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ON STATISTICALLY CONVERGENT SEQUENCES OF CLOSED
SETS AND EPIGRAPHS

SUKRU TORTOP, YURDAL SEVER AND OZER TALO

ABSTRACT. In this paper we give characterizations of Painlevé-Kuratowski
statistical convergence of sequence of closed sets in metric spaces. Especially,
open and closed sets are used to characterize statistical inner and outer limits
of such sequences. At the end, these properties are transferred to epigraphs
and epi-limits in order to be used for our further investigations.

1. INTRODUCTION

In the late of 1960’s, epi-convergence is first studied by Wijsman [28, [29] where
it is called infimal convergence. After Wijsman’s initial contributions, it is stud-
ied by Mosco [I5] on variational inequalities, by Joly [I3] on topological structures
compatible with epi-convergence. The term epi-convergence is used by Wets [27] in
1980 for the first time. Epi-convergence is needed to solve some mathematical prob-
lems including stochastic optimization, variational problems and partial differential
equations.

Statistical convergence was first studied by Zygmund [30] in 1935 and then it was
introduced by Steinhaus [23] and Fast [7] and also Schoenberg [20] independently.
The definitions of pointwise and uniform statistical convergence of real-valued func-
tions were given by Gokhan and Gilingér [111, 12] and by Duman and Orhan [6] in-
dependently. Statistical limit superior and statistical limit inferior were introduced
by Fridy and Orhan [9] and also statistical limit points and cluster points were
defined by Fridy [8, [10]. Furthermore statistical lower and upper limits of closed
sets were defined and characterized by Talo et al. [24].

Let K be a subset of positive integers N and K(n) = |{k < n: k € K}|, where
|A| denotes the number of elements in A. The natural density of K is given by
§(K) = lim,, K (n) if this limit exists.

Fast [7] and Steinhaus [23] independently introduced an extension of the usual
concept of sequential limit, which they called statistical convergence. A sequence
x = (x1) is said to be statistically convergent to the number L if for each € > 0

1
limf’{kgn: |z — L 25}’ =0.
non
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In this case we write

St—lilgnxk =L. (1.1)

Lemma 1.1. [I8 Lemma 1.1] Statement holds if and only if there exists such
a set
K={ki<ke<ks<---}CN
that 0(K) =1 and lim,, z;,, = L.
The concepts of statistical limit superior and statistical limit inferior were in-

troduced by Fridy and Orhan [9]. For a sequence of real numbers = (x), the
notions of statistical limit inferior and limit superior are defined as follows:

inf A,, A, #0, sup By, B, #0,

st=liminf z := . .
00, otherwise, —00, otherwise,

st-limsupzx := {

where
Ay ={a€eR:0{keN:zy,<a})#0} and By:={beR:6({keN:xy>b})#0}.
Lemma 1.2. [9] If 8 = st-limsup x is finite, then for every e > 0,
d{keN:zy,>p—-¢})#0 and 6({keN:z,>p+e})=0. (1.2)
Conversely, if holds for every e > 0 then § = st-limsupz.
The dual statement for st-liminf x is as follows:
Lemma 1.3. [9] If a = st-liminf « is finite, then for every e > 0,
S{keN:z,<a+e})#0 and d{keN:z,<a—e})=0. (1.3)
Conversely, if holds for every € > 0 then a = st-liminf z.
Note that the statement §(K) # 0 means that either 6(K) > 0 or K does not
have natural density.
The idea of statistical convergence can be extended to a sequence of points of a

metric spaces (see [4]). We say that a sequence x = (xy) of points of a metric space
(X, d) statistically converges to a point £ € X if for each € > 0 we have

5({k € N : d(zx, &) > €}) = 0.

A point £ € X is called a statistical limit point of a sequence x = (zy) if there is a
set K = {k1 < k2 < k3 < ---} with 6(K) # 0 such that x, — £ as n — oo. The
set of all statistical limit points of a sequence x will be denoted by A,.

A point £ € X is called a statistical cluster point of = (z) if for any € > 0,

§({k € N:d(zx, &) <e}) #0.

The set of all statistical cluster points of x will be denoted by T',,.

Let L, denote the set of all limit points £ (accumulation points) of the sequence
x; i.e., £ € L, if there exists an infinite set K = {k; < ka < k3 < ---} such that
xk, — & asn — oo.

Obviously we have A, CT', C L,.

Lemma 1.4. [4, Lemma 3.1] Let (X, d) be a metric space and K be a compact subset
of X. Then, we have KNTy # 0 for every x = (x,) with 6({n € N: z,, € K}) # 0.
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Let us recall some basic properties of Kuratowski convergence. Alternatively, in
the literature, convergence in this sense may be called Painlevé-Kuratowski conver-
gence. We use the following notation:

N = {N CN:N\N finite} = {subsequences of N containing all n beyond some ng}
N# = {N CN: N infinite} = {all subsequences of N}.

We write lim,, when n — 0o as usual in N | but lim,, ¢ in the case of convergence
of a subsequence designated by an index set N in N or N'#.

Definition 1.5. (Inner and outer limits) Let (X,d) be a metric space. For a
sequence (Ay,) of closed subsets of X; the outer limit is the set

limsup A4,, = {:C|VV€N($), 3N e N#, VnEN:AnﬂV;éQ)}

= {x | IN e N#, YneN, Jz, € A, : limxn:m},

nenN

while the inner limit is the set

liminf 4,, := {J:V‘/E./\/'(a:)7 aN e N, VnEN:AnﬂV#w}

{xﬂNeN, VYn € N, 3z, € 4, : linﬁrxn:x}.
ne

The limit of a sequence (4,,) of closed subsets of X exists if the outer and inner
limit sets are equal, that is,

lim A,, = liminf A,, = limsup A4,,.

Inner and outer limits can also be expressed in terms of distance functions or
operations of intersection and union.

Proposition 1.6. (characterizations of set limits)

limsup A,, = {x | iminfd(z, 4,) = 0} = m el U An,

NeN neN

liminf A,, = {x | limsupd(z, 4,) = 0} = ﬂ cl U A,

NeN# neN

For more results on inner and outer limits of sequences of sets we refer to [I7]
19, [14]. Concerning other types of convergence the reader could consult the book
of G. Beer [2] and the survey paper of Baronti and Papini [I]. See also [3} 21} 22].

Talo et al.[24] introduced Kuratowski statistical convergence for sequence of
closed sets. They gave the definition of statistical outer and statistical inner limit
of sequence of sets as follows. They use the following collections of subsets of N

S:={NCN:§N)=1} and S%:={NCN:§(N)#0}.

Definition 1.7. [24] Let (X, d) be a metric space. The statistical outer limit and
statistical inner limit of a sequence (Ay) of closed subsets of X are defined as
follows:

st-limsup A,, := {xVVEN(x), JN € 8%, VnGN:AnﬂV7é®}(1.4)
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st-limsup A, = {x |Ve >0, 3N € §%, Vn € N: A, N B(x,¢) # @}(1‘5)
and

st-liminf A, = {x|VV€N(x), aN €S, VnEN:AnﬂV#@},(l.G)

st=liminf A, := {:c |Ve >0, AN €S, Vne N: A, N B(x,e) # @}. (1.7)

The statistical limit of a sequence (A,,) exists if its statistical outer and statistical
inner limits coincide. In this situation we say that the sequence is Kuratowski
statistically convergent and we write

st=liminf A,, = st-limsup A,, = st-lim A,,.
n n n

Proposition 1.8. Let (X,d) be a metric space and (A,) be a sequence of closed
subsets of X. Then

st-liminf A4,, = ﬂ cl U A, and st-limsupA, = ﬂ cl U A,
" NeS# neN n NeS neN

As a result of Proposition given any sequence (4,), st-liminf, A, and
st-limsup,, A,, are closed.

Proposition 1.9. Let (X,d) be a metric space and (A,) be a sequence of closed
subsets of X. Then

st=-limsup 4,, = {:17 | st-liminfd(x, A,) = O}, (1.8)

st-liminf A,, = {:1: | st=limd(z, A,,) = O}. (1.9)

Proposition 1.10. Let (X,d) be a metric space and (A,) be a sequence of closed
subsets of X. Then

st-liminf A, = {x |IN €S, Vn e N, Ty, € A, : limy, = x} (1.10)

Corollary 1.11. Let X be a normed linear space and (A,) be a sequence of closed
subsets of X. If there is a set K € § such that A, is convez for each n € K, then
st-liminf,, A, is convex and so too, when it exists, is st-lim, A,.

Proposition 1.12. Let (X, d) be a metric space and (A,) be a sequence of closed
subsets of X. Then

st-limsup A, = {o: |IN € S*, VneN, Jy, €A,z € Fy}. (1.11)

By Proposition [I.10] and Proposition [[.12] note that st-liminf, A, is the set of
statistical limit points of sequence (y,)nen With y,, € A4,, and st-limsup,, A,, is the
set of statistical cluster points of sequence (¥, )nen With y, € A,.

Proposition 1.13. [I], Proposition 10] Let X be a finite-dimensional normed linear
space and (A,) be a sequence of closed convex subsets of X. If lim, A, = A # 0
with A compact. Then, |J.—, An is bounded.

n=1
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Definition 1.14. [16] Let (X, d) be a metric space. For any non-empty closed sub-
sets A; A C X; we say that the sequence (Ay) is Wijsman statistically convergent
to A; for each € > 0 and for each x € X if

1
lim — [{k < n ¢ [d(e, Ay) - d(z, A)] = £}| = 0.
n n
In this case we write st—y lim,, A, = A.

Let f be a function defined on X, the epigraph of f is the set epif = {(x,a) €
X xR|a> f(x)} and its level set is defined by lev<,f :={x € X | f(z) < a}.

Definition 1.15. [25] Let (X, d) be a metric space and (f,) a sequence of lower
semicontinuous functions from X into R, for every x € X, lower and upper statis-
tical epi-limit functions are defined by

(est-lim inf fn) (z) :== sup st-liminf inf f,(y)
n VEN (z) nooyev

(est-lim sup fn> (x):= sup st-limsup inf f,(y)

n VEN(x) n  YeV
If there exists a function f : X — R such that ey -liminf, f, = ey-limsup,, f, = f,
then we write f = eg-lim, f,, and we say that (f,) is esi-convergent to f on X.

Corollary 1.16. [26] Let f, : X — R be a sequence of lower semicontinuous
functions. If the sequence (fy) is statistically epi-convergent to f, then at each
x € X the following conditions are satisfied:

(i) for every sequence (x,) with x, g

f(z) < st-liminf f,(z,),

(ii) there exists a sequence (zy,) with T, == x such that

f(2) > st-limsup fo ().

2. MAIN RESULT

Theorem 2.1. Let A, be a sequence of sets and let A be a closed set. A C
st-liminf,, A, if and only if for every open set O with AN O # O there exists
N € S such that A, N O # 0 for alln € N.

Proof. Necessity comes directly from . To illustrate sufficiency, suppose that
there exists  in A but not in st-liminf, A,. But then by , there exists an
open neighborhood V of x such that for every N € S there exists n € N with
VNA, =10and also VN A # (). This is the negation of the condition on the
right. ]

Theorem 2.2. Let A, be a sequence of sets and let A be a closed set. A D

st=limsup,, A, if and only if for every compact set C with AN C = ) there exists
N € S such that A, NC =0 for alln € N.

Proof. let A D st-limsup,, A, and let there exists a compact set C' with ANC = (),
such that for any N € S one has 4, N C # @ for some n € N. But then there
exists N € S# and a statistically convergent sequence z,, € A, for n € N whose
statistical limit not in A, this is a contradiction. On the other hand, if there exists x
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in st-limsup,, A, which is not in A then, from (1.5)), a ball B(z, ) with sufficiently
small radius ¢ does not meet A yet meets A,, for infinitely many n; this contradicts
the condition on the right. O

Theorem 2.3. Let X be finite dimensional linear normed space. A C st-liminf,, A,
if and only if st-limsup,, d(z, A,) < d(z, A) for every x € X

Proof. Sufficiency follows from by taking x € A. To prove necessity, choose
z € X and y € A. By the definition of st-liminf, there exists N € § and y, €
A,, n € N such that lim,, y,, = y. For such y,, we have d(z, A,,) < ||yn—z||, n € N
and and passing to the limit with n — oo we get the condition on the right. O

Theorem 2.4. Let X be finite dimensional linear normed space. A O st-limsup,, A,
if and only if d(x, A) < st-liminf, d(x, A,) for every x € X.

Proof. Sufficiency follows from by taking x € st-limsup,, A,,. Choose z € X.
If z € A there is nothing to prove. If not, note that for any nonnegative o the
condition d(z, A) > « is equivalent to AN B(z,«) = (). But then from there
exists N € § with 4, N B(z,«) = () for n € N, which is the same as d(z, 4,) > «
for n € N. This implies the condition on the right. (]

The following theorem shows that in normed linear spaces Wijsman statistical
convergence of sequences of closed sets can be expressed in terms of Kuratowski
statistical convergence of closed enlargements. This result was obtained by Dolecki
[5] for sequences of sets.

Theorem 2.5. Let (X,|| - ||) be a normed linear space. Let (A,,) be a sequence of
closed subsets of X, and let A be a closed set. Then (Ay) is Wijsman statistically
convergent to A if and only if for each € > 0, the sequence of e-enlargements A is
Kuratowski convergent to Ac.

Proof. Sufficiency holds in an arbitrary metric space. First, assume that o € X
is fixed and d(xg, A) < e. Take a positive real number 8 with d(xo, 4) < 8 < e.
Clearly, g € A? and by assumption,
AP C st-liminf A73
Thus, there exists k& € N such that for each n > k, we have
B(wo,e — 8) N A5 # 0.

Therefore we have d(zg, A,,) < € for each n > k. On the other hand, assume that
for each k € N there exist n > k such that d(zg, 4,) < e. That is, o € AS. Hence,

we have
xp € st-limsup AS C As,
n

in which case d(zg, A) < e. Thus, d(xg, A) > ¢ ensures that there exists k& € N such
that for each n > k, we have d(xq, 4,) > €.
For necessity, fix € > 0. We must show that

Ae C st-liminf A5 and st-limsup A5 C Ae.
For the first inclusion, fix g € A¢ and let § > 0. Take a € A with

)
|lzo —al| < e+ 7
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By Wijsman statistical convergence,
st-limd(a, A,) = d(a, A) = 0.

Therefore there exists k € N such that for each n > k, we have d(a, A,) < $. Then
for each n > k, there exists a,, € A,, such that

lan, — all < 7

Then ||zg — an|| < €+ ¢ and so the line segment joining zg to a, contains a point
of B(xg,0) N A for n > k and the inclusion

A¢ C st-liminf A¢
n
follows. For the second inclusion, let xo € st-limsup,, A be arbitrary. For each
6 > 0 and n € N there exist n > k such that
B(Cﬂo, 5) n Ti 7& 0
and so d(zg, A,) < € + 0. By Wijsman statistical convergence, we get

d(zg, A) = st-liminf d(zo, A,) < e.
This means that z¢ € A€, and so st-limsup,, A5 C A%, as desired. (|

From now on, we extend our theorems to epigraphs. At the end, these results
are used to prove theorems about statistical epi-convergence.

Corollary 2.6. Let (f,) and f be functions from X to R with f lower semicontin-
wous. epif C st-liminf,, epif, if and only if for every open set O with epi fNO # ()
there exists N € S such that epif, NO # 0 for alln € N.

Proof. Lower semicontinuity of f makes epif closed, hence Theorem is valid for
the epigraphs of the functions (f,) and f. a

Corollary 2.7. Let (f,) and f be functions from X to R with f lower semicon-
tinuous. epif D st-limsup, epif, if and only if for every compact set C with
epif NC = there exists N € S such that epif, NC =0 for alln € N

Proof. Lower semicontinuity of f makes epif closed, hence Theorem [2.2]is valid for
the epigraphs of the functions (f,) and f. O

Corollary 2.8. Let (f,) and f be functions from X to R with f lower semicon-
tinuous. epif C st-liminf, epif, if and only if whenever epif N B(x,e) # 0 for a
ball B(x,¢), there exists N € S such that epif, N B(x,e) # 0 for alln € N.

Proof. Tt is clear from Corollary [2.6] O

Corollary 2.9. Let (f,) and f be functions from X to R with f lower semicon-
tinuous. epif O st-limsup,, epif, if and only if whenever epif N B(z,e) =0 for a
ball B(x,¢), there exists N € S such that epif, N B(x,e) =0 for alln € N

Proof. Tt is clear from Corollary O

Theorem 2.10. Let (f,) and f be functions from X to R with f lower semicon-
tinuous. eg-liminf, f, > f if and only if st-liminf, (infc f,) > infe f for every
compact set C C X.
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Proof. For necessity, assume that es-liminf, f, > f which means st-lim sup,, (epif,) C
epif. Let us take any compact set C' C X and a value a € R such that infc f > a.
The compact set (C,a) in X x R does not meet epif. Hence by Corollary
there exists N € S such that for all n € N, (C,a) does not meet epif, either.
This implies infe f, > o and because of the choice of our index set we obtain
st-liminf, (info f,) > info f.

For sufficiency, let B*((z, ), €) be a cylinder does not meet epif defined as,

BT ((z,a),e) :== B(z,¢e) x [a — &, + ).

Given f is lower semicontinuous, so that epif is closed and infg(z o) f>a+
e. Since the ball B(z,¢) is a compact set in X, we know by assumption that
st- lim infn(infg(mys) fn) > a+e. Therefore there exists N € S such that infg(myg) fn >
a+ ¢ for all n € N. Then the cylinder BT ((z,),e) does not meet epif, for

any n € N. By Corollary we have st-limsup,,(epif,) C epif and we obtain
ese- liminf, f, > f. [l

Theorem 2.11. Let (f,) and f be functions from X to R with f lower semicon-
tinuous. egt-limsup,, fr, < f if and only if st-limsup,,(info f,,) < infe f for every
open set O C X.

Proof. For necessity, we assume that es-limsup,, f, < f which means st-lim inf,, (epif,,) D
epif. Consider any open set O C X and a value a € R such that infp f < a.

Then set O x (—o0,a) is open in X x R and meets epif. Hence from the con-
dition in Corollary we know there is an index set N € S such that, for all

n € N, this set meets epif,, with the consequence that infp f,, < a. Therefore
st-lim sup,, (info f,,) < infep f.

For sufficiency, consider any cylinder of the form intB¥((x,«),e) that meets
epif which means that infi g, ) f < a+¢e. Our hypothesis yields the existence
of an index set NV € S such that infj g, ) f < a+¢ for all n € N. Then the set
Bt ((z,a),e) meets epif, for all n € N. The criterion in Corollary tells us on
this basis that st-liminf, (epif,) D epif which means eg-limsup,, f, < f. ]

Theorem 2.12. If ey -limsup,, fn, < f, then
st-lim sup(inf f,,) < inf f. (2.1)

Furthermore, the inclusion st-limsup,,(e,-argmin f,) C argmin f holds for any
sequence €, — 0 such that whenever N € S# and x,, ﬁ x with x,, € ep-argmin fp,

then fn(xn) ? f(x).

Proof. Suppose €, — 0 and z € st-limsup,, (e,-argmin f,) as x, e for an index

set N € 8# and w,, € e,-argmin f,. Moreover we have f,(x,) < inf f, + &, and
fr(xn) < f(x) by assumption. For all n € N and for an arbitrary ¢ > 0 we have

f(z) —e < fn(zn) < f(x) + € together with x,, € e,-argmin f,
f(ﬂ?) — £ S fn(-rn) S 1nf fn + En

There exists K € S such that for all n € K the inequality (2.1) gives us inf f,, <
inf f +e. Let us take W = N N K with §(W) # 0 and for all n € W we get

fl@)—e < fu(z,) <inf f,, + &, <inf f + e+ ¢,.
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Hence f(x) <inf f, so x € argmin f.
O

Theorem 2.13. [26] Suppose f, =% f with —oo < inf f < co. inf f, L inf f if and
only if there exists for every e > 0 a compact set B C X along with an index set
N € S such that

iréffn <inf f, +¢ forall n€ N.

Proof. For necessity, choose any point x such that f(x) <inf f + 5. Since f, = f,

by Corollary there exists a sequence z,, 24 2 such that st-lim sup,, fn(x,) <
f(z). Let B be any compact set large enough to contain all the points (z,,) for
n € N, then we have infp f,, < f,(x,). Hence,

st-lim Sup(i%f fn) <st-limsup fr(z,) < f(z) <inf f 4+ g

Then we have,

€
. < €
1%ffn_1nff+2

Also we have by assumption inf f, 2 inf f. For the same § > 0, 3K € § such that
foralln € K,

inff—gginffnginff+g.

Let W = NN K and for all n € W we have
€

=inf f,, + €.
5 inf f, +¢

. . €
1%ffn§1nffn+§+

Now we show sufficiency. For a compact set B and for an arbitrary e, there
exists N € S such that for all n € N we have inf f,, + ¢ > infp f,. By Theorem
[2.10] and well known properties of statistical limits we have,

st-liminf(inf f,,) + & > st-lim inf(i%f fn) > i%ff > inf f.

This being true for arbitrary e, we conclude by using (2.1 that

st-liminf(inf f,,) > inf f > st-limsup(inf f,,).

Hence, we get inf f, 24 inf f. O

Conclusion: The results in the last part which we derived from characterizations
of statistical Kuratowski limits will be used for our further studies related with
minimizers of statistical lower and upper epi-limit functions. Since, obtaining the
condition of inf f, % inf f is important for minimization of stochastic optimization
problems.
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