JOURNAL OF INEQUALITIES AND SPECIAL FUNCTIONS
ISSN: 2217-4303, URL: WWW.ILIRIAS.COM/JIASF
VOLUME 10 IsSUE 1(2019), PAGES 60-76.

GENERALIZED INTEGRAL MERCER’S INEQUALITY AND
INTEGRAL MEANS

M. MAQSOOD ALI AND ASIF R. KHAN

ABSTRACT. We state and prove an integral version and then refinement of
Niezgoda’s extension of the variant of Jensen’s inequality given by Mercer. The
integral arithmetic, geometric, harmonic and power means are established and
some means comparison inequalities are proved using the established results.

1. INTRODUCTION AND PRELIMINARIES

Integral form of Jensen inequality is a well-known inequality which establishes a
relationship between the value of a convex function of an integral and the integral
of the convex function. For instance, we refer [14] and [16] for detailed discussion
on Jensen’s inequality. Now we state few results and definitions to be used later in

this paper. In what follows we assume that I, = {1,2,...,n}, K be some interval
of R.
Proposition 1.1. Let x1,2s,...,z, € K and let wy,wa, ..., w, € [0,00) such that

Zieln w; = 1. If p: K — R be a convex function, then the inequality

® Z wiT; | < Z wip(@;)

iel, iel,
holds.

In [I3], Mercer stated following variant of Jensen inequality, that would be re-
ferred as Mercer’s inequality.

Proposition 1.2. Under the assumption of Proposition[I1.1], the inequality

o [ ma+me = > wim | <p(ma) + @(ma) = > wip(xs) (L.1)
i€l i€ly
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holds, where
my =min{x;} and my = m:}mx{xi}.
iel, €l,

There are many versions, variants and generalizations of Proposition [1.1| and
Proposition [1.2] see e.g. [I], [2], [3] and [15]. Here we state integral version of
Jensen’s inequality from [16, pp. 58-59] which would be needed in the main theo-
rem.

Proposition 1.3. Let f : [c,d] = K be a continuous function. If the function H :
[e,d] = R is nondecreasing, bounded and H(c) # H(d), then for every continuous
convez function ¢ : K — R the inequality

JFOAH®) Y _ [ e @)dH (@)
¥ <
[4dH () 10

(1.2)

holds.

Inequality can hold under different set of assumptions. For example, for a
monotonic f, assumptions on H can be relaxed.

For next result we need here definition of majorization: Let x = (z1,...,x,) and
y = (y1,---,yn) be real n—tuples such that following are their ordered complnents

Tp) < Tp—1] < S 2a) Ywl < Y1) <000 S ypg-
Definition 1.4. For x,y € R",

x<y if { doien, T < Dier, Yl o k€ In1,
iel, Ti = Zie]n Yi s
when x <y, it is called that x is majorized by y.

The term and concept of majorization was coined by Hardy et al. in [8]. The
following extension of (1.1) is given in [I5].

Proposition 1.5. Let the following assumptions be valid: a = (aq,...,a,) € K™,
X = (z4;) is a matriz of order n x m such that x;; € K Vi € I,, j € I, and each
row of X is majorized by a, i.e.,

X;. :(inl,...7l’im) =< (al,...,am):aViEIn.

Then for any real-valued continuous convex function ¢ defined on K, following
inequality holds

el > ai— Y Y wim | <> wla) - Y Y wie(ay),  (1.3)

JE€EIm J€l 1 i€l, JE€EIm j€lm_1 i€,
’ : : _
where all w;’s are non-negative real weights such that y ;. w; =1.

The present paper is organized in the following manner. In present section we
have stated the following results namely Jensen’s inequality, Mercer’s inequality
and Niezgoda’s inequality. In the second section, we give an integral version of
Niezgoda’s inequality with refinement and state plenty of corollaries as special cases
of our proposed result. In the proof of main result of the second section we use
concept of majorization. The last section is devoted to applications of the main
result of the second section in terms of comparison of integral means using integral
arithmetic mean, geometric mean, harmonic mean and weighted power mean. At
the end of the last section we have proposed an open problem for interested readers.
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2. NIEZGODA’S INTEGRAL INEQUALITY USING MAJORIZATION

Before we proceed further, here we need a definition of integral version of Ma-
jorization, which may be stated as follows.

Definition 2.1. [16, p. 324] x is said to be majorized by y (or y majorizes x in
symbol x(1) < y(r) (or y(r) = x(7)) for 7 € [c,d] if they are nonincreasing in
T € [¢,d] and

T~
3

S
—

\]
S—
=

\]
SN—
IN

/ﬂ{ y(r)d(r), ec<vy<d

/ "a(rd(r) = / " y(r)d(r).

Now we recall the integral version of the majorization theorem which we state
as (see [16, p. 325]).

Theorem 2.2. z(7) < y(7) for T € [c,d] iff they are nonincreasing in [c,d] and

/ p(a(r)d(r) < / (y(r)d(7) (2.1)

holds for every real-valued continuous conver function ¢ defined on [c,d] such that
the integrals exist.

For our main result we need here a lemma which is stated as:

Lemma 2.3. Let (X,X,u) be a measure space with positive finite measure p and
let f: X x[e,d] = K be a measurable function such that for each s € X, f(s,:) < g.
Further, let ¢ < ¢1 < dy < d and denote L = ¢y —c+d—dy. A function hs : [¢,d] = K

is defined as
/ Md7' , c<t<c

Ccip —¢C

hs(t) = f(57t) y c1 <t< dl
IC g <i<d
4, d—d o H=t=

then hs < f(s,-).

Proof. First we show that hs is nonincreasing as follows: Let t; € [c,¢1], t2 €
(c1,d1), ts3 € [d1,d]. Since f(s,-) is nonincreasing, we have

C1 , C1 ,t
ni) = [ 10 ES_TC) ar> [ 1) (ls_ 7 = fs12)
d d
= hs(t2) = Te.t2) 4 > Honts) g hs(t3)
4 d—di 4 d—di

hence we have hs(t1) > hs(t2) > hs(ts), therefore, hy is nonincreasing.
Now we prove that hs < f(s,-) as follows:
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(a) Let u € [¢,c¢1]. Then we proceed as follows

“ [ f(s,T)
uw—c [
= 01—8/0 f(s,7)dr
:/c f(sn')drf/c f(S7T)dT+cu1:CC/C lf(S’T)dT
! U

:/cuf(m)dT— Cu = Ucuf(s,ﬂdﬁu/; f(s,T)dT]

:/CufSTdT—/ f(s,7)dr
=/Cuf<srd

s/uf(s T)dT —

= Zu f(s,m)dr

c

L= 0)f(s.7)+ 2= c<01 ~ u)f(5,7)

1
Ci —C

(b) Let u € (¢1,dy) , therefore

/ J(t)dt = / ha(t)dt + /“hsu)dt
P o e
/fstdt+/fst

~ [ s

63
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(¢) Finally for u € [dy, d]

[ /(mﬁgﬂﬁ
u—d

il f(ST)

u w—d d
:/d f(S,’T)dT*/d f(s,T)dTer_dl /dl f(s,7)dr
:/d f(s77)d7—/d f(S,T)dT+d_d1 [ A f(S,T)dT-‘r/d f(S7T)dT:|
7/d f(S,T)dT*/ f(s,T)dTer_dl . f(s,T)dT+d_d1/d f(s,7)dr

:/ f(s,T)dT—d d1/ fs7’d7’+d d1 . f(s T)dT

/ F(s,m)dr — & dl(u—d)f(s,7)+ u_d(u—dl)f(s,T)

d—dq d—dy
= / f(s,7)dr
d

Also we have

/C ()t =

di d
ho(t)dt + | ha(t)dt + / hs(t)dt
d

1

dy
/ (S’T)d dt + fstdt+/ / ™) dr dt
— C di Jdq d d1

d d
/ f(s,7)dr + f(s,t)dt + f(s,T)dT

:/fst

Hence, we conclude that hg < f(s,-).

/01
c
c

Now we state our main result as follows.

Theorem 2.4. Let g: [c,d] = K and let (X, %, 1) be a measure space with positive
finite measure u, and consider the weight function w : X — [0,400) such that
fX wdp =1 and let f: X X [¢,d] = K be a measurable function such that for each
s € X, f(s,:) <g(-). Further, let c < c¢; < dy <dorc=dy <c; <dy <cy=d,
I=(c1,dy) and I° = [c,c1]U]d1,d] and denote L = |I¢| = (¢y —¢) + (d —dy). Then

for every continuous convex function ¢ : K — R, we have

( / ﬁ/“/ st@(w>
g%/ dt/dl/ ) dpu(s)dt.
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Proof. Rearranging and then applying integral and discrete Jensen’s inequality and
using definition of Majorization, respectively, we get

(/ dt_/dl/ stdu(w)
w(i/ o0) ([ wo)iuts) )dt/dl/ stdu()dt>
(/ ( / o)t — 7 :1f<s,t>dt>du<s>>

L
s/xw go(i/dg )it — :hﬂs,t)dt)du(s)
:/Xw @(i/dfstdt— Cldlf(s,t)dt> du(s)
s ([

d1 dy
+/ i+ [ syt - f(s,t)dt)dy(s)

1 dy c1

c1 d
/X w(s)p (i / Fls )it + 7 i f(s,t>dt> du(s)

= /Xw(s)SD (cl —c [* /(1) dt + d—dy [* f(s.1) dt) du(s)

L c Ci —C L d1 d*dl
cp—c 1 f(s,t) d—d d f(s,t)
< =
/Xw(s)< T gp(c cl—cdt>+ 17 @(dld_dldt du(s)

Now, let us define the function h; : [¢,d] = K

c1
MdT , c<t<c
c Cci1 —C
hs(t) = f(Zat) ) C1 S t S dl
f(s,7)
dr . di<t<d
a d—dy

It can be proved that hs < f(s,-) and f(s,-) < g, therefore, hy < g. Hence by
integral version of majorization theorem we have

d d
/@(hs(t))dté/ ¢ (g(t))dt

Since

d c1 dy d
/ o (ha(t)) dt = / o (ha(t)) dt + / o (ha(t)) dt + / o (ha(t)) dt

c1 d1
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c1 s dq s
:(cl—c)go< 1(s, t)dt> /go(f(s,t))dt+(d—d1)<p< 1(s, t>dt>

c Cc1 —C d1 d— dl

d dq
‘/¢@Nﬂﬁ—/ o (f(s.1)) dt

c1 s, d s
= (c1 —c)p ( Jccl( tc)dt> +(d—d)p (/d 5(7’2 dt)

d d
So by using majorization theorem we have / o(hs(t))dt < / ©(g(t))dt and hence

we get

c1 S d s
(c1 —c)p ( J;( _tz dt) +(d—dy)p (/d Z;(_’Z dt)

d dy
g/wwmﬁf/ o (F(s,0)) dt

Dividing both side by L

(ClL— C)(p( c1 il(stzdt) (d _Ldl)@<
1
L

Putting in (2.2) we obtain

(1o o)
SL@@(iL@(UMFé/mwmsmﬁ>W@
:iLd<<»/ (@'ﬁ‘lf/ )) dp(s)dt
a1 [ airenons

Now we further generalize this result as follows:

Theorem 2.5. Let (X,%, ), f,g and w be as defined in Theorem . Further,
let the following assumptions be valid c = dy < ¢y < dj < o < dg < -+ < ¢ <
de < ey = d, J =Uj_ (ci,dr), J¢ = [e,d\J = UH [dior, 1) and L = |J¢| =

f;l(cl —di—1). Then for every continuous convez function ¢ : K — R, the
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following inequality holds

¢<iLZwﬁ—;ﬂﬁw@ﬂwmwwg

I 1
<1 [ ela®yi— [ [ e i @2
L c L JJX
Proof. By following the proof of Theorem and by using the following function
we get what we wanted

f(S,t) , G <t< d;

_ Citl
hs(t) = / fls) dr , di <t<ciq1.
4, Cit1—d;

The following result is a direct consequence of Theorem |2.5

Corollary 2.6. Let the following assumptions be valid: a = (a1,...,a,) € K™,
X = (xi;) is an n x m matriz such that x;; € K for each i € I,,, j € I, and a
magorizes each row of X. Further, let ¢;,d; € N for |l € K be such that 1 = dy <
1 <dy <cag<dy<...<cp<dp<cpr1 =m+1 and denote L = Zf:ll(cl—dl,l),
Then for every continuous convex function ¢ : K — R, the inequality

d;—1

1 1
ALA DRSSPI IETEH
JE€EIm " lely, j=c; i€l,
1 1 d;—1
J€lnm el j=c i€l

holds, where w;’s are as defined in Proposition [L.5]

Proof. The proof of the corollary follows from Theorem [2.5] by taking step functions.
More concretely, for ¢ = do = 1, d = cp41 = m+ 1, g(t) = > 5c7 aj X5,5+1) (1),
f(8:0) = Y ier, 2jer,, Tij Xiii+1) ($)X(j5+1) (8), dils) = > oier, Xi,i+1)(s)dA(s) and
X =[1,n+ 1), where A is the Lebesgue measure. O

Remark 2.7. If in Corollary 2.6] we simply put k =1, ¢y = 1 and d; = m then
we get Niezgoda inequality (1.3). For further remarks on Niezgoda’s inequality we
refer [10].

2.8. Refinements. In remaining part of the present section, we give some refine-
ments and for that purpose we need some construction: We assume that Q C X
with p(€2), u(2°) > 0 and we define the following notations

_ M9 _ 1
Waq = ,LL(X)7 Wae = =1-Wq.
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Using these notations, under the assumptions of Theorem [2.5] we define the func-
tional

mwgwxnsz<;<[Z( L// stmxmw>)
+ Waep <i </cd9(t

Now we consider S to be a nonempty and proper subset of I. We define Wg =
Zzes w; > 0 and Wg = ZzES w; = 1 — Wg > 0, where w;’s are nonnegative
weights. Under the assumptions of Corollary [2.6] and Propositions [I.2] and [L.5] we
define the following functionals respectively

c

(s, t)dpu(s)d(t )>> . (2.3)

di—1

B(w,X,0,5) = Wsep % > a Z D0 wiy
JjEL, lEIk j=ci i€l,
1 di—1
+ Wgz Z (a;) Z Z Zwl o(xi)) (2.4)
JjEI, lelk] =c1 T
F(w,X,9;8) = Wsp (Z aj — Z Z WiTi;
JjE€L, jGIm 11€1,
+ Wg(p (Z aj W szxz] (25)
JEIm S j€ln-1 ieT
Fy(w,x,0;5) = Wsp (ml +mg — — Zw T
1€I

+ Wz [ mi+mo— — wa,) (2.6)

zEI
The following refinement of (2.2)) is valid.

Theorem 2.9. Let the assumptions of Theorem [2.5 be valid. Then for any non-
empty 2 C X, the inequality

¢<i<12< | [ w Stwdﬂﬁ>><ﬂﬁmwﬁ)
gi(l%@@ =/ [ smwmao (2.7

holds, where Fy is defined in (2.3)).
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Proof. By using convexity of the function ¢, we have

o(1 ([ o d / R

1(/ o045, / o)t
- / N w(S)f(&t)d(t)) du(S)D
/ dg -/ w(s)f(s,wd(t)) du(8)>
1

= F1(f,9,¢;9)

for every €0, that gives us the first inequality in (2.7]).
By inequality (2.2)) we also have

Fi(f,9,¢:Q) = Wap <i </ // f(s,t)dp(s )>>
HWarg (1 ( [ ) - s / / C w(s)f(s,wdu(s)d(t)))

l—|
/\
/_\
n.
Q

<WQSO<

<wli(/ 5 | wteretstsspats d())]
+Wnc[%</c p(g(t QC //Q f(s.1)du( )d()ﬂ

=L</c // £(5,8))du( >d(>)

for every €2, and hence we get the second inequality in . O

Remark 2.10. Following are the direct consequences of the previous theorem. Un-
der the assumptions of Theorem [2.9] we get

o (3 ([ s 5 | [ oo oo )

< inf Fi(f,g,0;Q),
S (o<l ooy 1943 Q)

sup Fi(f,g9,90;9)
{2:0<u(Q)<pu(X)}
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Corollary 2.11. Let the assumptions of Corollary [2.6] be valid. Then for any
nonempty subset I of I, the inequalities

d;—1

¥ % Z aj — Z Z Z W;Tgj < FQ(W7X,§D;S)
JEIm el j=c i€l,
1 d;—1
< T XY S wetan) |
J€Im el j=c i€l,

hold, where Fy is defined in (2.4)).

Proof. The proof of the corollary we obtain from Theorem by taking step func-
tions. More concretely, forc =dg =1, d = cpr1 = m+1, g(t) = Zjelm aj X4 (1),
f(s,t) = Ziel” Zje]m xin[i,z’-H)(S)X[j,j+1)(t), du(s) = Zie]n X[i,i+1)(5)d)‘(s) and
X =[1,n+ 1), where X is the Lebesgue measure. O

Remark 2.12. If in Corollary [2.6] we simply put k =1, ¢; = 1 and di = m, then
we get the following result which is in fact refinement of Niezgoda inequality ,

Corollary 2.13. Let the assumptions of Proposition be valid. Then for any
non empty subset S of I,

Z a; — Z Zwil‘ij < F3(w,X,p;9) < Z w(a;)— Z Z wip(wiz),

JE€Im JE€Im—1i€l, J€Im JE€Im—1 €L,
(2.8)
holds, where F3 is defined in (2.5)).

For next corollary we recall the following definition from [12] p. 20].

Definition 2.14. An m x m matric M = (\ji) is called doubly stochastic, if
Ajk >0 and Z]el Nk = Y opey Aje =1 for all j,k € {1,...,m}.

Remark 2.15. It is a well-known fact that if M is an m x m doubly stochastic
matriz, then

aM < a for every real m—tuple a = (ay,...,am). (2.9)

By applying Corollary and ([2.9), we obtain:
Corollary 2.16. Let the following assumptions be valid: a = (ai,...,a,;,) € K™

and My, ..., M, are m x m doubly stochastic matrices. Set
aM1
X = (wig) = |
aM,,

Then for any continuous convez function ¢ : K — R inequality (2.8) holds.

Remark 2.17. Related refinements for Jensen’s inequality is given by Dragomir
in [4].

Corollary 2.18. Under the assumption of Proposition[I.1] for any non-empty sub-
set I of I, the inequalities

@ <m1 +mg — Z wixi> < Fu(w,x,0;8) < @o(my)+¢(ms) Z wip(x;) (2.10)
i€l, i€ly



GENERALIZED INTEGRAL MERCER’S INEQUALITY AND INTEGRAL MEANS 71

hold, where Fy is defined in (2.6]).

Proof. If in (2.8) we set m = 2,a1 = my, a3 = msy and x4 = x; for ¢ € I, we get
@2.10). O

Remark 2.19. Corollary 218| in fact provides us refinement of Jensen-Mercer’s
inequality (1.1)). Moreover, In [I1] from the proof of Theorem 2.3 we have left

inequality of (2.10]).

Remark 2.20. It should be noted that the inequality (2.10) can be written equiva-
lently as

® (ml +mg — Z wm) < mSinF4(w,x,<p; S)
ieln

max Fy(w,x, 3 5) < p(m) + p(mz) — > wip(as).
ic€l,

For other related results one may see [9).

3. APPLICATIONS

In [7], we can find the definition of integral weighted quasi-arithmetic means.
Now we modify the definition a little bit as per our requirements.

Let 2 C R be an interval. Let L1 () denote the vector space of all real Lebesgue
measurable functions defined on the interval €2 with the positive and finite Lebesgue
measure 1 and L] (Q) denote the positive cone of L;(f2), i.e. the vector space of
all real positive Lebesgue integrable function on 2. Now we are ready to define
modified integral quasi-arithmetic means as follows.

Definition 3.1. Let (u, f) € LT (Q) x LT (Q) and ¢ : [0,00) — R be a real contin-
wous and strictly monotone function. The generalized quasi-arithmetic mean of a
function f is a number Mq ,(f) € R where

1
1($2)

where ¢~ stands for inverse function of the function .

Throughout the present section, we would consider ¢ as a real continuous and
strictly monotone function. By substitution of suitable functions ¢ and f in Mq ,(f)
we get different integral means. For instance,

Moo (f) =¢~" ( /QU(t)@(f(t))du(t)) (3.1)

1

(a) for o(t) =t =1id(t) we get the generalized arithmetic mean

1
o /Q ut) F(£)dpu(t) (3.2)

(b) for p(t) =t=1 we obtain the generalized harmonic mean

Mo, (f) = Aa(f) =

L
11(€2)

(¢) for p(t) =1t" we have the generalized power mean of order r

Mo, (f) = Ha(f) = ( / U(t)(f(t))ldu(t)> (3.3)
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1 - .
Mao() = ME(P) = (7 1/ HOUEIAO) TS e
exp (u(Q) /Qu(t)lnf(t)dt Cr=0

The case r = 0 corresponds to the generalized geometric mean.

For up coming results we also define a notation as follows:

Moo, 1) = o7 (i ( [ tona - o [ [ et )))

(3.5)

Throughout this section we also assume that In and exp have their natural
domain. Under the assumptions of Theorem we define the following notations.
Arithmetic Mean

d
A = % / g(t)d(t)

Ay = LM // F(s, t)dp(s)d()

Ax = A - Ax

G, = exp <11; /dlng< )d(t))
Gx - (w [ [ lnfstdu()d()>

Gy
Gx

, (1t B
H = (L/ g(t)d(t)>

i = (pide [ aan)
1 1 1

A ~ Hy Hx

MY = f/
vl = // £ (5, du(s)d(t)

My = (M’ M[T)l/r

Power Mean

where all the factors in denominator are non-zero.
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Let the assumptions of Theorem [2.5] are valid. Further let g and f are positive
valued functions. Then the following results are valid:

Theorem 3.2. (i) Gx < A2 AT < Ax
(44) GX < WQGQ -‘rWQcGQc < AX

Proof. (7) It follows by using the convex function ¢(t) = —In(t) in ([2.7).
(73) We obtain required result by using convex function ¢(t) = exp(t) in (2.7)
and by replacing ¢(t) and f(s,t) with Ing(¢) and In f(s,t) respectively.

O
Corollary 3.3. (i) Gx < mln AWQAWQc and Ax > max AWQAWQc
(i1) Gx < min WaGa + WQCGQC and Ax < max WQGQ + WaeGae
Proof. Required results follow from Theorem and Remark (]

1 1 1

Theorem 3.4. 1) — _— < =
W Es s HS’QHWW Hx

c 1
(ii) Wa | Wa- _ _
GQ GQC HX
Proof. (1) By substituting ¢(t) = —1Int, g(t) = 7o and f(s,t) = f( 7y in

we get required result.

(7i) In 1) take p(t) = exp(t), replace g(t) with In ( and f(s,t) with In (
to get our result.

Z

(I
Corollary 3.5. (i) — < mi ! i > L
oroillar Do 1 = min ————=— an = maxX —————=—
Y Gx — @ AYemhe Hx — @ HYemhe
1 W, Wae 1 W, Wae
(i) =— < min —2 4072 nd — > min =2 4 =2
GX Q GQ GQC HX Q GQ GQC
Proof. Required results follow from Theorem and Remark O

Remark 3.6. We can also obtain the Corollary[3.5] directly from Corollary [3.3] by

the substitutions g(t) — T and f(s,t) — f(; 7y
Theorem 3.7. (1) Forr <1, we get
MY < Wl + whingg. < Ax (3.6)

(ii) Forr > 1, the above inequalities are reversed.

Proof. (i) Let r < 1.
CASE I: r # 0.
In , take (t) = tr, replace g(t) with (g(¢))” and f(s,t) with
(f(s,1))" to get
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(i [woran -1t | / (s, du(s)a )) T
< Wo (; [ woran -2t [ [ weeorae >>i
§ Wi (i [ woran -1 / [ w50y autsyat >>i

d
<1 [ (wttan - %ﬁ / /X (w()(f(5,6)") )dp(s)d(t)

In out notations we have,

(M} — MYhF < Wa(M, — MEDYY + Wae (M’—M};;)%

<t [Coway - L2 | [ v nauan

Which can be written as,

(M} — MYT < Wo (M, — MEYF + Woe (M) — M < (AL - Ax)
Finally,
3T < Wbt + W Tl < Ay
CASE II: r = 0.
In (2.7), take ¢(t) = exp(t), replace g(t) with In(g(t)) and f(s,t) with
In(f(s,t)) we obtain the required result corresponding to the case r = 0.

(ii) Clearly o(t) = t+ is a concave function for r > 1, so we conclude that the
inequalities in (3.6)) are reversed.

O
Corollary 3.8. Forr <1 we have
M) < min Wo M + WUMQC and  Ax > max WoM§' + WilMo.  (3.7)
If 1 <r, then the inequalities in are reversed.
Proof. Follows directly from Theorem [3.7] and Remark [2.10] O

Corollary 3.9. Under the assumptions of Corollary[3.8], following inequalities are
valid.

Hy < m(%n WaoHgq + Wﬁﬁgu} and Ax > mgx [Wsﬁé + WaeHqe| .

Remark 3.10. Clearly, part (i) of Corollary 1s a direct consequences of The-
orem 3.8l

Theorem 3.11. Letr,s e R; s > 7.
(i) If 0 < s, then

(M) < Wa(iLp)* + War (Mor)* < (Ax)* (3.8)

(ii) For s <0, the above inequalities are reversed.



GENERALIZED INTEGRAL MERCER’S INEQUALITY AND INTEGRAL MEANS 75

Proof. (1) In , take o(t) = tr, replace g(t) with (g(t))" and f(s,t) with
(f(s,1))" to get,

s
r

(i[?mwv ey /:/ stdm>a>>
gm{i[@@y // wm«ﬂi

))"dp(s)d(t )>

s
S

c

si([wwni ———// >HW@WQ

In our notations we have,

s

(M M“) < Wa (M, — ME) S + Wae (M, — MEH*

<il%ws —n——// £ (5,0 du(s)d(t)

Further simplification gives us,
(M) — ME)F < Wo (M) — MJ)F + Wae (M) — MB)? < (A — Ax)®
Finally, (M) < Wo(Mg)® + Wae (Mge)* < (Ax)*

(i) For s < 0, the function ¢(x) = x* is concave, therefore inequalities in
are reversed.

O
Corollary 3.12. Letr,s e R, r < s.
(a) For s >0, the following inequalities hold
(50 = wploo () v ()]
(Ax)s > max [WQ ( 5[2]) + Wae (Mgc])s} . (3.10)
(b) For s <0, the inequalities and (3.10) are reversed.
Proof. The results follows from Theorem [3.11] and Remark [2.10} (|

Theorem 3.13. Let ¢, : [0,00] = R be two strictly monotonic continuous func-
tions. If 1 o @~ is conver, then the inequalities

¥ (Mx,,) < Watp (Ma,y) + Waet) (Mae ) < (Mx,y) (3.11)
hold, where Mx,, is defined in .

Proof. Using the convex function ¢ = 9 o ¢~ + and replacing g(t) and f(s,t) with
©(g(t)) and (f(s,t)) respectively in the inequality (2.7) we obtain our required
result. (]

1
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Corollary 3.14. Let assumptions of Theorem [3.11] are valid. Then the following
inequalities hold

w (MX,w) < m(%n [WQ¢ (MQ74P) =+ Wchﬁ (MQC7¢):| , (312)
o (W1 o) > g (Vo (3o ) + W (3 )] 313
Proof. Required result follows from Theorem and Remark O

Remark 3.15. Theorems[3.2] [3.7] and follow from Theorem by choosing

appropriate functions p, ¥ and substitutions.

OPEN PROBLEM: At the end of the paper we state here an open problem
for interested readers and researchers: Can we further generalize the Theorem
by using Isotonic Linear Functionals?
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