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GENERALIZED INTEGRAL MERCER’S INEQUALITY AND

INTEGRAL MEANS

M. MAQSOOD ALI AND ASIF R. KHAN

Abstract. We state and prove an integral version and then refinement of
Niezgoda’s extension of the variant of Jensen’s inequality given by Mercer. The

integral arithmetic, geometric, harmonic and power means are established and
some means comparison inequalities are proved using the established results.

1. Introduction and Preliminaries

Integral form of Jensen inequality is a well-known inequality which establishes a
relationship between the value of a convex function of an integral and the integral
of the convex function. For instance, we refer [14] and [16] for detailed discussion
on Jensen’s inequality. Now we state few results and definitions to be used later in
this paper. In what follows we assume that In = {1, 2, . . . , n}, K be some interval
of R.

Proposition 1.1. Let x1, x2, . . . , xn ∈ K and let w1, w2, . . . , wn ∈ [0,∞) such that∑
i∈In wi = 1. If ϕ : K → R be a convex function, then the inequality

ϕ

(∑
i∈In

wixi

)
≤
∑
i∈In

wiϕ(xi)

holds.

In [13], Mercer stated following variant of Jensen inequality, that would be re-
ferred as Mercer’s inequality.

Proposition 1.2. Under the assumption of Proposition 1.1, the inequality

ϕ

(
m1 +m2 −

∑
i∈In

wixi

)
≤ ϕ(m1) + ϕ(m2)−

∑
i∈In

wiϕ(xi) (1.1)
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holds, where
m1 = min

i∈In
{xi} and m2 = max

i∈In
{xi}.

There are many versions, variants and generalizations of Proposition 1.1 and
Proposition 1.2, see e.g. [1], [2], [3] and [15]. Here we state integral version of
Jensen’s inequality from [16, pp. 58–59] which would be needed in the main theo-
rem.

Proposition 1.3. Let f : [c, d]→ K be a continuous function. If the function H :
[c, d] → R is nondecreasing, bounded and H(c) 6= H(d), then for every continuous
convex function ϕ : K → R the inequality

ϕ

(∫ d
c
f(t)dH(t)∫ d
c
dH(t)

)
≤
∫ d
c
ϕ(f(t))dH(t)∫ d
c
dH(t)

(1.2)

holds.

Inequality (1.2) can hold under different set of assumptions. For example, for a
monotonic f , assumptions on H can be relaxed.

For next result we need here definition of majorization: Let x = (x1, . . . , xn) and
y = (y1, . . . , yn) be real n−tuples such that following are their ordered complnents

x[n] ≤ x[n−1] ≤ · · · ≤ x[1], y[n] ≤ y[n−1] ≤ · · · ≤ y[1].

Definition 1.4. For x, y ∈ Rn,

x ≺ y if

{ ∑
i∈Ik x[i] ≤

∑
i∈Ik y[i] , k ∈ In−1,∑

i∈In xi =
∑
i∈In yi ,

when x ≺ y, it is called that x is majorized by y.

The term and concept of majorization was coined by Hardy et al. in [8]. The
following extension of (1.1) is given in [15].

Proposition 1.5. Let the following assumptions be valid: a = (a1, . . . , am) ∈ Km,
X = (xij) is a matrix of order n×m such that xij ∈ K ∀ i ∈ In, j ∈ Im and each
row of X is majorized by a, i.e.,

xi. = (xi1, . . . , xim) ≺ (a1, . . . , am) = a ∀ i ∈ In.
Then for any real-valued continuous convex function ϕ defined on K, following
inequality holds

ϕ

∑
j∈Im

aj −
∑

j∈Im−1

∑
i∈In

wixij

 ≤ ∑
j∈Im

ϕ(aj)−
∑

j∈Im−1

∑
i∈In

wiϕ(xij), (1.3)

where all wi’s are non-negative real weights such that
∑
i∈In wi = 1.

The present paper is organized in the following manner. In present section we
have stated the following results namely Jensen’s inequality, Mercer’s inequality
and Niezgoda’s inequality. In the second section, we give an integral version of
Niezgoda’s inequality with refinement and state plenty of corollaries as special cases
of our proposed result. In the proof of main result of the second section we use
concept of majorization. The last section is devoted to applications of the main
result of the second section in terms of comparison of integral means using integral
arithmetic mean, geometric mean, harmonic mean and weighted power mean. At
the end of the last section we have proposed an open problem for interested readers.
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2. Niezgoda’s Integral Inequality using Majorization

Before we proceed further, here we need a definition of integral version of Ma-
jorization, which may be stated as follows.

Definition 2.1. [16, p. 324] x is said to be majorized by y (or y majorizes x in
symbol x(τ) ≺ y(τ) (or y(τ) � x(τ)) for τ ∈ [c, d] if they are nonincreasing in
τ ∈ [c, d] and ∫ γ

c

x(τ)d(τ) ≤
∫ γ

c

y(τ)d(τ), c < γ < d∫ d

c

x(τ)d(τ) =

∫ d

c

y(τ)d(τ).

Now we recall the integral version of the majorization theorem which we state
as (see [16, p. 325]).

Theorem 2.2. x(τ) ≺ y(τ) for τ ∈ [c, d] iff they are nonincreasing in [c, d] and∫ d

c

ϕ(x(τ))d(τ) ≤
∫ d

c

ϕ(y(τ))d(τ) (2.1)

holds for every real-valued continuous convex function ϕ defined on [c, d] such that
the integrals exist.

For our main result we need here a lemma which is stated as:

Lemma 2.3. Let (X,Σ, µ) be a measure space with positive finite measure µ and
let f : X× [c, d]→ K be a measurable function such that for each s ∈ X, f(s, ·) ≺ g.
Further, let c ≤ c1 ≤ d1 ≤ d and denote L = c1−c+d−d1. A function hs : [c, d]→ K
is defined as

hs(t) =



∫ c1

c

f(s, τ)

c1 − c
dτ , c ≤ t ≤ c1

f(s, t) , c1 < t < d1∫ d

d1

f(s, τ)

d− d1
dτ , d1 ≤ t ≤ d,

then hs ≺ f(s, ·).

Proof. First we show that hs is nonincreasing as follows: Let t1 ∈ [c, c1], t2 ∈
(c1, d1), t3 ∈ [d1, d]. Since f(s, ·) is nonincreasing, we have

hs(t1) =

∫ c1

c

f(s, τ)

c1 − c
dτ ≥

∫ c1

c

f(s, t2)

c1 − c
dτ = f(s, t2)

= hs(t2) =

∫ d

d1

f(s, t2)

d− d1
dτ ≥

∫ d

d1

f(s, t3)

d− d1
dτ = hs(t3)

hence we have hs(t1) ≥ hs(t2) ≥ hs(t3), therefore, hs is nonincreasing.
Now we prove that hs ≺ f(s, ·) as follows:
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(a) Let u ∈ [c, c1]. Then we proceed as follows

∫ u

c

hs(t)dt =

∫ u

c

(∫ c1

c

f(s, τ)

c1 − c
dτ

)
dt

=
u− c
c1 − c

∫ c1

c

f(s, τ)dτ

=

∫ u

c

f(s, τ)dτ −
∫ u

c

f(s, τ)dτ +
u− c
c1 − c

∫ c1

c

f(s, τ)dτ

=

∫ u

c

f(s, τ)dτ −
∫ u

c

f(s, τ)dτ +
u− c
c1 − c

[∫ u

c

f(s, τ)dτ +

∫ c1

u

f(s, τ)dτ

]

=

∫ u

c

f(s, τ)dτ −
∫ u

c

f(s, τ)dτ +
u− c
c1 − c

∫ u

c

f(s, τ)dτ +
u− c
c1 − c

∫ c1

u

f(s, τ)dτ

=

∫ u

c

f(s, τ)dτ − c1 − u
c1 − c

∫ u

c

f(s, τ)dτ +
u− c
c1 − c

∫ c1

u

f(s, τ)dτ

≤
∫ u

c

f(s, τ)dτ − c1 − u
c1 − c

(u− c)f(s, τ) +
u− c
c1 − c

(c1 − u)f(s, τ)

=

∫ u

c

f(s, τ)dτ

(b) Let u ∈ (c1, d1) , therefore

∫ u

c

hs(t)dt =

∫ c1

c

hs(t)dt+

∫ u

c1

hs(t)dt

=

∫ c1

c

(∫ c1

c

f(s, τ)

c1 − c
dτ

)
dt+

∫ u

c1

f(s, t)dt

=

∫ c1

c

f(s, t)dt+

∫ u

c1

f(s, t)dt

=

∫ u

c

f(s, t)
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(c) Finally for u ∈ [d1, d]∫ u

d

hs(t)dt =

∫ u

d

(∫ d

d1

f(s, τ)

d− d1
dτ

)
dt

=
u− d
d− d1

∫ d

d1

f(s, τ)dτ

=

∫ u

d

f(s, τ)dτ −
∫ u

d

f(s, τ)dτ +
u− d
d− d1

∫ d

d1

f(s, τ)dτ

=

∫ u

d

f(s, τ)dτ −
∫ u

d

f(s, τ)dτ +
u− d
d− d1

[∫ u

d1

f(s, τ)dτ +

∫ u

d

f(s, τ)dτ

]
=

∫ u

d

f(s, τ)dτ −
∫ u

d

f(s, τ)dτ +
u− d
d− d1

∫ u

d1

f(s, τ)dτ +
u− d
d− d1

∫ u

d

f(s, τ)dτ

=

∫ u

d

f(s, τ)dτ − u− d1

d− d1

∫ u

d

f(s, τ)dτ +
u− d
d− d1

∫ u

d1

f(s, τ)dτ

≤
∫ u

d

f(s, τ)dτ − u− d1

d− d1
(u− d)f(s, τ) +

u− d
d− d1

(u− d1)f(s, τ)

=

∫ u

d

f(s, τ)dτ

Also we have∫ d

c

hs(t)dt =

∫ c1

c

hs(t)dt+

∫ d1

c1

hs(t)dt+

∫ d

d1

hs(t)dt

=

∫ c1

c

∫ c1

c

f(s, τ)

c1 − c
dτ dt+

∫ d1

c1

f(s, t)dt+

∫ d

d1

∫ d

d1

f(s, τ)

d− d1
dτ dt

=

∫ c1

c

f(s, τ)dτ +

∫ d1

c1

f(s, t)dt+

∫ d

d1

f(s, τ)dτ

=

∫ d

c

f(s, t)dt

Hence, we conclude that hs ≺ f(s, ·).
�

Now we state our main result as follows.

Theorem 2.4. Let g : [c, d]→ K and let (X,Σ, µ) be a measure space with positive
finite measure µ, and consider the weight function ω : X → [0,+∞) such that∫
X
ωdµ = 1 and let f : X × [c, d]→ K be a measurable function such that for each

s ∈ X, f(s, ·) ≺ g(·). Further, let c < c1 < d1 < d or c = d0 < c1 < d1 < c2 = d,
I = (c1, d1) and Ic = [c, c1]∪ [d1, d] and denote L = |Ic| = (c1− c) + (d−d1). Then
for every continuous convex function ϕ : K → R, we have

ϕ

(
1

L

∫ d

c

g(t)dt− 1

L

∫ d1

c1

∫
X

ω(s)f(s, t)dµ(s)dt

)

≤ 1

L

∫ d

c

ϕ (g(t)) dt− 1

L

∫ d1

c1

∫
X

ω(s)ϕ (f(s, t)) dµ(s)dt.
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Proof. Rearranging and then applying integral and discrete Jensen’s inequality and
using definition of Majorization, respectively, we get

ϕ

(
1

L

∫ d

c

g(t)dt− 1

L

∫ d1

c1

∫
X

ω(s)f(s, t)dµ(s)dt

)

= ϕ

(
1

L

∫ d

c

g(t)

(∫
X

ω(s)dµ(s)

)
dt− 1

L

∫ d1

c1

∫
X

ω(s)f(s, t)dµ(s)dt

)

= ϕ

(∫
X

ω(s)

(
1

L

∫ d

c

g(t)dt− 1

L

∫ d1

c1

f(s, t)dt

)
dµ(s)

)

≤
∫
X

ω(s)ϕ

(
1

L

∫ d

c

g(t)dt− 1

L

∫ d1

c1

f(s, t)dt

)
dµ(s)

=

∫
X

ω(s)ϕ

(
1

L

∫ d

c

f(s, t)dt− 1

L

∫ d1

c1

f(s, t)dt

)
dµ(s)

=

∫
X

ω(s)ϕ

(
1

L

(∫ c1

c

f(s, t)dt

+

∫ d1

c1

f(s, t)dt+

∫ d

d1

f(s, t)dt−
∫ d1

c1

f(s, t)dt

)
dµ(s)

=

∫
X

ω(s)ϕ

(
1

L

∫ c1

c

f(s, t)dt+
1

L

∫ d

d1

f(s, t)dt

)
dµ(s)

=

∫
X

ω(s)ϕ

(
c1 − c
L

∫ c1

c

f(s, t)

c1 − c
dt+

d− d1

L

∫ d

d1

f(s, t)

d− d1
dt

)
dµ(s)

≤
∫
X

ω(s)

(
c1 − c
L

ϕ

(∫ c1

c

f(s, t)

c1 − c
dt

)
+
d− d1

L
ϕ

(∫ d

d1

f(s, t)

d− d1
dt

))
dµ(s)

Now, let us define the function hs : [c, d]→ K

hs(t) =



∫ c1

c

f(s, τ)

c1 − c
dτ , c ≤ t < c1

f(s, t) , c1 ≤ t ≤ d1∫ d

d1

f(s, τ)

d− d1
dτ , d1 < t ≤ d

It can be proved that hs ≺ f(s, ·) and f(s, ·) ≺ g, therefore, hs ≺ g. Hence by
integral version of majorization theorem we have∫ d

c

ϕ (hs(t)) dt ≤
∫ d

c

ϕ (g(t)) dt

Since ∫ d

c

ϕ (hs(t)) dt =

∫ c1

c

ϕ (hs(t)) dt+

∫ d1

c1

ϕ (hs(t)) dt+

∫ d

d1

ϕ (hs(t)) dt
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= (c1 − c)ϕ
(∫ c1

c

f(s, t)

c1 − c
dt

)
+

∫ d1

c1

ϕ (f(s, t)) dt+ (d− d1)ϕ

(∫ d

d1

f(s, t)

d− d1
dt

)
∫ d

c

ϕ (hs(t)) dt−
∫ d1

c1

ϕ (f(s, t)) dt

= (c1 − c)ϕ
(∫ c1

c

f(s, t)

c1 − c
dt

)
+ (d− d1)ϕ

(∫ d

d1

f(s, t)

d− d1
dt

)

So by using majorization theorem we have

∫ d

c

ϕ(hs(t))dt ≤
∫ d

c

ϕ(g(t))dt and hence

we get

(c1 − c)ϕ
(∫ c1

c

f(s, t)

c1 − c
dt

)
+ (d− d1)ϕ

(∫ d

d1

f(s, t)

d− d1
dt

)

≤
∫ d

c

ϕ (g(t)) dt−
∫ d1

c1

ϕ (f(s, t)) dt

Dividing both side by L

(c1 − c)
L

ϕ

(∫ c1

c

f(s, t)

c1 − c
dt

)
+

(d− d1)

L
ϕ

(∫ d

d1

f(s, t)

d− d1
dt

)

≤ 1

L

∫ d

c

ϕ (g(t)) dt− 1

L

∫ d1

c1

ϕ (f(s, t)) dt

Putting in (2.2) we obtain

ϕ

(
1

L

∫ d

c

g(t)dt− 1

L

∫ d1

c1

∫
Ω

ω(s)f(s, t)dµ(s)dt

)

≤
∫
X

ω(s)

(
1

L

∫ d

c

ϕ (g(t)) dt− 1

L

∫ d1

c1

ϕ (f(s, t)) dt

)
dµ(s)

=
1

L

∫ d

c

ϕ (g(t))

∫
X

ω(s)dµ(s)dt− 1

L

∫ d1

c1

∫
Ω

ω(s)ϕ (f(s, t)) dµ(s)dt

=
1

L

∫ d

c

ϕ (g(t)) dt− 1

L

∫ d1

c1

∫
X

ω(s)ϕ (f(s, t)) dµ(s)dt

�

Now we further generalize this result as follows:

Theorem 2.5. Let (X,Σ, µ), f, g and ω be as defined in Theorem 2.4. Further,
let the following assumptions be valid c = d0 ≤ c1 < d1 < c2 < d2 < · · · < ck <

dk ≤ ck+1 = d, J =
⋃k
l=1(cl, dl), J

c = [c, d]\J =
⋃k+1
l=1 [dl−1, cl] and L = |Jc| =∑k+1

l=1 (cl − dl−1). Then for every continuous convex function ϕ : K → R, the
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following inequality holds

ϕ

(
1

L

∫ d

c

g(t)dt− 1

L

∫
J

∫
X

ω(s)f(s, t)dµ(s)dt

)

≤ 1

L

∫ d

c

ϕ (g(t)) dt− 1

L

∫
J

∫
X

ω(s)ϕ (f(s, t)) dµ(s)dt. (2.2)

Proof. By following the proof of Theorem 2.4 and by using the following function
we get what we wanted

hs(t) =


f(s, t) , ci < t < di∫ ci+1

di

f(s, τ)

ci+1 − di
dτ , di ≤ t ≤ ci+1.

�

The following result is a direct consequence of Theorem 2.5.

Corollary 2.6. Let the following assumptions be valid: a = (a1, . . . , am) ∈ Km,
X = (xij) is an n × m matrix such that xij ∈ K for each i ∈ In, j ∈ Im and a
majorizes each row of X. Further, let cl, dl ∈ N for l ∈ K be such that 1 = d0 ≤
c1 < d1 < c2 < d2 < . . . < ck < dk ≤ ck+1 = m+1 and denote L =

∑k+1
l=1 (cl−dl−1).

Then for every continuous convex function ϕ : K → R, the inequality

ϕ

 1

L

∑
j∈Im

aj −
1

Wn

∑
l∈Ik

dl−1∑
j=cl

∑
i∈In

wixij


≤ 1

L

∑
j∈Im

ϕ(aj)−
1

Wn

∑
l∈Ik

dl−1∑
j=cl

∑
i∈In

wiϕ(xij)

 ,

holds, where wi’s are as defined in Proposition 1.5.

Proof. The proof of the corollary follows from Theorem 2.5 by taking step functions.
More concretely, for c = d0 = 1, d = ck+1 = m + 1, g(t) =

∑
j∈Im aj χ[j,j+1)(t),

f(s, t) =
∑
i∈In

∑
j∈Im xij χ[i,i+1)(s)χ[j,j+1)(t), dµ(s) =

∑
i∈In χ[i,i+1)(s)dλ(s) and

X = [1, n+ 1), where λ is the Lebesgue measure. �

Remark 2.7. If in Corollary 2.6 we simply put k = 1, c1 = 1 and d1 = m then
we get Niezgoda inequality (1.3). For further remarks on Niezgoda’s inequality we
refer [10].

2.8. Refinements. In remaining part of the present section, we give some refine-
ments and for that purpose we need some construction: We assume that Ω ⊂ X
with µ(Ω), µ(Ωc) > 0 and we define the following notations

WΩ =
µ(Ω)

µ(X)
, WΩc =

µ(Ωc)

µ(X)
= 1−WΩ.
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Using these notations, under the assumptions of Theorem 2.5, we define the func-
tional

F1(f, g, ϕ; Ω) = WΩϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ω)

∫
J

∫
Ω

w(s)f(s, t)dµ(s)d(t)

))

+WΩcϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ωc)

∫
J

∫
Ωc

w(s)f(s, t)dµ(s)d(t)

))
. (2.3)

Now we consider S to be a nonempty and proper subset of I. We define WS =∑
i∈S wi > 0 and WS =

∑
i∈S wi = 1 − WS > 0, where wi’s are nonnegative

weights. Under the assumptions of Corollary 2.6 and Propositions 1.2 and 1.5, we
define the following functionals respectively

F2(w,X, ϕ;S) = WSϕ

 1

L

∑
j∈Im

aj −
1

WS

∑
l∈Ik

dl−1∑
j=cl

∑
i∈In

wixij


+ WS

1

L

∑
j∈Im

ϕ(aj)−
1

WS

∑
l∈Ik

dl−1∑
j=cl

∑
i∈I

wiϕ(xij)

 (2.4)

F3(w,X, ϕ;S) = WSϕ

∑
j∈Im

aj −
1

WS

∑
j∈Im−1

∑
i∈In

wixij


+ WSϕ

∑
j∈Im

aj −
1

WS

∑
j∈Im−1

∑
i∈I

wixij

 , (2.5)

F4(w,x, ϕ;S) = WSϕ

(
m1 +m2 −

1

WS

∑
i∈I

wixi

)

+ WSϕ

m1 +m2 −
1

WS

∑
i∈I

wixi

 . (2.6)

The following refinement of (2.2) is valid.

Theorem 2.9. Let the assumptions of Theorem 2.5 be valid. Then for any non-
empty Ω ⊂ X, the inequality

ϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

))
≤ F1(f, g, ϕ; Ω)

≤ 1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(X)

∫
J

∫
X

w(s)ϕ(f(s, t))dµ(s)d(t)

)
(2.7)

holds, where F1 is defined in (2.3).
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Proof. By using convexity of the function ϕ, we have

ϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

))

= ϕ

(
WΩ

[
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ω)

∫
Ω

∫
J

w(s)f(s, t)d(t)

)
dµ(s)

]

+ WΩc

[
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ωc)

∫
Ωc

∫
J

w(s)f(s, t)d(t)

)
dµ(s)

])

≤WΩϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ω)

∫
Ω

∫
J

w(s)f(s, t)d(t)

)
dµ(s)

)

+WΩcϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ωc)

∫
Ωc

∫
J

w(s)f(s, t)d(t)

)
dµ(s)

)
= F1(f, g, ϕ; Ω)

for every Ω, that gives us the first inequality in (2.7).
By inequality (2.2) we also have

F1(f, g, ϕ; Ω) = WΩϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ω)

∫
J

∫
Ω

w(s)f(s, t)dµ(s)d(t)

))

+WΩcϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(Ωc)

∫
J

∫
Ωc

w(s)f(s, t)dµ(s)d(t)

))

≤WΩ

[
1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(Ω)

∫
J

∫
Ω

w(s)ϕ(f(s, t))dµ(s)d(t)

)]

+WΩc

[
1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(Ωc)

∫
J

∫
Ωc

w(s)ϕ(f(s, t))dµ(s)d(t)

)]

=
1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(X)

∫
J

∫
X

w(s)ϕ(f(s, t))dµ(s)d(t)

)
for every Ω, and hence we get the second inequality in (2.7). �

Remark 2.10. Following are the direct consequences of the previous theorem. Un-
der the assumptions of Theorem 2.9 we get

ϕ

(
1

L

(∫ d

c

g(t)d(t)− 1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

))
≤ inf
{Ω:0<µ(Ω)<µ(X)}

F1(f, g, ϕ; Ω),

sup
{Ω:0<µ(Ω)<µ(X)}

F1(f, g, ϕ; Ω)

≤ 1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(X)

∫
J

∫
X

w(s)ϕ(f(s, t))dµ(s)d(t)

)
.



70 M. MAQSOOD ALI AND ASIF R. KHAN

Corollary 2.11. Let the assumptions of Corollary 2.6 be valid. Then for any
nonempty subset I of I, the inequalities

ϕ

 1

L

∑
j∈Im

aj −
1

Wn

∑
l∈Ik

dl−1∑
j=cl

∑
i∈In

wixij

 ≤ F2(w,X, ϕ;S)

≤ 1

L

∑
j∈Im

ϕ(aj)−
1

Wn

∑
l∈Ik

dl−1∑
j=cl

∑
i∈In

wiϕ(xij)

 ,

hold, where F2 is defined in (2.4).

Proof. The proof of the corollary we obtain from Theorem 2.9 by taking step func-
tions. More concretely, for c = d0 = 1, d = ck+1 = m+1, g(t) =

∑
j∈Im aj χ[j,j+1)(t),

f(s, t) =
∑
i∈In

∑
j∈Im xijχ[i,i+1)(s)χ[j,j+1)(t), dµ(s) =

∑
i∈In χ[i,i+1)(s)dλ(s) and

X = [1, n+ 1), where λ is the Lebesgue measure. �

Remark 2.12. If in Corollary 2.6 we simply put k = 1, c1 = 1 and d1 = m, then
we get the following result which is in fact refinement of Niezgoda inequality (1.3).

Corollary 2.13. Let the assumptions of Proposition 1.5 be valid. Then for any
non empty subset S of I,

ϕ

∑
j∈Im

aj −
∑

j∈Im−1

∑
i∈In

wixij

 ≤ F3(w,X, ϕ;S) ≤
∑
j∈Im

ϕ(aj)−
∑

j∈Im−1

∑
i∈In

wiϕ(xij),

(2.8)
holds, where F3 is defined in (2.5).

For next corollary we recall the following definition from [12, p. 20].

Definition 2.14. An m × m matrix M = (λjk) is called doubly stochastic, if
λjk ≥ 0 and

∑
j∈Im λjk =

∑m
k=1 λjk = 1 for all j, k ∈ {1, . . . ,m}.

Remark 2.15. It is a well-known fact that if M is an m × m doubly stochastic
matrix, then

aM ≺ a for every real m−tuple a = (a1, . . . , am). (2.9)

By applying Corollary 2.13 and (2.9), we obtain:

Corollary 2.16. Let the following assumptions be valid: a = (a1, . . . , am) ∈ Km

and M1, . . . ,Mn are m×m doubly stochastic matrices. Set

X = (xij) =

aM1

...
aMn

 .

Then for any continuous convex function ϕ : K → R inequality (2.8) holds.

Remark 2.17. Related refinements for Jensen’s inequality is given by Dragomir
in [4].

Corollary 2.18. Under the assumption of Proposition 1.1 for any non-empty sub-
set I of I, the inequalities

ϕ

(
m1 +m2 −

∑
i∈In

wixi

)
≤ F4(w,x, ϕ;S) ≤ ϕ(m1)+ϕ(m2)−

∑
i∈In

wiϕ(xi) (2.10)
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hold, where F4 is defined in (2.6).

Proof. If in (2.8) we set m = 2, a1 = m1, a2 = m2 and xi1 = xi for i ∈ In we get
(2.10). �

Remark 2.19. Corollary 2.18 in fact provides us refinement of Jensen-Mercer’s
inequality (1.1). Moreover, In [11] from the proof of Theorem 2.3 we have left
inequality of (2.10).

Remark 2.20. It should be noted that the inequality (2.10) can be written equiva-
lently as

ϕ

(
m1 +m2 −

∑
i∈In

wixi

)
≤ min

S
F4(w,x, ϕ;S)

max
S

F4(w,x, ϕ;S) ≤ ϕ(m1) + ϕ(m2)−
∑
i∈In

wiϕ(xi).

For other related results one may see [9].

3. Applications

In [7], we can find the definition of integral weighted quasi-arithmetic means.
Now we modify the definition a little bit as per our requirements.

Let Ω ⊂ R be an interval. Let L1(Ω) denote the vector space of all real Lebesgue
measurable functions defined on the interval Ω with the positive and finite Lebesgue
measure µ and L+

1 (Ω) denote the positive cone of L1(Ω), i.e. the vector space of
all real positive Lebesgue integrable function on Ω. Now we are ready to define
modified integral quasi-arithmetic means as follows.

Definition 3.1. Let (u, f) ∈ L+
1 (Ω)× L+

1 (Ω) and ϕ : [0,∞)→ R be a real contin-
uous and strictly monotone function. The generalized quasi-arithmetic mean of a
function f is a number MΩ,ϕ(f) ∈ R where

MΩ,ϕ(f) = ϕ−1

(
1

µ(Ω)

∫
Ω

u(t)ϕ(f(t))dµ(t)

)
(3.1)

where ϕ−1 stands for inverse function of the function ϕ.
Throughout the present section, we would consider ϕ as a real continuous and

strictly monotone function. By substitution of suitable functions ϕ and f in MΩ,ϕ(f)
we get different integral means. For instance,

(a) for ϕ(t) = t = id(t) we get the generalized arithmetic mean

MΩ,ϕ(f) = AΩ(f) =
1

µ(Ω)

∫
Ω

u(t)f(t)dµ(t) (3.2)

(b) for ϕ(t) = t−1 we obtain the generalized harmonic mean

MΩ,ϕ(f) = HΩ(f) =

(
1

µ(Ω)

∫
Ω

u(t)(f(t))−1dµ(t)

)−1

(3.3)

(c) for ϕ(t) = tr we have the generalized power mean of order r
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MΩ,ϕ(f) = M
[r]
Ω (f) =


(

1

µ(Ω)

∫
Ω

u(t)(f(t))rdµ(t)

) 1
r

, r 6= 0

exp

(
1

µ(Ω)

∫
Ω

u(t)lnf(t)dt

)
, r = 0

(3.4)

The case r = 0 corresponds to the generalized geometric mean.

For up coming results we also define a notation as follows:

M̄Ω,ϕ(g, f) = ϕ−1

(
1

L

(∫ d

c

ϕ(g(t))d(t)− 1

µ(Ω)

∫
J

∫
Ω

w(s)ϕ(f(s, t))dµ(s)d(t)

))
(3.5)

Throughout this section we also assume that ln and exp have their natural
domain. Under the assumptions of Theorem 2.5, we define the following notations.

Arithmetic Mean

A′g =
1

L

∫ d

c

g(t)d(t)

AX =
1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

ÃX = A′g −AX
Geometric Mean

G′g = exp

(
1

L

∫ d

c

ln g(t)d(t)

)

GX = exp

(
1

L

1

µ(X)

∫
J

∫
X

w(s) ln f(s, t)dµ(s)d(t)

)
G̃S =

G′g
GX

Harmonic Mean

H ′g =

(
1

L

∫ d

c

1

g(t)
d(t)

)−1

HX =

(
1

L

1

µ(X)

∫
J

∫
X

w(s)

f(s, t)
dµ(s)d(t)

)−1

1

H̃X

=
1

H ′g
− 1

HX

Power Mean

M ′
[r]
g =

1

L

∫ d

c

g(t)rd(t)

M̂
[r]
X =

1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)rdµ(s)d(t)

M̃
[r]
X = (M ′g −M

[r]
X )1/r

where all the factors in denominator are non-zero.
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Let the assumptions of Theorem 2.5 are valid. Further let g and f are positive
valued functions. Then the following results are valid:

Theorem 3.2. (i) G̃X ≤ ÃWΩ

Ω ÃWΩc

Ωc ≤ ÃX
(ii) G̃X ≤WΩG̃Ω +WΩcG̃Ωc ≤ ÃX

Proof. (i) It follows by using the convex function ϕ(t) = − ln(t) in (2.7).
(ii) We obtain required result by using convex function ϕ(t) = exp(t) in (2.7)

and by replacing g(t) and f(s, t) with ln g(t) and ln f(s, t) respectively.
�

Corollary 3.3. (i) G̃X ≤ min
Ω
ÃWΩ

Ω ÃWΩc

Ωc and ÃX ≥ max
Ω

ÃWΩ

Ω ÃWΩc

Ωc

(ii) G̃X ≤ min
Ω
WΩG̃Ω +WΩcG̃Ωc and ÃX ≤ max

Ω
WΩG̃Ω +WΩcG̃Ωc

Proof. Required results follow from Theorem 3.2 and Remark 2.10. �

Theorem 3.4. (i)
1

G̃X
≤ 1

H̃WΩ

Ω H̃WΩc

Ωc

≤ 1

H̃X

(ii)
1

G̃X
≤ WΩ

G̃Ω

+
WΩc

G̃Ωc

≤ 1

H̃X

Proof. (i) By substituting ϕ(t) = − ln t, g(t) = 1
g(t) and f(s, t) = 1

f(s,t) in (2.7)

we get required result.
(ii) In (2.7), take ϕ(t) = exp(t), replace g(t) with ln 1

g(t) and f(s, t) with ln 1
f(s,t)

to get our result.
�

Corollary 3.5. (i)
1

G̃X
≤ min

Ω

1

H̃WΩ

Ω H̃WΩc

Ωc

and
1

H̃X

≥ max
Ω

1

H̃WΩ

Ω H̃WΩc

Ωc

(ii)
1

G̃X
≤ min

Ω

WΩ

G̃Ω

+
WΩc

G̃Ωc

and
1

H̃X

≥ min
Ω

WΩ

G̃Ω

+
WΩc

G̃Ωc

Proof. Required results follow from Theorem 3.4 and Remark 2.10. �

Remark 3.6. We can also obtain the Corollary 3.5 directly from Corollary 3.3 by
the substitutions g(t)→ 1

g(t) and f(s, t)→ 1
f(s,t) .

Theorem 3.7. (i) For r ≤ 1, we get

M̃
[r]
X ≤WΩM̃

[r]
Ω +W

[r]
ΩcM̃Ωc ≤ ÃX (3.6)

(ii) For r ≥ 1, the above inequalities are reversed.

Proof. (i) Let r ≤ 1.
CASE I: r 6= 0.

In (2.7), take ϕ(t) = t
1
r , replace g(t) with (g(t))r and f(s, t) with

(f(s, t))r to get



74 M. MAQSOOD ALI AND ASIF R. KHAN

(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

) 1
r

≤WΩ

(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(Ω))

∫
J

∫
Ω

w(s)(f(s, t))rdµ(s)d(t)

) 1
r

+WΩc

(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(Ωc)

∫
J

∫
Ωc

w(s)(f(s, t))rdµ(s)d(t)

) 1
r

≤ 1

L

∫ d

c

((g(t))r)
1
r d(t)− 1

L

1

µ(X)

∫
J

∫
X

(w(s)(f(s, t))r)
1
r )dµ(s)d(t)

In out notations we have,

(M ′g −M
[r]
X )

1
r ≤WΩ(M ′g −M

[r]
Ω )

1
r +WΩc(M ′g −M

[r]
Ωc)

1
r

≤ 1

L

∫ d

c

g(t)d(t)− 1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

Which can be written as,

(M ′g −M
[r]
X )

1
r ≤WΩ(M ′g −M

[r]
Ω )

1
r +WΩc(M ′g −M

[r]
Ωc)

1
r ≤ (A′g −AX)

Finally,

M̃
[r]
X ≤WΩM̃

[r]
E +WΩcM̃

[r]
Ωc ≤ ÃX

CASE II: r = 0.
In (2.7), take ϕ(t) = exp(t), replace g(t) with ln(g(t)) and f(s, t) with

ln(f(s, t)) we obtain the required result corresponding to the case r = 0.

(ii) Clearly ϕ(t) = t
1
r is a concave function for r ≥ 1, so we conclude that the

inequalities in (3.6) are reversed.
�

Corollary 3.8. For r ≤ 1 we have

M̃
[r]
X ≤ min

Ω
WΩM̃

[r]
Ω +W

[r]
ΩcM̃Ωc and ÃX ≥ max

Ω
WΩM̃

[r]
Ω +W

[r]
ΩcM̃Ωc (3.7)

If 1 ≤ r, then the inequalities in (3.7) are reversed.

Proof. Follows directly from Theorem 3.7 and Remark 2.10. �

Corollary 3.9. Under the assumptions of Corollary 3.8, following inequalities are
valid.

H̃X ≤ min
Ω

[
WΩH̃Ω +WΩH̃Ωc

]
and ÃX ≥ max

Ω

[
WSH̃

c
Ω +WΩcH̃Ωc

]
.

Remark 3.10. Clearly, part (ii) of Corollary 3.3 is a direct consequences of The-
orem 3.8.

Theorem 3.11. Let r, s ∈ R; s ≥ r.
(i) If 0 ≤ s, then(

M̃
[r]
X

)s
≤WΩ(M̃E)s +WΩc(M̃Ωc)s ≤ (ÃX)s (3.8)

(ii) For s < 0, the above inequalities are reversed.
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Proof. (i) In (2.7), take ϕ(t) = t
s
r , replace g(t) with (g(t))r and f(s, t) with

(f(s, t))r to get,(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)dµ(s)d(t)

) s
r

≤WΩ

(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(Ω)

∫
J

∫
Ω

w(s)(f(s, t))rdµ(s)d(t)

) s
r

+WΩc

(
1

L

∫ d

c

(g(t))rd(t)− 1

L

1

µ(Ωc)

∫
J

∫
Ωc

w(s)(f(s, t))rdµ(s)d(t)

) s
r

≤ 1

L

(∫ b

a

((g(t))r)
s
r d(t)− 1

µ(X)

∫
J

∫
X

w(s)((f(s, t))r)
s
r )dµ(s)d(t)

)
In our notations we have,(

M ′g −M
[r]
X

) s
r ≤WΩ(M ′g −M

[r]
Ω )

s
r +WΩc(M ′g −M

[r]
Ωc)

s
r

≤ 1

L

∫ d

c

g(t)sd(t)− 1

L

1

µ(X)

∫
J

∫
X

w(s)f(s, t)sdµ(s)d(t)

Further simplification gives us,

(M ′g −M
[r]
X )

s
r ≤WΩ(M ′g −M

[r]
Ω )

s
r +WΩc(M ′g −M

[r]
Ωc)

s
r ≤ (A′g −AX)s

Finally, (M̃
[r]
X )s ≤WΩ(M̃E)s +WΩc(M̃Ωc)s ≤ (ÃX)s

(ii) For s < 0, the function ϕ(x) = x
s
r is concave, therefore inequalities in (3.8)

are reversed.
�

Corollary 3.12. Let r, s ∈ R, r ≤ s.
(a) For s ≥ 0, the following inequalities hold(

M̃
[r]
X

)s
≤ min

Ω

[
WΩ

(
M̃

[r]
Ω

)s
+WΩc

(
M̃

[r]
Ωc

)s]
, (3.9)(

ÃX

)s
≥ max

Ω

[
WΩ

(
M̃

[r]
Ω

)s
+WΩc

(
M̃

[r]
Ωc

)s]
. (3.10)

(b) For s < 0, the inequalities (3.9) and (3.10) are reversed.

Proof. The results follows from Theorem 3.11 and Remark 2.10. �

Theorem 3.13. Let ϕ,ψ : [0,∞]→ R be two strictly monotonic continuous func-
tions. If ψ ◦ ϕ−1 is convex, then the inequalities

ψ
(
M̄X,ϕ

)
≤WΩψ

(
M̄Ω,ϕ

)
+WΩcψ

(
M̄Ωc,ϕ

)
≤ ψ

(
M̄X,ψ

)
(3.11)

hold, where M̄X,ϕ is defined in (3.5).

Proof. Using the convex function ϕ = ψ ◦ ϕ−1 and replacing g(t) and f(s, t) with
ϕ(g(t)) and ϕ(f(s, t)) respectively in the inequality (2.7) we obtain our required
result. �
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Corollary 3.14. Let assumptions of Theorem 3.11 are valid. Then the following
inequalities hold

ψ
(
M̄X,ϕ

)
≤ min

Ω

[
WΩψ

(
M̄Ω,ϕ

)
+WΩcψ

(
M̄Ωc,ϕ

)]
, (3.12)

ψ
(
M̄X,ψ

)
≥ max

Ω

[
WΩψ

(
M̄Ω,ϕ

)
+WΩcψ

(
M̄Ωc,ϕ

)]
, (3.13)

Proof. Required result follows from Theorem 3.13 and Remark 2.10. �

Remark 3.15. Theorems 3.2, 3.7 and 3.11 follow from Theorem 3.13, by choosing
appropriate functions ϕ, ψ and substitutions.

OPEN PROBLEM: At the end of the paper we state here an open problem
for interested readers and researchers: Can we further generalize the Theorem 2.5
by using Isotonic Linear Functionals?
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[8] G. H. Hardy, J. E. Littlewood and G. Pólya, Inequalities, Cambridge University Press, Cam-
bridge 1978.
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