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DISCRETE FRACTIONAL SOLUTIONS OF A HERMITE
EQUATION

RESAT YILMAZER

ABSTRACT. Discrete fractional calculus has an important role in fractional
analysis. In this article, we obtain new fractional solutions of the second order
homogeneous and nonhomogeneous Hermite differential equation by using dis-
crete fractional nabla operator. In addition, explicit solutions for the partial
differential equation that can be converted to the Hermite equation have been
obtained.

1. INTRODUCTION

In recent years, discrete fractional differential equations have attracted great
attention. Both the intensive development of fractional calculus theory and the
application of such structures in various fields such as physics, mechanics, chemistry
and engineering increased interest ([8],[13],[14],[16],[17],[19],[20],[22]).

Granger and Joyeux [10] and Hosking [12], defined notion of the fractional dif-
ference as follows
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where v is any real number and ¢" ¢ (1) = ¢ (7 — n) is the standard backward-shift
operator. Gray and Zhang [I1] studied on a new definition of the discrete fractional
difference. Many properties based on this definition are established including an
extensive exponential law and the Leibniz rule.

Lately, many papers have appeared on the discrete fractional calculus that helped
to construct some of the basic theory of this field ([2]-[7],[9],[18],[21]). The fractional
calculus operators and their generalizations have been used to solve some classes of
differential equations and fractional differential equations.
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2. PRELIMINARIES

Let k be any positive real number such that m — 1 < k < m, m € N. The

xth—order fractional sum of ¢ (7) is given by

1 ¢ =
Ve == (T=7(s)" ¢(s), (2.1)
I (k) ;
where 7 € N, = {a} + Ny = {a,a+ 1,0+ 2,..},a € R, y(7) = 7 — 1 is rearward
jump operator.
The raising factorial power is defined by

m—1
Tm:H(T—i—n),meN,TO:l. (2.2)

n=0

For any real number k, is given by
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Let us note that -

V(%) = k"1, (2.4)

where Vu (1) =u (1) —u(y (1)) =u (1) —u(r —1).
The k — th order fractional difference of ¢ (7) is defined by
Vi = v [ my]
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where ¢ : NI — R ([14],[21]).
Lemma 2.1. (Power Rule) [6]. Let v > 0. Then

F(’%—i_ 1) K+v

Vit =g ktvt+l) (2.6)
Vol (r+ 1) = m (T +1)". (2.7)

Theorem 2.2. [15]. Let (1) and ¢ (1) : N — R, p,o0 > 0 and h,k are
scalars. Then

VIV 7=V 9o = v vy, (2.8)
V? [hp + k] = WV o + kY, (2.9)
VV P =V (2.10)

Lemma 2.3. (Leibniz Rule) [15]. Let (1) ,% (1) : NT — R; v € R such that
0<v<1. Then
T—1
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where
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Lemma 2.4 [20]. Let ¢ (1) be a single-valued and analytic function. Then
(Pa)g = Patp = (P8)q (Pa #0595 #0;a,B€R; 7€C). (2.12)

3. MAIN RESULT

The relevant Schrodinger Equation is

R o2 ko,
Tomar¥ TRt YT

where k is the force constant and m is the reduced mass. Cross multiplying, one
has
& kM, _2m
a2’ ' YT T2
which would be simplified if the constants could be suppressed. To do this we

change variable, from ¢ to something else, say x, where ¢t = ox. Then
dp _dpdx _10¢
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With this choice, the differential equation becomes

82
a—xf —x2p=—ep (3.1)

e=02" ﬁg E=2- ﬁ (3.2)

— 2
p=c"?y(a)

where y () is going to become a Hermite polynomial. One then has

where

Assuming

d d
Y pe 2y (z) e 2

dz dx
and ) )
d d d
Txf =% /2y (x) + 2212y (x) — 23367‘/1:2/2% + e*“"z/zd—xz.
From equation (3.1) one has,
d*y dy
— —2r— —1y=0. 3.3

If ¢ — 1 = n then this is called Hermite’s differential equation.
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Theorem 3.1. Let y € {y: 0 # |y;| < oo;7 € R} and ¥ € {¢: 0 # || < o0;7 € R}.
Then the non-homogeneous Hermite equation

Lly,ziel =y2 —yi2x +y(e—1) =9 (3.4)
has particular solution of the forms;
2 2
’y([) = {|:’l/)q1(€1)/2 xe * :| x e¥ } (35)
! ~[14q=1(e=1)/2]

2 .2
gD — {ea: {%71(5_1)/2 % e~ }

where yi, = d¥y/da* (k=0,1,2), yo =y = y(x), ¥ = ¥ (x) is a given function
and € is a given constant.
Proof. Operating V™ to the both sides of equation (3.4) gives:

V7 (y2) = V7 (1122) + VT [y (e = )] = V7 (¢). (3.7)
Using (2.11), (2.12), we have

} (3.6)
1) 14g1(e-1)/2)

V7 (y2) = Y24, (3.8)
V7 (y122) = y14+22 + 27qY,, (3.9)
Viyle—=1]=y,(e—=1) (3.10)

where ¢ is a shift operator ([10],[12]). We may write equation (3.7) in the following
form;

Yotr — Y14-22 +yr (27 + e — 1) = - (3.11)
by using relations (3.8) — (3.10) . Choosing 7 such that
T=qt(e-1)/2 (3.12)
then we obtain
Yotq=1(e—1)/2 — Yl4+q-1(e—1)/22% = Yg-1(c—1) /2 (3.13)
Therefore setting
Ytg=t(e-1)2 =W =W (z) (Z/ = w—[1+q*1(s—1)/2]) (3.14)
we obtain
w1 — W2T = Pg-1(c—1)/2 (3.15)

from (3.13), (3.14).
This is an ordinary differential equation of the first order which has a particular

solution
2

2
w = [wq—l(sil)/2 xe v ] x e’ . (3.16)

-1
Making use of the reverse process to obtain y()
(3.5) from (3.16) and (3.14).
Changing the order of |9g-1(._1)/2 X 6’12} and e* in the paranthesis, we
-1
obtain (3.6) which is different from (3.5) for — [1 + ¢~ (e — 1) /2] ¢ Z .
Theorem 3.2. Let y € {y:0# |y,| < oo;7 € R}. Then the homogeneous Her-
mite equation

, we finally obtain the solution

Lly,z;e]l =ya —y122+y(e—1)=0 (3.17)
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has particular solution of the form;

=h{e” 3.18
v =hie }—[1+q71(s—1>/z1 (319

where h is a arbitrary constant, € is a given constant.
Proof. Set 1 = 0 in the proof Theorem 3.1, we have

w1 — w2 =0, (3.19)
instead of (3.15). Therefore, we obtain (3.18) for (3.17).

Theorem 3.3. Lety € {y:0# |y;| <oo;7 € R} and ¢ € {1 : 0 # |¢,| < oco;7 € R}.
Then the non-homogeneous Hermite equation (3.4) is satisfied by the fractional dif-
ferintegrated functions

y =y +yu).
Theorem 3.4. A partial differential equation of the second order

0?n oy ) on
a2 %21'-1-#77(%,7’) _KW+LE (3.20)

has particular solution of the forms;

L+ /L2 +4K (u—c+1)
) = h{ 12} . (321
n(7) ¢ —[14+q¢=1(e-1)/2] P 2K " ( )
2 p—e+1
x,r)=h {ex } exp |——— |, 3.22
n(.r) I e (322)
and
—e+1
) =h{e A2 3.23
n (@) {e }—[1+q—1(8—1)/2] P K ( )
where €, | are given constant, and h is an arbitrary constant.
Proof. Let
n(z,r) = (x)e™ (a#0)
be a solution of (3.20). Since
on ar 0PN
aix - 7[)16 y @ - 1/}26 )
877 ar 8277 2 ar
9 = ope™”, g2 =@ e
(3.20) becomes
Yo — 12z + ¢ (p— Ka® — La) = 0. (3.24)
Here we choose « as
p—Ko®> —La=¢—1
that is,
—L+/L?+4K (. — 1
a= VAR (—et ) - pp (3.25)
2K
— 1
a=l"fr Kk_o0L+0 (3.26)

L

E—
a:i,/%, K +0,L=0. (3.27)

1/1271/}12$+w(571):0

Then (3.24) becomes
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By Theorem 3.2, a solution is given by

Y="h {612}_[1+q*1(s—1)/2] .

Thus, for KL # 0, the partial differential equation (3.20) has a solution of the form
(3.21). Moreover, for K = 0, L # 0, a solution of (3.20) is given by (3.22) and
K #0, L =0, (3.20) has a solution (3.23).

4. CONCLUSION

In this paper, we obtain new explicit solutions of the second order nonhomoge-
neous Hermite differential equation by using discrete fractional nabla (V) operator.
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