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HARMONY OF FUNCTIONAL GENERALIZATION OF SOME
DYNAMIC INTEGRAL INEQUALITIES ON TIME SCALES

MUHAMMAD JIBRIL SHAHAB SAHIR, SAJID IQBAL

ABSTRACT. In this paper, we present some dynamic Rogers-Holder’s type and
Schlomilch’s type integral inequalities by using functional generalization on
diamond-a calculus.

1. INTRODUCTION
The following result is given in [I, page 147].

Theorem 1.1. Let three sets of positive values of fij, foj, f3; satisfy condition
fijfoif35 =1 for i =1,...,m. If nonzero real numbers p, q, r satisfy %-l— % +% =0,
then

m P m a
DTN B DN
=1 =1

if all but one of p, q, r are positive.
Inequality (1.1)) is reversed if all but one of p, q, v are negative for three sets of
positive values of fij, fo;, faj for j =1,2,...,m.

r
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Upcoming Rogers-Hoélder’s inequality in two dimensions is given in [3].

Theorem 1.2. Let T be a time scale, a,b € T witha < b and let h, f, g € C([a, blt x
[a,b]T,R) be oq-integrable functions. If % + % =1 with p > 1, then
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In 2010, Yang [16] derived a functional generalization of diamond-« integral
Rogers-Holder’s inequality on time scales as follows:

Theorem 1.3. Let T be a time scale, a,b € T with a < b, let {h;(x)}\_,,
{f1; (33)};“1:1 and { fo; (:ﬂ)}fil be continuous real-valued functions on [a,blt, and let
Hi(x1,2a,...,21) > 0, @, (21,22, ..., x5, ) and P, (1,22, ..., Tk,) be three arbitrary

functions of I, k1 and ko variables, respectively. If p > 1 with % + % =1, then

b
/ Hi(hi, hay ooy )| ®ry (f11s f125 s f1iey) Pho (f215 S22, o5 fors)| 00

=

b
< (/ Hy(hy,hay ooy )| @, (f11, fi2, o f1r)]P ©a I)

q

b
X(/ Hl(h17h27~--7hl)(I)ktz(f217f22a-~-7f2k2)|q<>a$> . (1.3)

If 0 < p <1 with % + % = 1, then inequality is reversed as given in [7].

We extend these results by applying dynamic generalized Rogers-Holder’s type
inequality on time scales. Some related inequalities are also derived. The time scale
calculus was initiated by Stefan Hilger given in [I0]. Basic dynamic inequalities on
time scales are given in [2].

Throughout the work, we suppose that T is a time scale, a,b € T with a < b
and an interval [a, b]r means the intersection of a real interval with the given time
scale.

2. PRELIMINARIES

We need here basic concepts of delta calculus. The results of delta calculus are
adapted from [5, [6].
A time scale is an arbitrary nonempty closed subset of the real numbers. For
t € T, the forward jump operator o : T — T is defined by
o(t):==inf{s € T:s >t}
The mapping v : T — R = [0, +00) such that u(t) := o(t) —t is called the forward
graininess function. The backward jump operator p: T — T is defined by
p(t) :=sup{s € T:s <t}
The mapping v : T — R{ = [0,+00) such that v(t) := t — p(t) is called the
backward graininess function. If o(t) > t, we say that ¢ is right-scattered, while if
p(t) < t, we say that ¢ is left-scattered. Also, if ¢ < supT and o(¢) = ¢, then ¢ is
called right-dense, and if t > inf T and p(t) = ¢, then t is called left-dense. Points
that are right-dense and left-dense at the same time are called dense. If T has a
left-scattered maximum M, then T* = T — {M}. Otherwise, T* = T.
For a function f : T — R, the delta derivative f* is defined as follows:

Let t € TF, if there exists f2(¢) € R such that for all ¢ > 0, there exists a
neighborhood U of ¢, such that

[f(a(t)) = f(s) = [2 () (0 (t) = )| < ela(t) — s,
for all s € U, then f is said to be delta differentiable at t, and f2(t) is called the
delta derivative of f at t.
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A function f: T — R is said to be right-dense continuous (rd-continuous), if it
is continuous at each right-dense point and there exists a finite left limit at every
left-dense point. The set of all rd-continuous functions is denoted by C,.4(T,R).

Definition 2.1. 2,5 [6]. A function F : T — R is called a delta antiderivative of
f:T = R, provided that F~(t) = f(t) holds for all t € T*. Then the delta integral
of f is defined by

b
/f(t)At — F(b) - Fla).

The following results of nabla calculus are taken from [4] 5] [6].

If T has a right-scattered minimum m, then Ty = T — {m}. Otherwise, Ty = T.
A function f : Ty — R is called nabla differentiable at t € T}, with nabla derivative
Y (t), if there exists fV (t) € R such that for any € > 0, there exists a neighborhood
V of t, such that

(o)) = £(5) = FY () (p(t) = 5)| < elp(t) = 5],
forall se V.
A function f : T — R is said to be left-dense continuous (ld-continuous), pro-
vided it is continuous at left-dense points in T and its right-sided limits exist (finite)

at all right-dense points in T. The set of all 1d-continuous functions is denoted by
Clq (T7 R) .

Definition 2.2. [204. 5, [6]. A function G : T — R is called a nabla antiderivative
of g : T — R, provided that GV (t) = g(t) holds for all t € Ty. Then the nabla
integral of g is defined by

Now we present short introduction of diamond-« derivative as given in [2] [14].
Let T be a time scale and f(t) be differentiable on T in the A and V senses. For
t € T, where TF = T* N Ty, the diamond-a derivative f°«(t) is defined by
Fr®) =aff )+ 1 -a)f7(1), 0<a<l.

The diamond-« derivative reduces to the standard A-derivative for a« = 1, or
the standard V-derivative for @ = 0. It represents a weighted dynamic derivative
for o € (0,1).

Theorem 2.3. [14]. Let f,g: T — R be diamond-« differentiable at t € T and we
write f7(t) = f(o(t)), g7(t) = g(a(t)), [P(t) = f(p(t)) and g”(t) = g(p(t)). Then
(1) f+g:T— R is diamond-« differentiable at t € T, with
(f £g)°(t) = fo(t) £ g% (1)
(7i) fg:T — R is diamond-« differentiable at t € T, with
(f9)°= () = [ (B)g(t) + af7 (t)g> (1) + (1 — ) f*(£)g" (t).
(#it) For g(t)g° (t)g”(t) # 0, 5 : T — R is diamond-« differentiable at t € T,
with
I\ _ (097 (0)g”(t) — af? (t)g” (t)g™ () — (1 — @) f/(£)g° (t)g"™ (1)
(t = : .
g g(t)g7(t)gr(t)
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Definition 2.4. [14]. Let a,t € T and h : T — R. Then the diamond-« integral
from a to t of h is defined by

¢ ¢ ¢
/ h(s) oq s = a/ h(s)As+ (1 — a)/ h(s)Vs, 0 <a <1,
provided that there exist delta and nabla integrals of h on T.
Theorem 2.5. [14]. Let a,b,t € T, ¢ € R. Assume that f(s) and g(s) are oq-

integrable functions on [a,blr. Then
(Z> f;[f(s) + g(s)] Ca i = fat f(S) Oq S f;g(s) Ca S5
(i) [ cf(s)oas=c/, f
(ii7) [ f(s) <>as——ft ) Oa 8
) t
(iv) [ [(s)oas= [, f(s <>aS+fb Oq 5
) [ f(s)oqs=0.
Discrete form of Holder’s inequality is given in [I1] and was found independently

by Rogers and Holder. Integral form of Rogers-Holder’s inequality on time scales
is given in [2].

Theorem 2.6. Leta,b € T witha < b and let h, f,g € C([a,b]t,R) be oq-integrable
functions. If% + % =1 with p > 1, then

b
| molswst oat<</ O]17(0) |) (/ Aot ) 1)

Now in upcoming result, we present generalized Rogers-Hélder’s inequality.
Theorem 2.7. Let a,b € T. Let f; € C([a,b]T,R), i = 1,...,n be o4-integrable
functions and p; > 1 such that i =1. Then

i=1

Piggt , (2.2)

b n n b
JTislear<IT | [ 150

which is similar to an inequality as proved in [8] for positive functions.
The upcoming inequality is given in [15].

Theorem 2.8. Let T be a time scale, a,b € T with a < b. Let {h;(x)};_, and

{f1(= )}] 1 1f24(x )}] 1o L fnj( )}?;1 € C([a,blT,R) be o -integrable functions
and let Hi(x1,x2,...,x1) > 0, ®p. (1,22, ...,xk,) for i =1,2,...,n be arbitrary real-
valued functions ofl and k; fori=1,2,...,n variables, respectively.

. . . n 1 _
(i) Let 1 <p; < oo fori=1,2,...,n with l; 5 =1, then
b

/ Hi(hy, ha, ..., Iy

n b
<1I (/ Hi(h, ho, oo, )| Pk, (fir, fizs - fiki)
i—1 \’a

fizs ooy fiy)

O T

1

Pio, :r) . (2.3)




FUNCTIONAL GENERALIZATION OF SOME INEQUALITIES ON TIME SCALES 39

n
(i) If p1 >0, pa,...,pp < 00 with Y i =1, then inequality |D is reversed.
i=1""
3. MAIN RESULTS

In this section, we establish and prove our main results.

Theorem 3.1. Let T be a time scale, a,b € T with a < b. Let {h;(z )}j 1
and {fi;(2)}7Ly, { o5 (@)}200 A g (@)} 21 € C(la, B R = {0}) be oq-integrable
functions. Let Hy(x1,xa, ..., xl) and P, (x1,x2,....,x,) for i = 1,2,...n be ar-
bitrary nonzero real-valued functions of | and k; for i = 1,2,...,n variables, re-

n
spectively. Let p; be nonzero real numbers with ]% = 0. PFurther assume that
i=1""

:]z

D, (fir, fizy ooy fik,) = M, where M is a positive real number.

N
Il
_

(¢) If all except one of p; for i =1,2,...,n are positive, then

1

)pL > M. (3.1)

n

b
1T </ [Hy(hys ha, oo )| @k, (fir, fizs s fik,)

i=1

(1) If all except one of p; fori=1,2,...,n are negative, then

n b Pi
H </ |Hl(h17h27"'7hl)‘|¢)ki(fi17fi27"'?fiki) pi Ca x) SM (32)

Proof. To prove (i), the given condition

i=1

% + pi = 0 can be rearranged as
k2 n

= 1, where p; for i = 1,...,n — 1 are positive but p,, is negative. Take

Z

P =—2L > 1 fori=1,..,n—1. Applying generalized Rogers-Holder’s inequality,

(—rn

we have

/ |Hl hlahQa"'a

<11

i=1

fizy s fik,)| Ca

1

1
P

b
(/ Hi(hs gy ooy BNk, (fit fizs o Fie )|

and

n—1

W @k (Firs fizs s firs)| 00 @

b
/ |Hi(hi, ha, ..., Iy

n—1 b
< H (/ |Hi(h1s hos ooy B)|[ @, (fin, fizs ooy fina )|
i=1 \/a
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Replacing ‘(bki(fil, fi27 ...,fiki)‘ by i(fﬂ, fi27 ...,fiki)‘ip" fori=1,....,n—1 and
b3.3

taking power fp% > 0, inequality (| takes the form

1
—DPn Pn

O T

b
/ |Hi(hi, ha, ..., hy)|

n—1
H O, (fir, fizs o) fiks)
i=1

Pio, m) . (34)

n—1 b
<11 (/ Hi(h1s By oo B ®, (fit s oo i)
i=1 \’@

Applying condition [] @k, (fi1, fiz,s - fik,) = M, inequality 1) becomes

i=1

~m
Pro, a:)
n—1 b
S H (/ |Hl(h1ah2a"'ahl)||q)ki(filafi27"'7fik:i>
i=1 @

So inequality (3.1]) is clear.

b
M (/ |Hl(h17h27"'7hl)‘|(pkn(fnlvfn27---vfnkn)

1

P
Pio,x .

n—1
Now to prove (ii), the given condition Y i + pi = 0 can be rearranged as
= pi =
n—1 '
L— =1, where p; for i = 1,...,n — 1 are negative but p,, is positive. Take
(77
i=1

Pn
P = —5—"’ >1fori=1,....,n—1. Applying generalized Rogers-Ho6lder’s inequality,
we get

n—1
H Py, (firs fizs s fini)| 0a @

i=1

n—1 b .
S H (/ ‘Hl(hl7h27"'7hl)||(bki(fil7fi27"'7fiki)|7ﬁ Cq J?) 5
i=1 @

b
/ |Hi(hy, ha, ..., hy)|

and then replacing |q)kI (fi17 fi27 seey fiki) by ‘(I)k?1 (fila fi27 ceey fzki)
1 and taking power —pi < 0, we get required inequality 1)
This completes the proof.

“Pnfori=1,...,n—

Remark. Let a« =1, T=7Z, M =1, Hi(x1) = x1 forl =1 and hy = 1. Let
1= 172737 P1r=Dp, P2 =4, p3 =T, (pkl(fllalea"'aflkl) = {fl]}?lzl fOT’Z: = 17

Op, (fa1, fa2, - fars) = {2 )52y for i =2 and By, (far, faa, -or fans) = {f33}52, for
i = 3. Further take three sets of positive values of fi;, foj, faj for ki = ko = k3 =
m, where j = 1,2,....m. If all except one of p, q, r are positive, then inequality

(1.1) is obtained from (3.1)).

Inequality (1.1)) is reversed, if all except one of p, q, v are negative.

Remark. If M =1, Hi(x1,29,...,2;) >0,i=1,2,3 and py =p, ps =q, p3 =1 =

—1, then inequality (1.3) is obtained from (3.1)).
If 0 < p < 1, then inequality (1.3)) is reversed, as given in [7].

Upcoming result is generalization of Theorem in two dimensions.
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Theorem 3.2. Let T be a time scale, a,b € T with a < b. Let {h;(z,y)}}_,
and { f1; (2, 9)}i2y, {foi (@, 9)}52 1 {fni (@, 9)} 521 € Cla, bz x [a, b]r, R—{0}) be

O -tntegrable functions.
Let Hy(z1,x2, ..., 1) and @y, (21, 22, ..., Tk, ) forz' =1,2,...,n be arbitrary nonzero
real-valued functions of [ and k; fori=1,2,...n variables respectively. Let p; be

nonzero real numbers with Z L — 0. Further assume that H D, (fir, fizy ooy fik,) =

1= 1 =1
M, where M is a positive real number

(1) If all except one of p; fori=1,2,...,n are positive, then

n b b
H(/ / Hi(h, By ooy B[, (fit Fios oo fi)

i=1

S
o

Pig, T 0q y) > M. (3.5)

(ii) If all except one of p; fori=1,2,...,n are negative, then

n

b b
H(/ [ b [ Fis fio F)

i=1
Proof. Similar to the proof of Theorem O

Pi oaxoay> <M. (3.6)

Remark. IfM = 1; Hl(xl) =1 fOT’l = ]-7 hl(may) - h(lL’,y), 1= 132337 p1 =D,
p2=q, p3=71=—1, Py (x1) = Py (1) = Py (1) = a1 for ki = ka = kg =1,
fi1 = f(z,y) and fa1 = g(x,y), then inequality is obtained from (3.5).

If we put p = q = 2, then inequality is reduced to Cauchy-Schwarz’s in-
equality in two dimensions

b b
/ / ()1 @ 9)9(2,9)] 00 7 00 y

(/ / Ih(z, 911 (@) oaxoay>

as given in [3].

N

</ab/ab|h(x,ll)||g(x,y)|2 oz o, y>é7

Upcoming result is the generalization of Schlomilch’s inequality, which is an
extension of Schlomilch’s inequality given in [9]. Fractional dynamic Schlémilch’s
type inequalities on time scales are also given in [I3].

Theorem 3.3. Let T be a time scale, a,b € T with a < b. Let {h;(x)};_, and

{flj( )}j:17 {f2j( )}] 1 {fnj( )}jzl € C([a,b]r,R) be o4-integrable functions.
Let Hy(z1,%2,...,31) # 0 with fa |Hi(h1,hay .y )| 00 © =1 and g, (z1, 22, ..., Tk;)
for i = 1,2,...,n be arbitrary real-valued functions of | and k; for i = 1,2,...n
variables, respectively. If s; > r; > 0 fori=1,2,...,n, then

1

11 (/ |Hi(h, hay ooy B[P, (fir, fizs s firs)|* 0 l’)

i=1

I

n

b
> H </a |Hi(h1, ha, ..., h)|| Pk, (fi1, fizy -y fik;)

i=1

" on, x) | . (3.7
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Proof. We prove this result by mathematical induction.
If ¢ = 1, then we use Bernoulli’s inequality, that is, if x > 0, thus

pr+1—p<af ifp>1.

Since s; > r1 > 0, we have % > 1. Thus, by Bernoulli’s inequality, we have

b
/ |Hi(ha, ha, ..., hy)]

( |, (f11(2), fr2(@), ey fir, (2))] )n o
TPV (B g )@ (fi2(2), f12(2)s o friy (2))] 00 @

b
Z/ |Hi(hi, b, ... )|

( 2@k, (fr1(2), fra(2), ooy f1a (@) 81>
b +1 Oqx =1,
Jo [Hi(ha, ho, o, )| | @k, (f11(2), fr2(2), s fik, (2))] 0 @ "

that is,

51
g T

b E
/ (s B oo )| B (1 (), Frz (&), o frs ()

51

1

b
> (/ |Hi(h1, hay oy h)||Pr, (f11(2), fr2(), .oy fia, (2))] 04 CE>

Replacing [®, (f11(2), f12(2), -, f1k, (@))] by [@k, (f11(2), f12(2), .., fik, (2))[™* and
taking power L > 0, we get

S1

1
s1

b
(/ |Hi(h1, hay oo )| Pry (f11, fr2, 0 J1e) T €0 35)

b
Z(/ |Hl(h1,h2,-~-,hl)||‘1’k1(f11,f12,-~-’f1k1)|”%JJ) . (3.8)

Now if 4 = n — 1, then we suppose that

1

510, ;v)

n—1 b T4
Z H (/ |Hl(h17h27"'7hl)‘|¢)ki(f’i17fi27"'a.fiki,) " S 13) . (39)
i=1 @

At the end, we write (3.8)) for i = n in a similar way and multiply it with (3.9)) and
get our required inequality (3.7)). a

Remark. If we set a« =1, Hi(x1) =21 forl=1, hy = h, i =1, $y, (x1) = z1 for
ki =1, fii=f, s1 =s and r1 =, then inequality (3.7) takes the form

,, Lo 1
( / Ih(w)llf(w)lsAfc> z( / Ih(x)lf(w)lT'Ax> ,

n—1 b
11 (/ |Hi(h1, ha, .., k) [| @, (firs fizs oos fin)
i=1 @
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which is similar to an inequality as proved in [12, Lemma A].

Upcoming result is the generalization of Schlomilch’s inequality in two dimen-
sions.

Theorem 3.4. Let T be a time scale, a,b € ’]T with a < b. Let {h-(x,y)}é-zl
and { frj (@, 9) Y7L A oy (2, ) Y52 A fos (2, 9) Y2y € C(la, bl X [a, blr, R) be oq-
integrable functions. Let H(z1,T2,...,2;) # 0 wzth fa fa |Hi(h1, b2, .. )| 06 T 00
y =1 and @y, (z1, 22, ...,2k,) for i =1,2,...,n be arbitrary real-valued functions of
l and k; fori=1,2,...,n variables, respectively. If s; > r; > 0 fori=1,2,....n
then

n b b
|H(h 7h 7’h)H(D 1(fl afl 77fl 7,)
il;!: </a /a \t1, N2 l k 1, Ji2 k

n b b
> |H(h 7h’ v)h)H(I) 7,(f1 afi 7"'7fi 1)
([ 1000t 5

Proof. Similar to the proof of Theorem [3.3] O

1
s

1

" O T Oy, y) . (3.10)

Theorem 3.5. Let T be a time scale, a,b € T with a < b. Let {h;(x)},_, and

{flj )}j:u {f2j( )}J 17 {fnj( )};:1 € C([a, blr,R—{0}) be oq-integrable func-
tions.

Let Hi(x1, o, ..., ;) # 0 with fab |Hi(h1, ha, ..., y)|oar =1 and ®y, (21, T2, ..., Tk, )
for i = 1,2,...,n be arbitrary nonzero real-valued functions of | and k; for i =

n

1,2,...,n variables, respectively. Further assume that [ @, (fi1, fizs s fiks) = M
i=1

where M is a positive real number.

n
(i) Let p; be nonzero real numbers with 1% < 0 and if all except one of p;
i=1""
fori=1,2,...,n are positive, then

L [ b w7
11 (/ [Hy(hys h, oo M) [ @k, (fits fiz, s fir )P 0a 30) > M.
=1 a

n
(13) Let p; be nonzero real numbers with > 1% > 0 and if all except one of p;
i=1""
fori=1,2,...,n are negative, then

n

b
11 (/ [H(hy, hay ooy h)[| @, (firs fizs -oos fir )P 0a 96) <M.

=1

1

o < 0 and can be

Proof. To prove (i), the given condition becomes E

=1

rearranged as Z = I

) < 1, where all of p; are positive for i = 1,...,n — 1 but
Pn

n—1
pn is negative. Take P; = —;’—i >1fori=1,..,n—1 Let A= ) 4 <1and
" = P

n—1
Vi =AP; < Pyfori=1,2,...,n—1. Then 'vi =1fori=1,2,....,n—1. Applying
i=1 "
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generalized Rogers-Holder’s inequality, we have

/ |Hi(h1, ho, ..., by

n—1 b
<1I (/ [ Hy (R, hay ooy )| @, (fir, fizsoos i) 00 2
i=1 \/a

H (I)k? f215f127' 7f’Lk )

Ca T

and by applying Schlémilch’s inequality, we get

b
/ |Hi(hi, ha, ... )
a

n—1 b
<1I (/ \H (R has ey )| @, (fins fizs oos fin)|”
=1 a

O T

n—1
| H q)k:i(fila fi27 eeey fzki)
i=1

The rest follows as in the proof of first part of Theorem

Pi
i Ca T .
n—1

Now to prove (ii), the given condition Y % + pi > 0 can be rearranged as

i=1
n—1
'Zl (71,%) < 1, where all of p; for i = 1,...,n — 1 are negative but p,, is positive.
n—1
Take P; :—;’—1" >1fori=1,...n—1 Let A= > (71,%) <1landy =\P; < P
" i=1 " Pn
fori =1,. — 1. Then Z L =1 fori=1,..,n—1. Applying generalized
1=
Rogers—Holder s inequality, we get
/ |Hl h17h27-~-a Hq)k: leaf127- 7f7,k) OCa X

H (/ ‘Hl h17h27"'7hl)||q>ki(fi17fi27~-~7fik1:)

T'i
Yi S0 T ,

and by applying Schlormlch s inequality, we get

b
/ |Hl(hlah23"'ahl) fi27"'7f1'k7:) Ca T
B B
_ 7
S H (/ |Hl h17h27 '7hl)||¢ki(fi17fi27"'7fik)i)P O l’) .
The rest follows as in the proof of second part of Theorem
This completes the proof. O

Now upcoming result is the generalization of Theorem [3.5] in two dimensions.

Theorem 3.6. Let T be a tz’me scale, a,b € T with a < b. Let {h;(z, y)}l

and { f1;(x, y) V5L Aoy (@, 9) Y520 e A (2 9) Y20 € C([a, bl x [, b]r, R — {03) be
oq-integrable functions. Let Hj(x1,2,...,1;) ;é 0 with fa fa |Hy(h1, ha, .oy lp) 00
oy =1 and Oy, (x1, 22, ...,xk,) fori=1,2,...,n be arbitrary nonzero real-valued
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functions of l and k; fori=1,2,...,n variables, respectively. Further assume that
n

11 @, (fir, fizs ooy fir,) = M, where M is a positive real number.
i=1

n
(1) Let p; be nonzero real numbers with 1% < 0 and if all except one of p;
i=1""

fori=1,2,...,n are positive, then

Pioc,xoqy > M.

n [)
H / / |Hl(h17h27"'7hl)||q)k?i(fi17fi2a"'afiki)
i=1 a Ja

n
(i4) Let p; be nonzero real numbers with > ﬁ > 0 and if all except one of p;
i=1""
fori=1,2,...,n are negative, then

Pi G0 00 Y <M.

n b b
11 / / (oo ) |, (s Fizs oo fin)
i=1 \Ja Ja

Proof. Similar to the proof of Theorem [3.5] O

4. CONCLUSION AND FUTURE WORK

In this research article, we have presented functional generalization of some dy-
namic inequalities on diamond-« integral which is a linear combination of delta
integral and nabla integral. If o = 1, then all dynamic inequalities are reduced to
their delta versions and if a = 0, then all dynamic inequalities are reduced to their
nabla versions. If we take T = Z, then all dynamic inequalities will take the form
of their discrete versions. If we take T = R, then all dynamic inequalities will take
the form of their continuous versions.

As results given in Theorem [3.1 Theorem and Theorem are general-
ized in two dimensions, similarly we can generalize such results in more than two
dimensions. It will be very interesting to present such inequalities on quantum cal-
culus. We can also present such inequalities by using fractional Riemann-Liouville
integral.
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