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WEIGHTED ČEBYŠEV TYPE INEQUALITIES FOR DOUBLE

INTEGRALS ON TIME SCALES

SHAKILA MOBEEN, NAHEED ASHRAF, AMMARA NOSHEEN, KHURAM ALI KHAN

Abstract. Thrive of the research undertaken is focused upon weighted Mont-

gomery identity for double delta integrals on time scales and weighted Čebyšev
type inequalities for delta integrals on time scales. The obtained results are also

discussed by choosing special time scales T = R, T = hN, h > 0, T = qN, q > 1,

T = N2.

1. Introduction

1.1. Čebyšev Inequality. In 1853 Čebyšev inequality (without proof) is given by
Irenee-Jules (Čebyšev’s friend) and in 1882, P. L. Čebyšev proved it in following
form [7]:

|T (ψ1, ψ2)| ≤ 1

12
(b− a)2‖ψ′1‖∞‖ψ′2‖∞, (1.1)

where, ψ1, ψ2 : [a, b] → R are absolutely continuous functions, whose first deriva-
tives ψ′1 and ψ′2 are bounded and ‖.‖∞ denotes the norm in L∞[a, b] defined by
‖ψ1‖∞ =ess supt∈[a,b]|ψ1(t)| and

T (ψ1, ψ2) =
1

(b− a)

b∫
a

ψ1 (x)ψ2 (x) dx−

 1

(b− a)

b∫
a

ψ1 (x) dx

 1

(b− a)

b∫
a

ψ2 (x) dx

 ,

(1.2)
provided the integrals in (1.2) exist.
During the past few years, many mathematicians have given considerable attention
to the inequality (1.1) see [9, 11, 12, 14, 15] etc. Guezane-Lakoud et al., in [9,
Remark 1], gave a weighted Montgomery identity for functions of two independent
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variables as,

ψ1 (x, y) =

b∫
a

Φ1 (t)ψ1 (t, y) dt+

d∫
c

Φ2 (s)ψ1 (x, s) ds (1.3)

−
b∫
a

Φ1 (t)

d∫
c

Φ2 (s)ψ1 (t, y) dsdt+

b∫
a

d∫
c

PΦ1
(x, t)QΦ2

(y, s)
∂2ψ1 (t, s)

∂t∂s
dsdt,

where PΦ1 (x, t), QΦ2 (y, s) , Φ1(t) and Φ2(s) are defined in [9] with some different
notations and proved the following Čebyšev inequalities,

|T1 (Φ1,Φ2, ψ1, ψ2)| ≤
∥∥∥∥∂2ψ1 (t, s)

∂t∂s

∥∥∥∥
∞

∥∥∥∥∂2ψ2 (t, s)

∂t∂s

∥∥∥∥
∞

b∫
a

d∫
c

Φ1(x)Φ2(y)H2 (x, y) dxdy,

(1.4)

|T2 (Φ1,Φ2, ψ1, ψ2)| ≤ 1

2

b∫
a

d∫
c

Φ1(x)Φ2(y)

 |ψ2 (x, y)|
∥∥∥∂2ψ1(t,s)

∂t∂s

∥∥∥
∞

+ |ψ1 (x, y)|
∥∥∥∂2ψ2(t,s)

∂t∂s

∥∥∥
∞

H (x, y) dxdy,

(1.5)
where, T1(Φ1,Φ2, ψ1, ψ2), T1(Φ1,Φ2, ψ1, ψ2) are defined in [9]. The theory of time
scales is an important turn for the scholars in the field of mathematics, it extends
the concept of existing continuous and discrete calculus. Some of inequalities based
on theory of time scales can be seen in [1, 4, 5, 6]. The aim of the paper is to extend
(1.3) - (1.5) on time scales.

1.2. Preliminaries on Time Scales. For basic concepts on theory of time scales
consult [2, 3]. Few of which, used in the paper are given here. A time scale is
an arbitrary nonempty closed subset of real line denoted by T. Some particular
examples of time scales are Z,R, [0, 1] ∪ [2, 3], [0, 1] ∪ N and the Cantor set. On
non-density points of time scales, two operators σ, ρ : T → T called forward and
backward jump operators are defined by σ(t) = inf{s ∈ T : s > t} and ρ(t) =
sup{s ∈ T : s < t} for t ∈ T. The graininess function µ : T → R is defined by
µ(t) = σ(t)− t.

The mapping ψ1 : T → R is called rd-continuous if ψ1 is continuous at each
right-dense or maximal point of T and lim

s→t−
ψ1(s) = ψ1(t−) exists for each left-

dense point t ∈ T. The set of all rd-continuous functions from T → R is denoted
by Crd[T,R].
[3] Delta differentiation for function of two variables:

If T1 × T2 = {(x, y) : x ∈ T1 and y ∈ T2}, then for a given δ > 0, the δ-
neighborhood Uδ(x0, y0) of a given point (x0, y0) ∈ T1 × T2 is the set of all points
(x, y) ∈ T1 × T2 such that d((x0, y0), (x, y)) < δ. Let σ1 , σ2 denote the forward
jump operators in T1,T2, respectively, then first-order partial delta derivatives of
ψ : T1 × T2 → R at a point (x0, y0) ∈ T1 × T2 are defined to be

∂ψ(x0, y0)

∆1x
= lim
x→x0,x 6=σ1(x0)

ψ(σ1(x0), y0)− ψ(x, y0)

σ1(x0)− x
and
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∂ψ(x0, y0)

∆2y
= lim
y→y0,y 6=σ2(y0)

ψ(x0, σ2(y0))− ψ(x0, y)

σ2(y0)− y
.

These derivatives can be denoted by ψ∆1(x0, y0) and ψ∆2(x0, y0), respectively. In
a similar fashion, second-order partial derivatives are ψ∆1∆2(x, y) and ψ∆1∆2(x, y).
[3] Delta integration for function of two variables on time scales:

Let a, b ∈ T1 with a ≤ b, c, d ∈ T2 with c ≤ d, A, A1, A2 ∈ R, and ψ,ψ1, ψ2 ∈ Crd,
then

(i)
b∫
a

d∫
c

ψ (x, y) ∆1x∆2y = 0 if a = b, c = d,

(ii)
∫ ∫

β
ψ(x, y)∆1x∆2y = A (b− a) (d− c) , whenever ψ(x, y) = constant,

(iii)
∫ ∫

β(x0,y0)
ψ(x, y)∆1x∆2y = µ1(x0)µ2(y0)ψ(x0, y0),

(iv)
∫ ∫

β
[A1ψ1 (x, y) +A2ψ2 (x, y)]∆1x∆2y

= A1

∫ ∫
β
ψ1 (x, y)∆1x∆2y +A2

∫ ∫
β
ψ2 (x, y)∆1x∆2y,

(v)
∫ ∫

β
ψ (x, y)∆1x∆2y =

∫ ∫
β1
ψ (x, y)∆1x∆2y +

∫ ∫
β2
ψ (x, y)∆1x∆2y, where,

β1 = [a1, b1)T1
× [c1, d1)T2

, β2 = [a2, b2)T1
× [c2, d2)T2

and ψ is ∆− integrable
on β1, β2,

(vi)
∫ ∫

β
ψ1 (x, y)∆1x∆2y ≤

∫ ∫
β
ψ2 (x, y)∆1x∆2y, If ψ1(x, y) ≤ ψ2(x, y) for all

(x, y) ∈ β,
(vii) |

∫ ∫
β
ψ (x, y)∆1x∆2y |≤

∫ ∫
β
| ψ (x, y) |∆1x∆2y,

(viii)
b∫
a

∆1x
d∫
c

ψ (x, y) ∆2y =
d∫
c

∆2y
b∫
a

ψ (x, y) ∆1x =
∫ ∫

β
ψ (x, y)∆1x∆2y.

For more information and proofs consult [3].

Remark. In [10, Corollary 7] W. Liu et al., proved the following identity,

f (t) =
1

(b− a)

b∫
a

S (t, s)f∆ (s) ∆s+
1

(b− a)

b∫
a

f (σ(s))∆s. (1.6)

We have to use it in proofs of our results.

2. Weighted Montgomery Identity for Functions of Two Variables on
Time Scales

Let Φ1 : [a, b]T1 → [0,∞),Φ2 : [c, d]T2 → [0,∞) be non-negative, bounded and
integrable probability density functions, such that

Ω1(t) =

∫ t

a

Φ1(x)∆x, for a ≤ t ≤ b, Ω1(a) = 0, Ω1(b) = 1 and (2.1)

Ω2(s) =

∫ s

c

Φ2(y)∆y, for c ≤ s ≤ d, Ω2(c) = 0, Ω2(d) = 1, (2.2)

while respective Peano kernels are defined by,

PΦ1
(x, t) =

{
Ω1 (t) , a ≤ t ≤ x
Ω1 (t)− 1, x < t ≤ b (2.3)

and

QΦ2
(y, s) =

{
Ω2 (s) , c ≤ s ≤ y
Ω2 (s)− 1, y < s ≤ d. (2.4)
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Weighted Montgomery ddentity for functions of two variables on time scales is
the following:

Theorem 2.1. Let T1 , T2 be two time scales and a, b ∈ T1, c, d ∈ T2 for a < b,
c < d and Φ1 : [a, b]T1

→ [0,∞),Φ2 : [c, d]T2
→ [0,∞) are non-negative, bounded

and integrable. If ψ1 ∈ Crd([a, b]T1
× [c, d]T2

,R) is differentiable, bounded function

such that ψ∆1∆2
1 (t, s) exists and integrable on I, where I = [a, b]T1 × [c, d]T2 , then

for all t ∈ [a, b] and s ∈ [c, d], we have

ψ1 (x, y) =

b∫
a

Φ1(t)ψ1(σ(t), y)∆1t+

d∫
c

Φ2(s)ψ1(x, σ(s))∆2s

−
b∫
a

Φ1(t)

d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t+

b∫
a

d∫
c

PΦ1 (x, t)QΦ2 (y, s)ψ∆1∆2
1 (t, s) ∆2s∆1t.

(2.5)

Proof. Rewrite (1.6) for the partial map ψ1(., y), y ∈ [c, d] to obtain

ψ1(x, y) =

b∫
a

Φ1(t)ψ1(σ(t), y)∆1t+

b∫
a

PΦ1
(x, t)ψ∆1

1 (t, y)∆1t, for all (x, y) ∈ I.

(2.6)
For the map ψ1(t, .), t ∈ [a, b], (1.6) takes the following form

ψ1(σ(t), y) =

d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s+

d∫
c

QΦ2
(y, s)ψ∆2

1 (σ(t), s)∆2s, for all (t, y) ∈ I.

(2.7)

However for the partial map ψ∆1
1 (t, .), t ∈ [a, b], (1.6) is reproduced as

ψ∆1
1 (t, y) =

d∫
c

Φ2(s)ψ∆1
1 (t, σ(s))∆2s+

d∫
c

QΦ2
(y, s)ψ∆1∆2

1 (t, s)∆2s, for all (t, y) ∈ I.

(2.8)
Substitute (2.7) and (2.8) in (2.6)

ψ1(x, y) =

b∫
a

Φ1(t)


d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s+

d∫
c

QΦ2
(y, s)ψ∆2

1 (σ(t), s)∆2s

∆1t

+

b∫
a

PΦ1(x, t)


d∫
c

Φ2(s)ψ∆1
1 (t, σ(s))∆2s+

d∫
c

QΦ2(y, s)ψ∆1∆2
1 (t, s)∆2s

∆1t.

Consequently after simplification and by using (2.3) and (2.4), we get (2.5), which
is called double weighted Montgomery identity on time scales. �

3. Weighted Čebyšev Type inequalities for Double Integrals on
Time Scales

:
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3.0.1. Weighted Čebyšev Type inequality I.

Theorem 3.1. Let T1, T2 be two time scales and a, b ∈ T1, c, d ∈ T2 for a < b, c < d
and Φ1 : [a, b]T1 → [0,∞),Φ2 : [c, d]T2 → [0,∞) be non-negative and integrable. If
ψ1, ψ2 ∈ Crd([a, b]T1 × [c, d]T2 ,R) be differentiable, bounded functions such that

ψ1
∆1∆2(t, s) and ψ∆1∆2

2 (t, s) are integrable on I. Then for all (x, y) ∈ I

|T (Φ1,Φ2, ψ1, ψ2)| ≤ 1

2

b∫
a

d∫
c

Φ1(x)Φ2(y)

 |ψ2 (x, y)|
∥∥∥ψ1

∆1∆2 (t, s)
∥∥∥
∞

+ |ψ1 (x, y)|
∥∥∥ψ∆1∆2

2 (t, s)
∥∥∥
∞

H (x, y) ∆1x∆2y,

(3.1)
where,

T (Φ1,Φ2, ψ1, ψ2) =
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)ψ1(x, y)∆1x∆2y

− 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t∆1x∆2y

− 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t∆1x∆2y

− 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s∆1x∆2y

− 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s∆1x∆2y

+ 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t∆1x∆2y

+ 1
2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t∆1x∆2y

and

H (x, y) =
b∫
a

d∫
c

|PΦ1
(x, t)QΦ2

(y, s) |∆2s∆1t.

Proof. Replace ψ1 by ψ2 in (2.5) to get

ψ2 (x, y) =

b∫
a

Φ1(t)ψ2(σ(t), y)∆1t+

d∫
c

Φ2(s)ψ2(x, σ(s))∆2s

−
b∫
a

Φ1(t)

d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t+

b∫
a

d∫
c

PΦ1
(x, t)QΦ2

(y, s)ψ∆1∆2
2 (t, s) ∆2s∆1t.

(3.2)
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Multiply (2.5) by Φ1(x)Φ2(y)ψ2(x, y) and (3.2) by Φ1(x)Φ2(y)ψ1(x, y), sum the
resultant identities and then integrate over I, to obtain

T (Φ1,Φ2, ψ1, ψ2) =
1

2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)

b∫
a

d∫
c

pΦ1
(x, t)QΦ2

(y, s)ψ∆1∆2
1 (t, s) ∆2s∆1t∆1x∆2y

+
1

2

b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)

b∫
a

d∫
c

pΦ1
(x, t)QΦ2

(y, s)ψ∆1∆2
2 (t, s) ∆2s∆1t∆1x∆2y.

Therefore

|T (Φ1,Φ2, ψ1, ψ2)| ≤ 1

2

b∫
a

d∫
c

Φ1(x)Φ2(y)

 |ψ2 (x, y)|
∥∥∥ψ1

∆1∆2 (t, s)
∥∥∥
∞

+ |ψ1 (x, y)|
∥∥∥ψ∆1∆2

2 (t, s)
∥∥∥
∞

H (x, y) ∆1x∆2y.

�

Remark. If the weights are considered as Φ1(·) = Φ2(·) = 1 in Theorem 3.1, then
it becomes [11, Theorem 3.1].

Remark. When T1 = T2 = R in Theorem 3.1, it becomes [9, Theorem 4].

Corollary 3.2. If we choose T1 = h1N = {t = h1k1 : k1 ∈ N}, with a = 1, b = n,
T2 = h2N = {s = h2k2 : k2 ∈ N}, with c = 1, d = m for h1, h2 > 0 and m, n ∈ N,
in Theorem 3.1, then (3.1) takes the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤ h1h2

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)H (h1k1, h2k2)

×

 |ψ2 (h1k1, h2k2)|
∥∥∥ψ∆1∆2

1 (h1k1, h2k2)
∥∥∥
∞

+ |ψ1 (h1k1, h2k2)|
∥∥∥ψ∆1∆2

2 (h1k1, h2k2)
∥∥∥
∞

 ,

where,

H (h1k1, h2k2) = h1h2

n−1∑
k1=1

m−1∑
k2=1

|PΦ1
(h1k1, h2k2)QΦ2

(h1k1, h2k2) |
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and

1

h1h2
T (Φ1,Φ2, ψ1, ψ2) =

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)ψ1(h1k1, h2k2)

−h1

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)

n−1∑
k1=1

Φ1(h1k1)ψ1(h1(k1 + 1), h2k2)

−h1

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)

n−1∑
k1=1

Φ1(h1k1)ψ2(h1(k1 + 1), h2k2)

−h2

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)

m−1∑
k2=1

Φ2(h2k2)ψ2(h1k1, h2(k2 + 1))

−h2

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)

m−1∑
k2=1

Φ2(h2k2)ψ1(h1k1, h2(k2 + 1))

+
h1h2

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)

×
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1(k1 + 1), h2(k2 + 1))

+
h1h2

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)

×
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1(k1 + 1), h2(k2 + 1)).

Corollary 3.3. If we choose T1 = qN1 =
{
t = qk1

1 : k1 ∈ N
}
, with a = 1, b = n,

T2 = qN2 =
{
s = qk2

2 : k2 ∈ N
}

with c = 1, d = m, q1, q2 > 1 , q1, q2 ∈ R and

m, n ∈ N in Theorem 3.1, then (3.1) takes the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤ (q1 − 1)(q2 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )H
(
qk1
1 , qk2

2

)

×


∣∣∣ψ2

(
qk1
1 , qk2

2

)∣∣∣ ∥∥∥ψ1

∆1∆2
(
qk1
1 , qk2

2

)∥∥∥
+
∣∣∣ψ1

(
qk1
1 , qk2

2

)∣∣∣ ∥∥∥ψ∆1∆2

2

(
qk1
1 , qk2

2

)∥∥∥
 ,

where,

H
(
qk1
1 , qk2

2

)
= (q1 − 1)(q2 − 1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 |PΦ1

(
qk1
1 , qk2

2

)
QΦ2

(
qk1
1 , qk2

2

)
|
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and

1

(q1 − 1)(q2 − 1)
T (Φ1,Φ2, ψ1, ψ2) =

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )ψ1(qk1
1 , qk2

2 )

− (q1 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )

n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ1(qk1+1
1 , qk2

2 )

− (q1 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ2(qk1+1
1 , qk2

2 )

− (q2 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )

m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1
1 , qk2+1

2 )

− (q2 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )

m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2+1

2 )

+
(q1 − 1)(q2 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )

×
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )

m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1+1
1 , qk2+1

2 )

+
(q1 − 1)(q2 − 1)

2

n−1∑
k1=1

m−1∑
k2=1

Φ1(qk1
1 )qk1

1 qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )

×
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )

m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1+1
1 , qk2+1

2 ).

Corollary 3.4. If we choose T1 = N2 =
{
t = k2

1 : k1 ∈ N
}

, T2 = N2 =
{
s = k2

2 : k2 ∈ N
}

in Theorem 3.1, where a, c = 1, b = n, d = m, m, n ∈ N. then (3.1) takes the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤ 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)

×

 ∣∣ψ2

(
k2

1, k
2
2

)∣∣ ∥∥∥ψ∆1∆2

1

(
k2

1, k
2
2

)∥∥∥
+
∣∣ψ1

(
k2

1, k
2
2

)∣∣ ∥∥∥ψ∆1∆2

2

(
k2

1, k
2
2

)∥∥∥
H (k2

1, k
2
2

)
,

where,

H
(
k2

1, k
2
2

)
=

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)|PΦ1

(
k2

1, k
2
2

)
QΦ2

(
k2

1, k
2
2

)
|

and
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T (Φ1,Φ2, ψ1, ψ2) =
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)ψ1(k2

1, k
2
2)

− 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ1((k1 + 1)2, k2

2)

− 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ2((k1 + 1)2, k2

2)

− 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2(k2

1, (k2 + 1)2)

− 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1(k2

1, (k2 + 1)2)

+ 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1((k1 + 1)2, (k2 + 1)2)

+ 1
2

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2((k1 + 1)2, (k2 + 1)2).

3.0.2. Weighted Čebyšev Type inequality II.

Theorem 3.5. Let T1 and T2 be two time scales and a, b ∈ T1, c, d ∈ T2 for
a < b, c < d and Φ1 : [a, b]T1 → [0,∞),Φ2 : [c, d]T2 → [0,∞) be non-negative
and integrable. If ψ1, ψ2 ∈ Crd([a, b]T1 × [c, d]T2 ,R) be differentiable and bounded

functions such that ψ∆1∆2
1 (t, s) and ψ∆1∆2

2 (t, s) are integrable on I, then for all
(x, y) ∈ I

|T (Φ1,Φ2, ψ1, ψ2)| ≤
∥∥∥ψ1

∆1∆2 (t, s)
∥∥∥
∞

∥∥∥ψ2
∆1∆2 (t, s)

∥∥∥
∞

b∫
a

d∫
c

Φ1(x)Φ2(y)H2 (x, y) ∆1x∆2y,

(3.3)
where,

H (x, y) =
b∫
a

d∫
c

|PΦ1(x, t)QΦ2(y, s)|∆2s∆1t

and

T (Φ1,Φ2, ψ1, ψ2) =
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)ψ2(x, y)∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ1(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t∆1x∆2y
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+
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)ψ2(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t∆1x∆2y

−
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s∆1x∆2y

+
b∫
a

d∫
c

Φ1(x)Φ2(y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t

×
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t∆1x∆2y.

Proof. Multiply (2.5) and (3.2), to obtain

ψ1(x, y)ψ2(x, y)− ψ1(x, y)
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t

−ψ1(x, y)
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s+ψ1(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t

+ψ2(x, y)
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t−
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t

−
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s

+
b∫
a

Φ1(t)ψ1(σ(t), y)∆1t
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t

+ψ2(x, y)
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s−
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t

−
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s
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+
d∫
c

Φ2(s)ψ1(x, σ(s))∆2s
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t

+ψ2(x, y)
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t

−
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t
b∫
a

Φ1(t)ψ2(σ(t), y)∆1t

−
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t
d∫
c

Φ2(s)ψ2(x, σ(s))∆2s

+
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ1(σ(t), σ(s))∆2s∆1t
b∫
a

Φ1(t)
d∫
c

Φ2(s)ψ2(σ(t), σ(s))∆2s∆1t

=


b∫
a

d∫
c

pΦ1
(x, t)qΦ2

(y, s)ψ∆1∆2
1 (t, s)∆2s∆1t

×


b∫
a

d∫
c

pΦ1
(x, t)qΦ2

(y, s)ψ∆1∆2
2 (t, s)∆2s∆1t

 .

(3.4)
Multiply (3.4) by Φ1(x)Φ2(y) and integrate the resultant w.r.t. x, y to get

T (Φ1,Φ2, ψ1, ψ2) =

b∫
a

d∫
c

Φ1(x)Φ2(y)


b∫
a

d∫
c

PΦ1
(x, t)QΦ2

(y, s)ψ∆1∆2
1 (t, s)∆2s∆1t


×


b∫
a

d∫
c

PΦ1
(x, t)QΦ2

(y, s)ψ∆1∆2
2 (t, s)∆2s∆1t

∆1x∆2y.

Therefore

|T (Φ1,Φ2, ψ1, ψ2)| ≤
∥∥∥ψ1

∆1∆2 (t, s)
∥∥∥
∞

∥∥∥ψ∆1∆2
2 (t, s)

∥∥∥
∞

×
b∫
a

d∫
c

Φ1(x)Φ2(y)

(
b∫
a

d∫
c

|PΦ1
(x, t)QΦ2

(y, s)|∆2s∆1t

)2

∆1x∆2y.

Hence

|T (Φ1,Φ2, ψ1, ψ2)| ≤
∥∥∥ψ1

∆1∆2 (t, s)
∥∥∥
∞

∥∥∥ψ∆1∆2
2 (t, s)

∥∥∥
∞

b∫
a

d∫
c

Φ1(x)Φ2(y)H2 (x, y)∆1x∆2y.

�

Remark. If we choose T1 = T2 = R in Theorem 3.5, then it becomes
[9, Theorem 3].

Corollary 3.6. If we choose h1, h2 > 0 and T1 = h1N = {t = h1k1 : k1 ∈ N}, with
a = 1, b = n, T2 = h2N = {s = h2k2 : k2 ∈ N}, c = 1, d = m, m, n ∈ N in
Theorem 3.5 then (3.3) takes the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤ h1h2


∥∥∥ψ∆1∆2

1 (h1k1, h2k2)
∥∥∥
∞

∥∥∥ψ∆1∆2
2 (h1k1, h2k2)

∥∥∥
∞

×
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)H2 (h1k1, h2k2)

 ,

where,

1
h1h2

T (Φ1,Φ2, ψ1, ψ2) =
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)ψ2(h1k1, h2k2)



72 S. MOBEEN, N. ASHRAF, A. NOSHEEN, K. A. KHAN

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)
n−1∑
k1=1

h1Φ1(h1k1)ψ2(h1(k1 + 1), h2k2)

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1k1, h2(k2 + 1))

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ1(h1k1, h2k2)
n−1∑
k1=1

h1Φ1(h1k1)

×
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1(k1 + 1), h2(k2 + 1))

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)
n−1∑
k1=1

h1Φ1(h1k1)ψ1(h1(k1 + 1), h2k2)

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
n−1∑
k1=1

h1Φ1(h1k1)ψ1(h1(k1 + 1), h2k2)

×
n−1∑
k1=1

h1Φ2(h2k2)ψ2(h1(k1 + 1), h2k2)

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
n−1∑
k1=1

h1Φ1(h1k1)ψ1(h1(k1 + 1), h2k2)

×
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1k1, h2(k2 + 1))

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
n−1∑
k1=1

h1Φ1(h1k1)ψ1(h1(k1 + 1), h2k2)

×
n−1∑
k1=1

h1Φ1(h1k1)
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1(k1 + 1), h2(k2 + 1))

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1k1, h2(k2 + 1))

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1k1, h2(k2 + 1))

×
n−1∑
k1=1

h1Φ1(h1k1)ψ2(h1(k1 + 1), h2k2)

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1k1, h2(k2 + 1))

×
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1k1, h2(k2 + 1))

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1k1, h2(k2 + 1))

×
n−1∑
k1=1

h1Φ1(h1k1)
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1(k1 + 1), h2(k2 + 1))

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)ψ2(h1k1, h2k2)
n−1∑
k1=1

h1Φ1(h1k1)

×
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1(k1 + 1), h2(k2 + 1))

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1(k1 + 1), h2(k2 + 1))
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×
n−1∑
k1=1

h1Φ1(h1k1)
n−1∑
k1=1

h1Φ1(h1k1)ψ2(h1(k1 + 1), h2k2)

−
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1k1, h2(k2 + 1))

×
n−1∑
k1=1

h1Φ1(h1k1)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1(k1 + 1), h2(k2 + 1))

+
n−1∑
k1=1

m−1∑
k2=1

Φ1(h1k1)Φ2(h2k2)
n−1∑
k1=1

h1Φ1(h1k1)
m−1∑
k2=1

h2Φ2(h2k2)ψ1(h1(k1+1), h2(k2+

1))

×
n−1∑
k1=1

h1Φ1(h1k1)
m−1∑
k2=1

h2Φ2(h2k2)ψ2(h1(k1 + 1), h2(k2 + 1))

and

H (h1k1, h2k2) = h1h2

n−1∑
k1=1

m−1∑
k2=1

|PΦ1
(h1k1, h2k2)QΦ2

(h1k1, h2k2)|.

Corollary 3.7. Choose T1 = qN1 =
{
t = qk1

1 : k1 ∈ N
}
, with a = 1, b = n ,

T2 = qN2 =
{
s = qk2

2 : k2 ∈ N
}

, also c = 1, d = m, where m, n ∈ N, q1, q2 > 1, and

q1, q2 ∈ R in Theorem 3.5. In this case (3.3) takes the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤
∥∥∥ψ1

∆1∆2
(
qk1
1 , qk2

2

)∥∥∥
∞

∥∥∥ψ∆1∆2

2

(
qk1
1 , qk2

2

)∥∥∥
∞

×(q1−1)(q2−1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )H2
(
qk1
1 , qk2

2

)
,

where,

H
(
qk1
1 , qk2

2

)
= (q1 − 1)(q2 − 1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 |PΦ1

(
qk1
1 , qk2

2

)
QΦ2

(
qk1
1 , qk2

2

)
|

and
1

(q1−1)2(q2−1)2T (Φ1,Φ2, ψ1, ψ2) = 1
(q1−1)(q2−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )ψ2(qk1
1 , qk2

2 )

− 1
(q2−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ2(qk1+1
1 , qk2

2 )

− 1
(q1−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1
1 , qk2+1

2 )

+
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ1(qk1
1 , qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1+1
1 , qk2+1

2 )

− 1
(q2−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ1(qk1+1
1 , qk2

2 )

+
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ1(qk1+1
1 , qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1+1
1 , qk2

2 )

+
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ1(qk1+1
1 , qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1
1 , qk2+1

2 )

−(q1 − 1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ1(qk1+1
1 , qk2

2 )
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×
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1+1
1 , qk2+1

2 )

− 1
(q1−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2+1

2 )

+
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2+1

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ2(qk1+1
1 , qk2

2 )

+ (q2−1)
(q1−1)

n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2+1

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1
1 , qk2+1

2 )

−(q2 − 1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1
1 , qk2+1

2 )

×
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

Φ2(qk2
2 )ψ2(qk1+1

1 , qk2+1
2 )

+
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )ψ2(qk1
1 , qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1+1
1 , qk2+1

2 )

−(q1 − 1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )

×
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1+1
1 , qk2+1

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )ψ2(qk1+1
1 , qk2

2 )

−(q2 − 1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )

×
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1+1
1 , qk2+1

2 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1
1 , qk2+1

2 )

+(q1−1)(q2−1)
n−1∑
k1=1

m−1∑
k2=1

qk1
1 qk2

2 Φ1(qk1
1 )Φ2(qk2

2 )
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ1(qk1+1
1 , qk2+1

2 )

×
n−1∑
k1=1

qk1
1 Φ1(qk1

1 )
m−1∑
k2=1

qk2
2 Φ2(qk2

2 )ψ2(qk1+1
1 , qk2+1

2 ).

Corollary 3.8. Choose T1 = N2 =
{
t = k2

1 : k1 ∈ N
}
, a = 1, b = n, T2 = N2 ={

s = k2
2 : k2 ∈ N

}
, c = 1, d = m and m, n ∈ N in Theorem 3.5, then (3.3) takes

the form

|T (Φ1,Φ2, ψ1, ψ2)| ≤


∥∥∥ψ1

∆1∆2 (
k2

1, k
2
2

)∥∥∥
∞

∥∥∥ψ∆1∆2

2

(
k2

1, k
2
2

)∥∥∥
∞

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)H2
(
k2

1, k
2
2

)
 ,

where,

H
(
k2

1, k
2
2

)
=

n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)|PΦ1

(
k2

1, k
2
2

)
QΦ2

(
k2

1, k
2
2

)
|

and

T (Φ1,Φ2, ψ1, ψ2) =
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)ψ2(k2

1, k
2
2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ2((k1 +

1)2, k2
2)
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−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

m−1∑
k2=1

(2k2+1)Φ2(k2
2)ψ2(k2

1, (k2+

1)2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ1(k2
1, k

2
2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

×
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2((k1 + 1)2, (k2 + 1)2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ1((k1 +

1)2, k2
2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ1((k1 + 1)2, k2

2)

×
n−1∑
k1=1

(2k1 + 1)Φ2(k2
2)ψ2((k1 + 1)2, k2

2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ1((k1 + 1)2, k2

2)

×
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2(k2

1, (k2 + 1)2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ1((k1 + 1)2, k2

2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2((k1 + 1)2, (k2 + 1)2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

m−1∑
k2=1

(2k2+1)Φ2(k2
2)ψ1(k2

1, (k2+

1)2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
m−1∑
k2=1

Φ2(k2
2)(2k2 + 1)ψ1(k2

1, (k2 + 1)2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ2((k1 + 1)2, k2

2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1(k2

1, (k2 + 1)2)

×
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2(k2

1, (k2 + 1)2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1(k2

1), (k2 + 1)2

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2((k1 + 1)2, (k2 + 1)2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)ψ2(k2
1, k

2
2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1((k1 + 1)2, (k2 + 1)2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)
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×
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1((k1 + 1)2, (k2 + 1)2)

n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)ψ2((k1 + 1)2, k2

2)

−
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ2(k2

1, (k2 + 1)2)

×
n−1∑
k1=1

(2k1 + 1)Φ1(k2
1)

m−1∑
k2=1

(2k2 + 1)Φ2(k2
2)ψ1((k1 + 1)2, (k2 + 1)2)

+
n−1∑
k1=1

m−1∑
k2=1

(2k1 + 1)(2k2 + 1)Φ1(k2
1)Φ2(k2

2)
n−1∑
k1=1

(2k1 +1)Φ1(k2
1)

n−1∑
k1=1

(2k1 +1)Φ1(k2
1)

×
m−1∑
k2=1

(2k2 +1)Φ2(k2
2)ψ1((k1 +1)2, (k2 +1)2)

m−1∑
k2=1

(2k2 +1)Φ2(k2
2)ψ2((k1 +1)2, (k2 +

1)2).
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