JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: WWW.ILIRIAS.COM/JIASF
VOLUME 10 IsSUE 1(2019), PAGES 77-84.

SOME INEQUALITIES FOR THE NUMERICAL RADIUS FOR
OPERATORS IN HILBERT C*-MODULES SPACE

BAHARAK MOOSAVI, MOHSEN SHAH HOSSEINI

ABSTRACT. In this paper, a new definition of numerical radius for adjointable
operators in Hilbert C*-module space will be introduced and some inequalities
between the operator norm and its numerical radius will be discussed. The
results of the present paper can be utilized to achieving some new refinements
of numerical radius inequalities for Hilbert space operators. More precisely,
we prove that if R,S € B(H) are invertible operators, then

vmax{[[R][2,[[S[|?} + min{[[R-T[ 2, |S~T[ 2} 0 R
2 (s v])

1. INTRODUCTION AND PRELIMINARIES

Let B(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space H with inner product (-,-). The numerical radius of T € B(H) is
defined by

w(T) = sup{|(Tz, )| : [lz]| = 1}.

It is well known that w(-) defines a norm on B(H ), which is equivalent to the usual
operator norm || - ||. In fact, for any T € B(H),

w(T) < T < 2w(T). (1.1)
Kittaneh proved that for any 7' € B(H),
1 1
w(T) < ST+ 1IT2)17)
and
1 * * 2 1 * *
ZHTT +T*T|| <w*(T) < §||TT + 1T

The above inequalities can be found in [5] [6], respectively. Several numerical radius
inequalities improving the inequalities in ([1.1)) have been recently given in [I] [2]
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and [3]. If R and S are operators in B (H), we write the direct sum R @ S for the

2 X 2 operator matrix { regarded as an operator on H & H. Thus

0o
irasi=|| § ¢ || =maxtirl s (12)

and
w(R® S) = max(w(R),w(9)).

The following estimate of the numerical radius has been given in [§]:

w <[ o D < /max(w(RS),w(SR)) 1 |R £ 5.

For other results and historical comments on the numerical radius see [4]. We
recall some fundamental definitions in the theory of Hilbert modules that will be
used in this paper. Let A be a C*-algebra. An inner-product A-module is a
linear space E which is a right A-module (with compatible scalar multiplication:
AMza) = z(Aa) = (Az)a for all x € E, a € A and A € C), together with a map
()Y EXxXE— A such that

(i) (z,2) 2 0; (z,2) =0iff 2 =0,
(i) (z, /\y+Z>—/\<l‘ y) + (2, 2),
(iii) (z,ya) = (z,y)a,
(iv) (z,9) = (y,2)",

for all z,y,z € E,a € A\ € C.

We can define a norm on E by ||z| = ||(z,z)||2. An inner-product A-module which
is complete with respect to its norm is called a Hilbert A-module, or a Hilbert
C*-module over the C*-algebra A. We denote, by L(FE), the C*-algebra of all
adjointable operators on E (i.e., of all maps T : E — FE such that there exists
T* : E — E with the property (T'(z),y) = (z,T*(y)), for all ,y € E). Let
L~1(E) denote the set of all invertible operators in L(E).

Definition 1.1. For T € L(E), let
A(T) ={(Tz,z) : |zl =1},
denote the numerical rang. The following properties of A(T) are immediate:
(i) A(T*)={o*:0€ A(T)}.
(ii)) A(al + BT) = a+ BA(T), for o, € A.
(i) A(UTU*) = A(T), for any unitary operator U.
Definition 1.2. For T € L(E), let
8(T) = sup{|lof| = o€ A(T)}
and
1T = sup{|[T| : ] =1},

respectively, denote the numerical radius and operator norm of 7. It is not hard to
check that §(-) is a norm on L(E) and 6(T) < ||T.

In Section 2, we introduce some numerical radius inequalities for Hilbert C*-module
operators. In Section 3, we establish a considerable improvement of the second
inequality for Hilbert space invertible operators.
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2. MAIN RESULTS
In order to derive our main results, we need the following lemma.
Lemma 2.1. [7] If T € L(E) is self-adjoint, then
o(T) = |IT[]. (2.1)
Theorem 2.2. IfT € L(E), then
1T < 26(T). (2.2)
Proof. Since T' = T+TT* + T_ZT*, then
1T+ 7 T =T
2 2 ’
and, applying and Lemma
2T < 6(T+T7)+ 1T =T

17 <

Replacing T' by T gives the related inequality
2T < 6(T —T*) + 6(T + 1),
and the result follows from the fact that §(-) is a norm. O
Corollary 2.3. If R,S € L(E), then
§(RS) <46(R)4(S). (2.4)
Proof. By Theorem
IR] < 25(R)
and also
51 < 26(5).
Therefore,
6(RS) < [IR[IIS]| < 46(R)S(S).
O

The following results is a considerable upper bounds for the nonnegative differ-
ence

|7 -5y (|7 - 8%(7)
under appropriate assumptions for T' € L(E).
Theorem 2.4. Let T € L(E). If A € C— {0} and r > 0 are such that
|7 = A1) <, (2.5)
where I is the identity operator on E, then

r2

1T = o(T) < AN (2.6)
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Proof. Suppose that « € E with ||z| = 1. By (2.5),
Tz — \e, Tx — Ax)| <2
and so
(T2, Tx) + |\?(z,z) — 2Re(Tz, 2)\|| < r?.
Consequently,
Tz, Tx) + |\ (z,2)|| < r?+2||Re(Tx, )| (2.7)
Since ||Re(Tx,x)|| < 6(T), from the inequality we get
Tz, Tx) + [A]*(z, 2)|| < r?+26(T)|A.
Taking the supremum over x € H with ||z|| = 1 gives
ITT* + [NPI]| < 72 + 25(T) A
and so
TN+ |A* < 72+ 25(T) [N (2.8)
Since, obviously,
2T < T + AP, (2.9)
hence by and we deduce the desired inequality .
The following result may be of interest as well.
Theorem 2.5. Let T € L(E) and A € C— {0}, r > 0 with |A\| > r. If

T — M| <,
then
(0<) [T = 82(1) < —2 57, (2.10)
PARRVARYER RS
Proof. Suppose that x € E with ||z|| = 1. From of Theorem [2.4] we have
T+ A2 < r? +25(T)| A (2.11)
If we divide by [A|[[{Tz,z)||, (which, by (2.7), is positive) then we obtain
T r? 26(T A
(e o < Pl * el Tl 219
If we subtract in the same quantity W from both sides, then
|T)? Tz, z)|
IA[{T'z, )| Al
< r? 25(7) AL (T, a)|
= PIKTz @ Tz, 2) (T2, )| Al
_26(T) AP —r?  |[{Ta,z)|
K Tz) NI T,z A
_2(T) VRP=7 [Tz al\" 2/AP=r2
~ Tz (m Y ) W

2(T)  2y/NE—12

(T2, )| A

IA
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Thus
T Tzl 26(T) 2(/]AP =72
AT, z) | AL T (T, 2)| RY
and so

ITI* < (T, 2)[|* + 2IN8(T) — 2T, z) [/ A2 — 2.

Taking the supremum over « € E with ||z|| =1 in gives
ITI? < 8*(T) +2A6(T) — 26(T) /A2 — 12
= (1) +20(T) (A — VIAR —72),
which is clearly equivalent to .
The following result may be stated as well.
Theorem 2.6. Let R, S € L(E). If
]1* + llyl* = lI{z, =) + (g, )],
for all x,y € E, then
d(R® S) = max(d(R),4(S5))
and

1R @ S]] = max(||R][, [|5]])-

R 0
Proof. Let T = [ 0 0 ], then

and so
0(R) <d(RDS).
Similarly, 6(S) < §(R @ S), then
max(d(R),0(S)) < (RS S).

Now, if X = [ ; ],then

anos -wn{[([ 3] xx)sm1-1)

J(R® S) < 6(R)|=ll* + 3(S) lyll*.

and so

Hence, by 7
0(R® S) < max(d(R),d(9)).
Similarly, we have the second inequality.
We use the following Lemma to improve the inequality .
Lemma 2.7. If T € L(E) and is hold, then for x € E

Tz + T x| + || Tz — T*x|?

a2 < |
ITal + |17 < .

81

(2.13)

(2.14)

(2.15)
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Proof. Suppose that x € E. We have
2Tz, Tz) + Tz, T*z)) = T+ T e, Te+ T z) + (Te — T"2,Tx — T"x),

and so
2{Tx, Tx) + (T*x, T*2)|| < |Tx + T*z|* + || Tz — T x|
Therefore,
2(|T))? + | T*2|?) < | Tz + T*z||* + || T — Tz (by (2.14))

O
Remark 2.8. Let T € L(FE). Also, without (2.14)), T maybe satisfies in (2.15)).

For example, if T is normal, then inequality (2.15)) is hold.

— i VB2 ]ISyl
Theorem 2.9. Let R, S € L(E) and o = lnf|\w||2+\|y\|2:1 max(1 RIS -
If (2.14) is hold, then
2
max(||R][, [|S]]) £ ——= max(§(R),(5)). 2.16
(IR, 1S1) Ve (0(R),8(5)) (2.16)
Proof. Let T = k0 and X = |7 Since a = inf ITX] - and
’ 0o S y | I X11=1 7

Q?||T||? < ||TX|]?, from the inequality (2.15]) we get
ITX +T*X|> + ||TX —T*X||?
5 .
Taking the supremum over X with || X|| = 1 gives
|17 +T*|° + |7 — T+
2

o?|T|? + | T X|* <

(o® + DT)* <

and so

(T +T*)+||T -T2
2(1 4 «?) '

Replacing T by iT gives the related inequality

(T —T*)+ 6*(T +T*)
2(14 a?)

Since §2(T — T*) + 6%(T + T*) < 85%(T), from Theorem [2.6| we deduce the desired

result. (]

IT)* <

(by Lemma

IT)* <

Remark 2.10. Let R, S € L(E) are as Theorem . If employing an argument
similar to that used in the proof of Theorem[2.9, then
2
max([|R][,||S]]) € ———= max(6(R), (S
(IR IS1) < <= max(3(R).4(5)
: [[B* ]| 2+]1.S*y]2
where o = inf)p 2y 1221 (CraqrrT TSN )

Corollary 2.11. If R € L(E) satisfies in (2.15) and o = inf)z<; |Re] , then

IRl
25(R)

R| £ —=.
I ”—m

(2.17)
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Proof. By Theorem [2.9]

max(|[RIl, || S]l) < max(6(R), 5(5)).

2
V14 a?
Replacing S by 0 gives the desired result. ([l

3. NEW INEQUALITIES FOR HILBERT OPERATORS

Since Hilbert space is a Hilbert C*-modules, so all results in Section 2 is hold in

B(H). In the next result we give a new lower bound for w ([ g ? })

Theorem 3.1. If R, S € B(H) are invertible operators, then

vmax{[[R[]?, [|S[?} + min{[ R, IS} ({ 0 R D

2 - S 0

|0 R 1 0 St
Proof. Let T = { S 0 ], so that T = { Rl 0 ] By Corollary [2.11
26(T)
T| < —=. 3.1
< e 1)
Since WlﬂHTH < «, from the inequality (3.1) we get
——— < 26(T). (3.2)
17—
On the other hand, according to Definition [L.2
0(T) = w(T)
and so
1
T < JITIE + 2y < 20(T),
17|
by (3.2). Hence the result follows from ([1.2)). |

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.

REFERENCES

[1] A. Abu-Omar and F. Kittaneh, Upper and lower bounds for the numerical radius with an
application to involution operators, Rocky Mountain J. Math. 45 4 (2015) 1055-1065.

[2] S. S. Dragomir, inequalities for the norm and the numerical radius of linear operators in
Hilbert space, Demonstratito Math. Soc. 40 2 (2007) 411-417.

[3] S. S. Dragomir, Some inequalities for the norm and the numerical radius of linear operators
in Hilbert Spaces, Tamkang J. Math. 39 1 (2008) 1-7.

[4] K. E. Gustafson, D.K.M. Rao, Numerical Range, Springer-Verlag, New York, 1997.

[5] F. Kittaneh, A numerical radius inequality and an estimate for the numerical radius of the
Frobenius companion matriz, Studia Mathematica. 158 1 (2003) 11-17.

[6] F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Mathematica.
168 1 (2005) 73-80.

[7] E.C. Lance, Hilbert C*-modules, London Mathematical Society Lecture Note Series, 210,
Cambridge University Press, Cambridge, 1995.

[8] M. Shah Hosseini and M. E. Omidvar, Some reverse and numerical radius inequalities,
Math. Slovaca. 68 5 (2018) 1121-1128.



84 B. MOOSAVI, M. SHAH HOSSEINI

BAHARAK MOOSAVI

DEPARTMENT OF MATHEMATICS, SAFADASHT BRANCH, ISLAMIC AZAD UNIVERSITY, TEHRAN, IRAN.
E-mail address: baharak moosavie@yahoo.com

MOHSEN SHAH HOSSEINI

DEPARTMENT OF MATHEMATICS, SHAHR-E-QODS BRANCH, ISLAMIC AZAD UNIVERSITY, TEHRAN,
TRAN.

E-mail address: mohsen_shahhosseini@yahoo.com



