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FIRST KIND r-WHITNEY NUMBERS FOR COMPLEX

ARGUMENTS

CRISTINA B. CORCINO, ROBERTO B. CORCINO

Abstract. First kind r-Whitney numbers for complex arguments are defined
and an asymptotic formula is obtained using Hankel identity.

1. Introduction

The first kind r-Whitney numbers of integral parameters denoted by Sα,rn,m intro-
duced in [4] and [6], may be defined by the following vertical generating function,

(1 + αz)
r
α [log(1 + αz)

1
α ]m = m!

∞∑
n=0

Sα,rn,m

zn

n!
, (1.1)

where arguments n, m are positive integers and α, r are rational numbers with
α 6= 0.

Applying Cauchy’s integral formula to (1.1)

Sα,rn,m =
n!

m!2πi

∫
C

(1 + αz)
r
α [log(1 + αz)

1
α ]m

zn+1
dz, (1.2)

where C is any contour enclosing the origin and lying within the circle |αz| = 1.

Following what is done in [10] let ν = r
α and

f(qw) =
log(1 + qw)− qw

qw
,

q =
2

m
, αz = qw.

Then (1.2) becomes

Sα,rn,m =

(
n

m

)(
α

q

)n−m
(n−m)!

2πi

∫
C

(1 + qw)ν(f(qw) + 1)
2
q

wn−m+1
dw.
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If we let

T (q, w, ν) = exp

{
w + νlog(1 + qw) +

2

q
log[f(qw) + 1]

}
, (1.3)

then

Sα,rn,m =

(
n

m

)(
α

q

)n−m
(n−m)!

2πi

∫
C

e−wT (q, w, ν)

wn−m+1
dw. (1.4)

On the other hand, the Hankel identity gives an integral representation of the
reciprocal Gamma function. This integral is given by

1

Γ(z)
=

i

2π

∫
H

(−t)−ze−tdt,

where the contour H is a contour that starts at +∞ above the positive real axis
with arg(t) = 0, encircles the origin in the positive direction and goes back to +∞
below the positive real axis with arg(t) = 2π.

Observe that we can write the right hand side of the Hankel identity into the
form

i

2π
(−1)−z

∫
H
e−tt−zdt. (1.5)

So we consider the function f(t) = e−tt−z and the logarithm is taken to be the
branch defined on (|t| > 0, 0 < phase t < 2π). On this branch, (−1)−z = e−iπz.
Thus, from the Hankel identity, we obtain∫

H
e−tt−zdt =

−2πie−iπz

Γ(z)
. (1.6)

A proof of Hankel identity may be done by applying integration through a branch
cut to the integral in (1.6) which is tantamount to deforming the Hankel contour H
into the two sides of the interval [r,+∞) together with the circle |t| = r. A similar
deformation is done in [7]. For a discussion on the use of integration through a
branch cut, see [3].

Equation (1.6) will be used in section 2 to obtain an asymptotic formula for
the first kind r-Whitney numbers with complex arguments. In section 3 the range
of validity of the expansion obtained in section 2 when used as an asymptotic
approximation is established.

2. First Kind r-Whitney Numbers with Complex Arguments

Following [5] we use Hankel contour to extend (1.4) to define the r-Whitney
numbers with complex arguments x and y.

Definition 2.1. The r-Whitney numbers with complex arguments x and y are
defined by

Sα,ry,x =

(
y

x

)(
α

q

)y−x
(y − x)!

2πi

∫
H

e−wT (q, w, ν)

wn−m+1
dw, (2.1)
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where H is the Hankel contour used in the Hankel identity and T (q, w, ν) is defined
in (1.3) with

q =
2

x
, αz = qw, ν =

r

α
,

f(qw) =
log(1 + qw)− qw

qw

and all factorials are defined via the Gamma function. The branch of the multivalued-
function w−(y−x+1) is taken to be the branch defined on D = {w : |w| > 0, 0 <
phase w < 2π}.

We then recall the following lemma which is proved in [10].

Lemma 2.2. [10] T (q, w, ν) defined in (1.3) has a Maclaurin expansion given by

T (q, w, ν) = 1 +

∞∑
k=1

Tk(w, ν)qk, (2.2)

where Tk(w, ν) is a polynomial in w whose lowest power in w is at least k.

For k = 0, 1, 2 the values of Tk(w, ν) are

T0(w, ν) = T (0, w, ν) = 1,

T1(w, ν) = νw +
5

12
w2,

T2(w, ν) =
1

2

{
[ν2 − ν]w2 +

[
5

6
ν − 1

2

]
w3 +

25

144
w4

}
.

From (1.4) and using (2.2), we have

Sα,rn,m =

(
n

m

)(
α

q

)n−m
(n−m)!

2πi

∫
C

e−w

wn−m+1
dw +

∫
C

∞∑
k=1

Tk(w, ν)qke−w

wn−m+1
dw.

We are now ready to state our theorem.

Theorem 2.3. For complex arguments y, x, α, r with α 6= 0, the r-Whitney
numbers of the first kind Sα,ry,x satisfy the expansion

Sα,ry,x =

(
y

x

)(αx
2

)y−x
e−iπ(y−x)

[
1 +

1

x

(
−2ν(y − x) +

5

6
(y − x)2

)
+

1

x2

(
2(ν2 − ν)(y − x)2 −

(
5

3
ν − 1

)
(y − x)3 +

25

72
(y − x)4

)
+

1

2πi

∫
H

∑∞
k=3 Tk(w, ν)qke−w

wy−x+1
dw

]
,

where (y − x)k = (y−x)!
(y−x−k)! = Γ(y−x+1)

Γ(y−x−k+1) and Tk(w, ν) is a polynomial in w whose

lowest power in w is at least k.
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Proof. It is observed from the proof in [10] that Lemma 2.2 holds even for complex
qw. Moreover, the Maclaurin expasion converges for 0 < |qw| <∞. Consequently,
as in the case of integer arguments we have

1

2πi

∫
H

e−wT (q, w, ν)

wy−x+1
dw =

1

2πi

∫
H

e−w

wy−x+1
dw +

1

2πi

∫
H

∞∑
k=1

Tk(w, ν)qke−w

wy−x+1
dw.

Using (1.6) , we have

1

2πi

∫
H

e−w

wy−x+1
dw =

1

2πi

∫
H
e−ww−(y−x+1)dw =

e−iπ(y−x)

Γ(y − x+ 1)
;

1

2πi

∫
H

T1(w, ν)qe−w

wy−x+1
dw =

q

2πi

∫
H

(νw + 5
12w

2)e−w

wy−x+1
dw

= q

(
ν

1

2πi

∫
H

e−w

wy−x
dw +

5

12
· 1

2πi

∫
H

e−w

wy−x−1
dw

)
= q

(
ν · −e

−iπ(y−x)

Γ(y − x)
+

5

12
· −e

−iπ(y−x−1)

Γ(y − x− 1)

)
= qe−iπ(y−x)

(
−ν

Γ(y − x)
+

5

12
· 1

Γ(y − x− 1)

)
;

∫
H

T2(w, v)q2e−w

wy−x+1
dw =

1

2
q2

∫
H

(
[ν2 − ν]w2 +

(
5
6ν −

1
2

)
w3 + 25

144w
4
)
e−w

wy−x+1
dw,

where ∫
H

(ν2 − ν)e−w

wy−x−1
dw =

(ν2 − ν)(−e−iπ(y−x−1))

Γ(y − x− 1)

=
(ν2 − ν)e−iπ(y−x)

Γ(y − x− 1)
,∫

H

(
5
6ν −

1
2

)
w3

wy−x+1
e−wdw =

∫
H

(
5
6ν −

1
2

)
e−w

wy−x−2
dw

=

(
5

6
ν − 1

2

)
· −e

−iπ(y−x−2)

Γ(y − x− 2)

=

(
5
6ν −

1
2

)
(−1)e−iπ(y−x)

Γ(y − x− 2)
,

and

∫
H

25

144
w4 e−w

wy−x+1
dw =

25

144

∫
e−w

wy−x−3
dw

=
25

144

−e−iπ(y−x−3)

Γ(y − x− 3)

=
25

144

e−iπ(y−x)

Γ(y − x− 3)
.

Thus,
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∫
H

T2(w, v)q2e−w

wy−x+1
dw =

1

2
q2e−iπ(y−x)

(
ν2 − ν

Γ(y − x− 1)
−

5
6ν −

1
2

Γ(y − x− 2)

+
25

144
· 1

Γ(y − x− 3)

)
=
e−iπ(y−x)

x2

(
2(ν2 − ν)

(y − x− 2)!
−

5
3ν − 1

(y − x− 3)!

+
25

72(y − x− 4)!

)
.

The last equality above uses the property of the Gamma function Γ(n + 1) = n!.
For more properties of the Gamma function refer to [8], [9].

Consequently,

Sα,ry,x =

(
y

x

)(
α

q

)y−x
(y − x)!

2πi

∫
H

e−wT (q, w, ν)

wy−x+1
dw

=

(
y

x

)(
α

q

)y−x
(y − x)!

[
1

2πi

∫
H

e−w

wy−x+1
dw +

1

2πi

∫
H

T1(w, v)qe−w

wy−x+1

+
1

2πi

∫
H

T2(w, ν)q2e−w

wy−x+1
dw +

1

2πi

∫
H

∞∑
k=3

Tk(w, ν)qke−w

wy−x+1
dw

]

=

(
y

x

)(αx
2

)y−x
(y − x)!

[
e−iπ(y−x)

(y − x)!

+
2

x
e−iπ(y−x)

(
−ν

(y − x− 1)!
+

5

12(y − x− 2)!

)
+
e−iπ(y−x)

x2

(
2(ν2 − ν)

(y − x− 2)!
−

5
3ν − 1

(y − x− 3)!
+

25

72(y − x− 4)!

)
1

2πi

∫
H

∑∞
k=3 Tk(w, ν)qke−w

wy−x+1
dw

]
=

(
y

x

)(αx
2

)y−x
e−iπ(y−x)

[
1 +

1

x

(
−2ν(y − x) +

5

6
(y − x)2

)
+

1

x2

(
2(ν2 − ν)(y − x)2 −

(
5

3
ν − 1

)
(y − x)3 +

25

72
(y − x)4

)
+

1

2πi

∫
H

∑∞
k=3 Tk(w, ν)qke−w

wy−x+1
dw

]
,

where (y−x)k = (y−x)!
(y−x−k)! = Γ(y−x+1)

Γ(t−x−k+1) . That Tk(w, ν) is a polynomial in w whose

lowest power in w is at least k follows from Lemma 2.2. �

The formula in Theorem 2.3 can be used as an exact formula. For example,

Sα,ry,y−1 =

(
y

y − 1

)
α(y − 1)

2
e−iπ

[
1 +

1

y − 1
(−2ν)

]
= −α

2
y(y − 1) + ry.
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Sα,ry,y−2 =

(
y

y − 2

)(α
2

)2

e−2πi

[
1 +

1

y − 2
(−4ν +

5

6
(2)2) +

1

(y − 2)2
(4(ν2 − ν))

]
=

1

8
y(y − 1)α2

[
(y − 2)2 + (y − 2)(−4ν +

5

3
) + 4(ν2 − ν)

]
.

3. Range of Validity

To use the formula in Theorem 2.3 as an exact formula beyond the displayed
terms will involve tedious computation. Thus the need to compute the range of
validity of the formula when used as an asymptotic approximation. Let

Es =
(y − x)!qk

2πi

∫
H

∑∞
k=s+1 Tk(w, ν)e−w

wy−x+1
dw. (3.1)

Note that

(y − x)!

2πi
qk
∫
H

Tk(w, ν)e−w

wy−x+1
dw =

(y − x)!

2πi
qk
∫
H

e−w
∑2k
j=k ajw

j

wy−x+1
dw

= (y − x)!qk
2k∑
j=k

aj
1

2πi

∫
H

e−w

wy−x+1−j dw

= (y − x)!qk
2k∑
j=k

−e−iπ(y−x)

Γ(y − x+ 1− j)
aj

= (y − x)!
(
−e−iπ(y−x)

)
qk

2k∑
j=k

aj
Γ(y − x+ 1− j)

= −e−iπ(y−x)qk
2k∑
j=k

aj
Γ(y − x+ 1)

Γ(y − x+ 1− j)
.

Since aj is a complex number for all j, j = k, k + 1, · · · , 2k, there is a constant
M such that |aj | ≤M . Thus, we have

∣∣∣∣ (y − x)!qk

2πi

∫
H

Tk(w, ν)e−w

wy−x+1
dw

∣∣∣∣ ≤M |qk| 2k∑
j=k

∣∣∣∣ Γ(y − x+ 1)

Γ(y − x+ 1− j)

∣∣∣∣ .



FIRST KIND r-WHITNEY NUMBERS FOR COMPLEX ARGUMENTS 91

It is known that Γ(y−x+1)
Γ(y−x+1−j) ∼ (y − x)j , as (y − x)→∞ (see [1] p. 36). Hence,∣∣∣∣ (y − x)!qk

2πi

∫
H

Tk(w, ν)e−w

wy−x+1
dw

∣∣∣∣ ≤M
∣∣∣∣∣∣qk

2k∑
j=k

(y − x)j

∣∣∣∣∣∣
= M

∣∣∣∣∣∣qk(y − x)2k
k∑
j=1

1

(y − x)j

∣∣∣∣∣∣
= M

∣∣∣∣∣∣qk(y − x)2k
k∑
j=1

1

(y − x)j

∣∣∣∣∣∣
≤M |qk||y − x|2k

k∑
j=0

(
1

|y − x|

)j
.

Then,

|Es| ≤
∞∑

k=s+1

M
∣∣qk(y − x)2k

∣∣ ∣∣∣∣∣∣ 1

1−
∣∣∣ 1
y−x

∣∣∣
∣∣∣∣∣∣

≤M 1

1−
∣∣∣ 1
y−x

∣∣∣
∣∣∣∣∣
∞∑

k=s+1

qk(y − x)2k

∣∣∣∣∣
≤M 1

1−
∣∣∣ 1
y−x

∣∣∣
∞∑

k=s+1

∣∣∣∣2(y − x)2

x

∣∣∣∣k

= M
1

1−
∣∣∣ 1
y−x

∣∣∣
∣∣∣∣2(y − x)2

x

∣∣∣∣s+1 ∞∑
k=0

∣∣∣∣2(y − x)2

x

∣∣∣∣k . (3.2)

The series in (3.2) converges provided that

2(y− x)2 = o(x)⇔ (y− x)2 = o(x) or (y− x) = o(
√
x) = o(

√
y)⇔ y− o(√y) = x.

We have just proved the following theorem.

Theorem 3.1. The first few terms in the expansion in Theorem 2.3 can be used
as an asymptotic approximation for Sα,ry,x valid when x = y − o(√y).

Similar computation for integral values of y and x is done in [10] where y = n
and x = m. For the second kind r-Whitney numbers with real parameters, a similar
computation is done in [2].

4. Conclusion

The Hankel contour is used to define the r-Whitney numbers with complex
arguments as being the case here and that in [5] while a form of Hankel identity is
used to obtain an asymptotic approximation of the numbers under consideration.
In doing this research the authors revisited the Hankel identity and the required
deformation of the Hankel contour to be able to derive the Hankel identity. The
idea of the deformation of the Hankel contour is so clever as can be seen in [7] and
[3]. As the authors continue to search for approximations for number sequences and
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polynomials with complex arguments, these tools are so handy for use whenever
applicable.
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