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DISCRETE FRACTIONAL SOLUTIONS OF A HERMITE

EQUATION

RESAT YILMAZER

Abstract. Discrete fractional calculus has an important role in fractional
analysis. In this article, we obtain new fractional solutions of the second order

homogeneous and nonhomogeneous Hermite differential equation by using dis-

crete fractional nabla operator. In addition, explicit solutions for the partial
differential equation that can be converted to the Hermite equation have been

obtained.

1. Introduction

In recent years, discrete fractional differential equations have attracted great
attention. Both the intensive development of fractional calculus theory and the
application of such structures in various fields such as physics, mechanics, chemistry
and engineering increased interest ([8],[13],[14],[16],[17],[19],[20],[22]).

Granger and Joyeux [10] and Hosking [12], defined notion of the fractional dif-
ference as follows

∇υϕ (τ) = (1− q)υ ϕ (τ) =

∞∑
n=0

(−1)
n Γ (υ + 1)

Γ (n+ 1) Γ (υ − n+ 1)
qnϕ (τ)

where υ is any real number and qnϕ (τ) = ϕ (τ − n) is the standard backward-shift
operator. Gray and Zhang [11] studied on a new definition of the discrete fractional
difference. Many properties based on this definition are established including an
extensive exponential law and the Leibniz rule.

Lately, many papers have appeared on the discrete fractional calculus that helped
to construct some of the basic theory of this field ([2]-[7],[9],[18],[21]). The fractional
calculus operators and their generalizations have been used to solve some classes of
differential equations and fractional differential equations.
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2. Preliminaries

Let κ be any positive real number such that m − 1 ≤ κ < m, m ∈ N. The
κth−order fractional sum of ϕ (τ) is given by

∇−κa ϕ =
1

Γ (κ)

τ∑
s=a

(τ − γ (s))
κ−1

ϕ (s) , (2.1)

where τ ∈ Na = {a} + N0 = {a, a+ 1, a+ 2, ...} , a ∈ R, γ (τ) = τ − 1 is rearward
jump operator.

The raising factorial power is defined by

τm =

m−1∏
n=0

(τ + n) , m ∈ N, τ0 = 1. (2.2)

For any real number κ, is given by

τκ =
Γ (τ + κ)

Γ (τ)
, τ ∈ R− {...,−2,−1, 0} , 0α = 0. (2.3)

Let us note that

∇
(
τκ
)

= κτκ−1, (2.4)

where ∇u (τ) = u (τ)− u (γ (τ)) = u (τ)− u (τ − 1) .
The κ− th order fractional difference of ϕ (τ) is defined by

∇κaϕ = ∇m
[
∇−(m−κ)ϕ

]
= ∇m

[
1

Γ (m− κ)

τ∑
s=a

(τ − γ (s))
m−κ−1

ϕ (s)

]
, (2.5)

where ϕ : N+
a −→ R ([14],[21]).

Lemma 2.1. (Power Rule) [6]. Let v > 0. Then

∇−v1 τ κ̄ =
Γ (κ+ 1)

Γ (κ+ v + 1)
τκ+v, (2.6)

∇−v0 (τ + 1)
κ̄

=
Γ (κ+ 1)

Γ (κ+ v + 1)
(τ + 1)

κ+v
. (2.7)

Theorem 2.2. [15]. Let ϕ(τ) and ψ (τ) : N+
0 −→ R, ρ, σ > 0 and h, k are

scalars. Then

∇−ρ∇−σϕ = ∇−(ρ+σ)ϕ = ∇−σ∇−ρϕ, (2.8)

∇ρ [hϕ+ kψ] = h∇ρϕ+ k∇ρψ, (2.9)

∇∇−ρϕ = ∇−(ρ−1)ϕ, (2.10)

Lemma 2.3. (Leibniz Rule) [15]. Let ϕ (τ) , ψ (τ) : N+
0 −→ R; ν ∈ R such that

0 < ν < 1. Then

∇ϑ (ϕψ) =

τ−1∑
k=0

(
ϑ

k

)[
∇ϑ−kϕ (τ − k)

] [
∇kψ (τ)

]
, (2.11)

where (
ϑ

k

)
=

Γ (ϑ+ 1)

Γ (k + 1) Γ (ϑ− k + 1)
.
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Lemma 2.4 [20]. Let ϕ (τ) be a single-valued and analytic function. Then

(ϕα)β = ϕα+β = (ϕβ)α (ϕα 6= 0; ϕβ 6= 0; α, β ∈ R; τ ∈ C) . (2.12)

3. Main Result

The relevant Schrödinger Equation is

− }2

2m

∂2

∂t2
ϕ+

k

2
t2ϕ = Eϕ

where k is the force constant and m is the reduced mass. Cross multiplying, one
has

∂2

∂t2
ϕ− km

}2
t2ϕ = −2m

}2
Eϕ

which would be simplified if the constants could be suppressed. To do this we
change variable, from t to something else, say x, where t = σx. Then

∂ϕ

∂t
=
∂ϕ

∂x

dx

dt
=

1

σ

∂ϕ

∂x

∂2ϕ

∂t2
=

1

σ

∂

∂x

(
∂ϕ

∂x

)
dx

dt
=

1

σ2

∂2ϕ

∂x2

so
1

σ2

∂2ϕ

∂x2
− km

}2
σ2x2ϕ = −2m

}2
Eϕ

and
∂2ϕ

∂x2
− km

}2
σ4x2ϕ = −σ2 2m

}2
Eϕ

which demands that we treat

km

}2
σ4 = 1, σ =

(
}2

km

)1/4

.

With this choice, the differential equation becomes

∂2ϕ

∂x2
− x2ϕ = −εϕ (3.1)

where

ε = σ2 2m

}2
E =

√
}2

km

2m

}2
E = 2

E

}

√
m

k
. (3.2)

Assuming

ϕ = e−x
2/2y (x)

where y (x) is going to become a Hermite polynomial. One then has

dϕ

dx
= −xe−x

2/2y (x) + e−x
2/2 dy

dx

and
d2ϕ

dx2
= −e−x

2/2y (x) + x2e−x
2/2y (x)− 2xe−x

2/2 dy

dx
+ e−x

2/2 d
2y

dx2
.

From equation (3.1) one has,

d2y

dx2
− 2x

dy

dx
+ (ε− 1) y = 0. (3.3)

If ε− 1 ≡ n then this is called Hermite’s differential equation.
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Theorem 3.1. Let y ∈ {y : 0 6= |yτ | <∞; τ ∈ R} and ψ ∈ {ψ : 0 6= |ψτ | <∞; τ ∈ R} .
Then the non-homogeneous Hermite equation

L [y, x; ε] = y2 − y12x+ y (ε− 1) = ψ (3.4)

has particular solution of the forms;

y(I) =

{[
ψq−1(ε−1)/2 × e−x

2
]
−1
× ex

2

}
−[1+q−1(ε−1)/2]

(3.5)

y(II) =

{
ex

2
[
ψq−1(ε−1)/2 × e−x

2
]
−1

}
−[1+q−1(ε−1)/2]

(3.6)

where yk = dky/dxk (k = 0, 1, 2) , y0 = y = y (x) , ψ = ψ (x) is a given function
and ε is a given constant.

Proof. Operating ∇τ to the both sides of equation (3.4) gives:

∇τ (y2)−∇τ (y12x) +∇τ [y (ε− 1)] = ∇τ (ψ) . (3.7)

Using (2.11) , (2.12) , we have

∇τ (y2) = y2+τ , (3.8)

∇τ (y12x) = y1+τ2x+ 2τqyτ , (3.9)

∇τ [y (ε− 1)] = yτ (ε− 1) (3.10)

where q is a shift operator ([10],[12]). We may write equation (3.7) in the following
form;

y2+τ − y1+τ2x+ yτ (−2τq + ε− 1) = ψτ (3.11)

by using relations (3.8)− (3.10) . Choosing τ such that

τ = q−1 (ε− 1) /2 (3.12)

then we obtain

y2+q−1(ε−1)/2 − y1+q−1(ε−1)/22x = ψq−1(ε−1)/2. (3.13)

Therefore setting

y1+q−1(ε−1)/2 = ω = ω (x)
(
y = ω−[1+q−1(ε−1)/2]

)
(3.14)

we obtain

ω1 − ω2x = ψq−1(ε−1)/2 (3.15)

from (3.13) , (3.14) .
This is an ordinary differential equation of the first order which has a particular

solution

ω =
[
ψq−1(ε−1)/2 × e−x

2
]
−1
× ex

2

. (3.16)

Making use of the reverse process to obtain y(I), we finally obtain the solution
(3.5) from (3.16) and (3.14) .

Changing the order of
[
ψq−1(ε−1)/2 × e−x

2
]
−1

and ex
2

in the paranthesis, we

obtain (3.6) which is different from (3.5) for −
[
1 + q−1 (ε− 1) /2

]
/∈ Z+

0 .
Theorem 3.2. Let y ∈ {y : 0 6= |yτ | <∞; τ ∈ R} . Then the homogeneous Her-

mite equation

L [y, x; ε] = y2 − y12x+ y (ε− 1) = 0 (3.17)
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has particular solution of the form;

y(I) = h
{
ex

2
}
−[1+q−1(ε−1)/2]

(3.18)

where h is a arbitrary constant, ε is a given constant.
Proof. Set ψ = 0 in the proof Theorem 3.1, we have

ω1 − ω2x = 0, (3.19)

instead of (3.15). Therefore, we obtain (3.18) for (3.17).
Theorem 3.3. Let y ∈ {y : 0 6= |yτ | <∞; τ ∈ R} and ψ ∈ {ψ : 0 6= |ψτ | <∞; τ ∈ R} .

Then the non-homogeneous Hermite equation (3.4) is satisfied by the fractional dif-
ferintegrated functions

y = y(I) + y(I).

Theorem 3.4. A partial differential equation of the second order

∂2η

∂x2
− ∂η

∂x
2x+ µη (x, r) = K

∂2η

∂r2
+ L

∂η

∂r
(3.20)

has particular solution of the forms;

η (x, r) = h
{
ex

2
}
−[1+q−1(ε−1)/2]

exp

[
−L±

√
L2 + 4K (µ− ε+ 1)

2K
r

]
, (3.21)

η (x, r) = h
{
ex

2
}
−[1+q−1(ε−1)/2]

exp

[
µ− ε+ 1

L
r

]
, (3.22)

and

η (x, r) = h
{
ex

2
}
−[1+q−1(ε−1)/2]

exp

[
±
√
µ− ε+ 1

K
r

]
(3.23)

where ε, µ are given constant, and h is an arbitrary constant.
Proof. Let

η (x, r) = ψ (x) eαr (α 6= 0)

be a solution of (3.20) . Since

∂η

∂x
= ψ1e

αr,
∂2η

∂x2
= ψ2e

αr,

∂η

∂r
= αψeαr,

∂2η

∂r2
= α2ψeαr

(3.20) becomes

ψ2 − ψ12x+ ψ
(
µ−Kα2 − Lα

)
= 0. (3.24)

Here we choose α as
µ−Kα2 − Lα = ε− 1

that is,

α =
−L±

√
L2 + 4K (µ− ε+ 1)

2K
, KL 6= 0 (3.25)

α =
µ− ε+ 1

L
, K = 0, L 6= 0 (3.26)

α = ±
√
µ− ε+ 1

K
, K 6= 0, L = 0. (3.27)

Then (3.24) becomes
ψ2 − ψ12x+ ψ (ε− 1) = 0.
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By Theorem 3.2, a solution is given by

ψ = h
{
ex

2
}
−[1+q−1(ε−1)/2]

.

Thus, for KL 6= 0, the partial differential equation (3.20) has a solution of the form
(3.21) . Moreover, for K = 0, L 6= 0, a solution of (3.20) is given by (3.22) and
K 6= 0, L = 0, (3.20) has a solution (3.23) .

4. Conclusion

In this paper, we obtain new explicit solutions of the second order nonhomoge-
neous Hermite differential equation by using discrete fractional nabla (∇) operator.
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