1)(2hp + 1)1 (62) B (k3 )16 (K2, K21 (42, k2)

1=

-1 ::1 ;n;(%l +1)(2kg + 1) (k) Do (k2) 2 (K2, k3) k;(% + 1)@ (k) (k1 + 1)2,k3)
—2 :12—_:11 ::Z;(%l +1)(2k2 + 1)1 (k7)) P2 (K3)¢n (K7, k3) kél(%l +1)®y (k2o (k1 + 1), k2)
-1 ::1 ::21(%1 + 1)(2ko 4 1)®1 (k) Do (k3)2p1 (K3, k3) Zz:(%z + 1)y (k) (K2, (ko + 1)2)
—1 ;:1 ::(21@1 +1)(2kg + 1)1 (kF) P2 (k3) 2 (KT, k3) :z:(% 1) o (k)b (K2, (ks + 1))
+3 :12__:11 :22__:1(2]“1 + 1) (2kg + 1)@y (k7)) P2 (k3) 12 (KT, k3)
. :12_11(%1 + 1)1 (k) :Z_i(%z + 1) @2(k3)01 (k1 +1)%, (k2 +1)°)

n—1 m—1
+1 3 (21 4 1)(2ks + 1) @1 (k3) D2 (k)01 (K3, K3)
k1:1 kzzl

S @+ D)@ (2) S 2k + DB (k2 (hr + 12, (ks + 1)2).

ki=1 kz=1
3.0.2. Weighted Cebysev Type inequality II.
Theorem 3.5. Let Ty and Ty be two time scales and a,b € Tqi,c,d € Ty for
a < byc < d and &1 : [a,bly, — [0,00),P2 : [c,d]r, — [0,00) be non-negative
and integrable. If 11,109 € Crq([a, b, X [¢,d]T,,R) be differentiable and bounded

functions such that p2122(t,s) and 522 (t, s) are integrable on I, then for all
(z,y) €1

b d
T (@1, 82, 01,0)] < 9022 1, 9)|_ | (1.9) OO//«Pl(x)@z(y)H? () Az,

(3.3)
where,
b d
= ff|Pq>l z, t Qq’z(ya )‘AQSAlt
and )
T(®1,P2,91,92) = ff‘IH y)br (x, ) e (z, y) A1z Asy

Dy (2)P2(y) Y1 (2, y
(Y)v1(z,y

) @1 (0n(o(t), ) ArtArzAay
y
) J @5

o
iy
—~
~—

s)a(x, 0(s))AasArzloy

+

R 8 o B

b d
D1 (2) P2 (y) Y1 (2, y) [ P1(t) [ Pa(s)a(o(t),o(s))AsA1tA1zAsy

0 —a O“—=a %—=a " —a

b
Dy (2)Po(y)P2(w,y) [ P1(t)hi(o(t), y) ArtAizAsy
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+fb]l<1>1 f<I>1 Altf<I>1 Po(o(t), y) A1tArzAgy

+fb]l<1>1 fcpl Altf<I>2 (s)2 (2, 0(5)) AgsArzAqy

—fbfcbl (2)®2(y) f<I>1 ()b (a(t),y A1taf<1>1 (t) Cf@2(8)’1/12(0(15),J(S))AzsAltAlegy

—fbfqn 0a(0.) ] (o). 0(5)) s aiiay

+ff<1>1 f<I>2 Y1 (z, o Azsfbcbl iha(o(t), y) ArtAzAsy

+ﬁ<1>1 f<I>2 Vb (z, o ( Agsf<I>2 (8)ta (2, 0(5)) AgsAgzAgy

jf@l f<I>2 Y1 (x, 0(s Agsafq)l () cf@g(s)wg(o(t),0(3))A25A1tA1xA2y

+{bfd<1>1 Y)a(z,y f<I>1 f By (5)1h1 (0 (1), 0(5)) AgsArtA 2 Aoy

jf@l (2)®2(y afcbl (t) {@2 s)y (o (t), J(s))AgsAltbeI)l ba(a(t), y) ArtA1xAsy

jcf%(:c)%(y)afbrbl(t)f%(s)wl (t), (s ))AgsAltffbg Vb (, () Ags Az Aoy
b

b d
Jrff(I)l(x)(I)g(y)ffl)l(t)f<1>2(s)1/)1 g t),O'(S))AQSAlt

d
X f‘I’l(t)f(I)Q(S)’IZJQ(O'(t),O'(S))AQSAltAll‘AQy.

Proof. Multiply (2.1) and (32), to obtain

b1 (0, ) a (s y) — 122 y) [ O (O)a(o(t), y)AsE

d

b d
1) | Ba(s)un( () Bas (2. ) [ @1(8) [ @a(s)n(o(8), 0(5)) Aasirt
(e, y)fb@1<t>w1<a<t> Ayt fb D1 (O (0(8), 9) Dt [ B (E)a(o(t), y)Art
7]@ Altfq)z 1,[12(.% O'( ))AQS

+f‘b1 t 1/}1(0’(t s Y Altfq)l t f(bg S 2 g t),O'(S))AQSAlt

d

b
+a(x,y) [ Pa(s)(x,0(s))Ags— f‘I)z )1 (w,0(s))Ags [ @1(t)h2(o(t), y)Art

d

— [ @a(s)1(z, 0( Agsffl)g Yo (x,0(s))Ags

(&
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d b d
[ als)h (,0(5)) Ags [ 1(t) [ B (s)ia(o(t), o(s) Aasiiyt

b d
+a(2,y) [ 1(t) [ P2(s)¥1(o(t), 0(s))A2sArt

b d

b
= @1(t) [ @ )¢1(U(t),0(8))A28A1tf<I>1(t)wz(0(t),y)A1t

Q‘O

b
— [ @1(t) [ @a(s)n(o(t), 0 (s ))Azsﬁltf@z (s)t2(x, 0(5))Azs

o

d d

b
+ [ @1(t) [ P2(s)¢1(a(t), 0(s ))Azsﬁltfq’ ) [ @a(s)vha(o(t), o(s)) AasAgt

a > (&

{//p¢1 Z, t q<1>2 Y,s ) o AQ(t S A25A1t}x{//p<1>1 Z, t q<1>2 Y,s ) o A2(t S)AQSAlt}'

(3.4)

o

Multiply (3.4) by ®1(x)®2(y) and integrate the resultant w.r.t. =,y to get

b d
T (@1, P2, 91,12) Z//‘I’l )@a(y {//P<1>1 2, 1) Qa, (y, $)Y 22 (1, S)AZSAlt}

C

{//Pq)l ,t)Qa, (Y, $) AIAZ(t S)AgsAlt} Ar1zAsy.

|T ((I)laq)27wlaw2 | < H¢ A182 t S H HwA1A2 t S)H

Therefore

oo

X ff(bl(x)%(y) (ff |Po, (2,t) Qa, (y,5)] A28A1t) AzAay.

Hence
T (@1, @, 1, 0)| < ||0a242 (85| _ [ (t,s)Hwaj”fw)%(y)Hz CRINENN

O

Remark. If we choose T1 = Ty = R in Theorem[3.5] then it becomes
[9, Theorem 3].

Corollary 3.6. If we choose hy,hs >0 and Ty = N = {t = hiky : k1 € N}, with
a=1 b=mn, Ty =mN={s=hks:ka €N}, c=1 d=m, myn € Nin
Theorem then (3.3) takes the form

Hw“z (hakr, hoka)| (18722 (haks, hoko)|

[T (P, Pa,1p1,1p2)| < hiha -1 m=1
Z > @y (haki)Po(hoka)H? (hiky, haoks)
k=1 kel
where,
n—1 m—1

s L (@1, @2, 91,92) = 30 30 1(haky)®@a(hoka)yr (haky, hoka)ia(haky, hoks)
k1=1ko=1
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n—1 m—1 n—1

— >0 > Di(hik1)Pa(hoko)r(hiki, hoka) > h1®i(hiki)a(he (k1 + 1), hoks)
ki=1ko—=1 k=1
n—1 m—1 m—1

— >0 > Dy (hik1)Pa(hoka)r(hiky, hake) > ho®o(hoka)a(hiky, ha(ke + 1))
k1=1ko=1 ko=1
n—1 m—1

n—1
+ > Y ®i(hiki)Po(hoka)i(hiki, haks) D h1®i(hik1)

ki1 ko1 k=1
m—1
X Y ho®o(hoka)a(hy (ki + 1), ho(ks + 1))
ko=1
n—1 m-—1 n—1
— > > Oi(hik1)Pa(hoko)a(hiky, hoka) > h1®i(hiki)1(ha (k1 + 1), hoks)
k1=1ko=1 ki=1

n—1 m—1

n—1
+ 22 2 Pu(hiky)®a(hoka) YO ha®i(hik:)r(hi(ky + 1), hoks)
k1=1ko=1 k1=1

n—1

X > hi®y(hoka)ha(hi(kr + 1), hoks)
kim1
n—1 m—1 n—1

+ > Y ®i(hiky)Pa(hoks) Do hi®i(hiki)r(hi(ki + 1), hoks)
ki1=1ko=1 ki=1

m—1

X > ha®y(hoka)tha(hiky, ho(ks + 1))
ko=1
n—1 m—1

— > > ©i(hik1)Pa(hoks) nil h1®1(h1k1)1(hi (ks + 1), haks)

k1=1ko=1 k1=1
n—1 m—1

X Y ha®i(hiky) Yo ho®a(hoke)a(hi(ki + 1), ho(ke + 1))
k=1 kam1

n—1 m—1 1

— > > Pi(hik1)Pa(hoka)o(hiky, haka) > ha®a(hoka)r(hiky, ha(ks + 1))
ki1=1ko=1 ko=1
n—1 m—1

m—1
+ > Y Di(hikr)Pa(hoka) Y. ho®a(hoka)r(hiky, ho(ks + 1))
ki=1ko=1 ko=1

n—1

Xy hi®i(hik1)a(hy(ky + 1), hoks)
k1=1
n—1 m—1

+ > > Oi(hiky)Po(hoks) mil ha®a(hoka)ihr (hiki, ho(ks + 1))

k1=1ko=1 ko=1

m—1
X > ho®a(hoka)tha(h1ky, ho(ka + 1))

ko=1
- :i_ll ;nzj &, (hk1)®a(hoks) ]:nzj ha®s (hoks )t (hiky, ha(ks + 1))
x :2__311 hn®1 (hiky) :X_—:i ha®s (haka s (b1 (k1 + 1), ha(ks + 1))
n :2_11 :12_1 B (hy k1 )Ds (haks)tbo (B, haks) :2_11 h®s (k)
x :j ho® (hoks)ibs (b (kr + 1), ha (ks + 1))
n—1 m—

1 m—1
= > > Pi(haky)Pa(hoka) Do ho®a(hoka)i(ha(ky + 1), ha(ks + 1))
ki1=1ko=1 ko=1
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n—1
X h (hlkl) Z hl (hlkl)wg(hl(k1+l),h2k2)
k1=1 k1=1
n—1 m-—1 m—1
— Z ‘I’l(hqk'l)q)g(hgkg) Z hg@g(hzkg)d)g(hlkl,hz(lﬂg—|—1))
k1=1ko=1 ko=1
n—1 m—1
X Z h (I)l(hlk‘l) Z hgq)g(hgk‘g)’i/)l(hl(k'l +1)7h2(k72+1)>
k1=1 ko=1
n—1 m—1 n—1 m—1
+ > > By(hik1)Pa(hoka) > hi®i(hiky) D> ho®a(hoka)thy (hy(ki1+1), ho(ke+
ki1=1ko=1 ki=1 ko=1
1)) ) )
X > ha®i(hiky) Y5 ho®a(hoke)o(hy(ks + 1), ha(ks + 1))
ki=1 ko=1
and

n—1 m—1

H (hiki, hoks) = hiha >~ > |Pa, (hiki, hoks) Qa, (R1k1, haks)|.
ki1=1ko=1

Corollary 3.7. Choose T; = ¢} = {t:qlfl  ky EN}, with a = 1, b = n ,

Tg:qu{s:qu 'kgEN}, alsoc=1, d =m, where m,n €N, q1,q2 > 1, and
q1,q2 € R in Theorem. 3.5l In this case takes the form

A1 A
lT (¢1a¢2a¢15¢2)| S H¢1 o (qflaQQ )H HwA1A2 ( ]f17QQ )

oo

D) S S 0\ g5 @1 () ) D2(g5? ) H? (q{“,q?),

ki1=1ko=1
where,
ki k SRS ki k ki k
H (qlhqu) =(@—1)(g2—-1) Z > at' b |Ps, (qf,qf) Qa, (ql‘,qu) |
ki=1kao=1
and
1 —md k1 k2 k1 ko k1 ko
WT(QM‘?QW)M#&) (g1 — 1)(q2 i) Z Z (h ‘I2 1(q7")P2(q2% )1 (47, 457 )¥2(ar" 5 45°)
1
—1 m—1
=y kZ > e ®(ar") P2 (g5 ) (ar s 05°) Z gy @1 (a2 ('t a5?)
1 1k o=1
—1 m—1
Y 2 0B ()P (a1 45 Z a5* @2(a*)¥2(ar" 45 )
k1=1ks=1
—1 m—1
+ Z > At g5 @1 gy ) Pa(as ) (ay", ¢5?) Z ¢ @1(q)") Z 352 @2 (g52 )2 (g T g5 )
k1:1k2:1 1 1 2 1

n—1 m—1
~@D PP a1 ¢5* ®1(q)" ) Pa(5 )20y s 45°) Z_ g @1 () (g 65?)

lml

n—1 m—1
+ Y (@)@ (k) ZIQ’fl‘I’l(q’fl)w (qi““?%”)kZIQ?%(CI?W 2(af' M, g5?)
&

k}l 1 ko=1

—1m—1 m—1
£ 5 e @) S e (el S d @) va(al i)
k1=1k2=1 ki=1 ko=1

n—1
—(@—1) Z Z a'q 2<I>1(qf1)<1>z(q§2)kzlq'f@l(q’fl)w g™ g5?)
-

k1=1ko=1
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n—1 m—1
x 3 gl ®i(qy") Z 02 @ (g5 ) (gy T g5 )
k1=1 =1
' —1 m—1

m—1
@D Z py) 0y ap* @1(ar" ) P2 (952 )2 (a1’ 45°) Z 05* P2(a* )y (a1 45 *)

1m7

m—1
S q§2¢>1(qfl)¢>2(q§2)k21q§2‘1’2(q§2)w1(q1 Lq52th) Z Qv @1 (gf )a(gy ™, g5?)
~

k11k21 11

m—1
+e=g Z Z a1 45> @1 (ar")P2(a2®) Y0 452 P2(g5*)vn (o, 05° ) 21QS2¢2(Q§2)¢2(q1 Ja5*

ko=1

m—1
—(g2—1) Z Z at QSz@l(Q'fl)@z(Q§2)kZ a5 ®a(g5) e (gF, 5>t
a=1

k1=1k2=1

i_ ¢ dy (g) Zl%qé?)wz(q’fl“,q?“)
£ 5

Z:: D1 (") Pa(ah?) (g, 4b?) Z @ @1 (grt) Z @B2 Dy (gh2)epy (P, ghath)
- 1) zllmziq’fl B (gh)@a(gl) S gy (gl

k1=1

XkZ 352 02(g5 )1 (g g5 ) b 4 @1 (gF e (g, gb?)
a=1

k=1

n—1 m—1
—(q2— 1) Z Z a1 45> 1 (4" ) Pa(q5°) Z 0 @1 (ar")
1=1ky=1 ki1=1

x Z @202 (b )1 (g 52 ) Z 45> o (g5 0o (af", 5>t )
k2 1 k}2 1

n—1 m—1
+(q1—1)(g2—1) Z Z 01 a52 @1(qy" ) P2(g5?) E;lfffl@l(q’fl)k;q'z“z@ 2(a5) (gt gb* )

kl— 2—

n—
szlq'f“b 1) Zlq’?@z( 2o (g, g5 ).

Corollary 3.8. C’hooseﬂl’l—I\P:{t—k2 kleN} a=1, b=n, T2:N2=

{5—k2 ko GN} c=1,d=m and m,n € N in Theorem L then takes
the form

A1Ag

o g 02)

S 2k 4 1)(2ks 4+ 1)) (k) Ba (k) H2 (2 13) [

|T (P, P2, 1h1,92)| <

k1=1ko=1
where,
n—1 m—1
H (K k3) = > > (2ky +1)(2k2 + 1)| Po, (k7 k3) Qa, (K7, 53) |
k1=1ko=1
and

n—1 m—1
T (®1, o, ¢1,92) = kZ kZ (2k1 + 1) (2ky + 1) @1 (k7)o (k3) 1 (KT, k3 ) Yo (KT, k3)
=1 ko1
n—1 m—1 n—1
—kZ kZ (2k1 + 1)(2ko + 1)1 (k) Do (k3 )eh1 (K3, k3) kZ (2k1 + 1)@y (k3) o ((k1 +
1=1ko=1 1=1
1)%,k3)

)
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n—1 m—1 m—1

- kZ kZ (2k1 4 1)(2ky + 1)@ (kT) P2 (k31 (KT, k3) kZ (2ka+1) @2 (K3) 1 (KT, (ka+
1=1ko=1 2=1

1)?)
n—1 m—1 —

+k21 kZ (2k1 4 1)(2kg + 1)@ (kF) P2 (k31 (KT, k3) kZ (2k1 + 1)@ (K7)

< 2+ D) + 117 b2+ 1))

_ :li_ll :z:l(%l +1)(2ka + 1)D1 (k7)o (k32 (K7, k3) :1211(2k1 4 DD (k)b (ky +

AR

LR (2k1 + 1)(2kg + 1)@y (k) Do (k3) kgl(zkl DB (R2)eby (ky + 1)2, k2)

X :fl< ki + 1) @2 (k3)v2 (k1 + 1)%, k3)

+:1i_11 :::1(%1 + 1)(2k2 + 1)@ (k) P2 (K3) :li_ll(%l + 1)@y (k)1 ((ky + 1)%, k2)

< (kB 1+ 1))

_ :1_11 :;1(%1 + 1)(2k2 + 1)@ (k7) @2 (K3) klz;:l(2k1 + 1)@y (k)9 ((By + 1)2, k2)

x :51@’“1 + 1)@ () :Lfii(%z + 1) ®2(k3)¢2((ky + 1)%, (k2 +1)°)

_ :: :Z:(zkl + 1)(2k: 1)y (k) Do (k2 (K2, k2) mz:1(2k2+1)<1>2(k;§)¢1(k§7 (hot

I -

+k1:1 k2:1(2k1 +1)(2kg + 1)@ (k3) P2 (k2) kle Do (k3)(2ka + 1)p1 (K, (ko + 1)?)

X klzzl(%l + 1)@y (k2)aho((ky + 1)2, k2)

+ :li_ll :2:1(%1 + 1)(2k + 1)1 (k) P2 (k3) g__jl(%g + 1)@y (k3)ehr (K2, (k2 +1)2)
< (ks 4 10200l (2 + 1))

N :1_11 :;l(zkl 1) (2ks + 1)@, (k) B (k2) :22;1(21@2 1) B () (k2), (ks + 1)2

xS @+ DB) S (ke + Dby + 17, (ks + 1))

+ :1211 j:l(%l + 1)(2k: + 1)@y (k3) P2 (k3) o (K, k3)

X i_ll( 2k1 + 1)@ (k7) kzZ (2K + 1)®o (k)11 (k1 + 1)2, (ks + 1)2)

- :Z_:ll k; (21 + 1) (2ka + 1) @1 (k7)) P2 (k3) klz_ll 2y + 1)®y (k)
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3
L

(2k‘2 + 1) @2 (k3)¢n ((kr +1)%, (k2 + 1)%) nil (2k1 + 1)@1 (kT) 92 ((k1 + 1), k3)
ki1=1

=

X
'T|M

—_

- ]:2_11 22_1(%1 1) (2ks + 1) B (k) Do (k2) :22_1(2@ + 1) Do (kD)o (k2, (ks +1)2)

x :12_11(%1 +1)®, (k2) :Zi(%g + 1) (k) (1 + 1)2, (ka + 1))

+:§_:1 22 (21 + 1)(2ks + 1)@, (k)2 (k2) 21(21@1“) L(B) :fl(%lﬂ)cbl(k%)
x z_ (ks + 1)@ (K2)b1 (k1 +1)2, (ko + 1) )mz: (2k2+1)<1>2(k2)1¢2((k1+1) (ko +

k
2

n

—_

)
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