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HARMONY OF FUNCTIONAL GENERALIZATION OF SOME

DYNAMIC INTEGRAL INEQUALITIES ON TIME SCALES

MUHAMMAD JIBRIL SHAHAB SAHIR, SAJID IQBAL

Abstract. In this paper, we present some dynamic Rogers-Holder’s type and
Schlömilch’s type integral inequalities by using functional generalization on

diamond-α calculus.

1. Introduction

The following result is given in [1, page 147].

Theorem 1.1. Let three sets of positive values of f1j , f2j , f3j satisfy condition
f1jf2jf3j = 1 for j = 1, ...,m. If nonzero real numbers p, q, r satisfy 1

p + 1
q + 1

r = 0,

then  m∑
j=1

fp1j

 1
p
 m∑
j=1

fq2j

 1
q
 m∑
j=1

fr3j

 1
r

≥ 1, (1.1)

if all but one of p, q, r are positive.
Inequality (1.1) is reversed if all but one of p, q, r are negative for three sets of

positive values of f1j, f2j, f3j for j = 1, 2, ...,m.

Upcoming Rogers-Hölder’s inequality in two dimensions is given in [3].

Theorem 1.2. Let T be a time scale, a, b ∈ T with a < b and let h, f, g ∈ C([a, b]T×
[a, b]T,R) be �α-integrable functions. If 1

p + 1
q = 1 with p > 1, then∫ b

a

∫ b

a

|h(x, y)||f(x, y)g(x, y)| �α x �α y

≤

(∫ b

a

∫ b

a

|h(x, y)||f(x, y)|p �α x �α y

) 1
p

×

(∫ b

a

∫ b

a

|h(x, y)||g(x, y)|q �α x �α y

) 1
q

. (1.2)
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In 2010, Yang [16] derived a functional generalization of diamond-α integral
Rogers-Hölder’s inequality on time scales as follows:

Theorem 1.3. Let T be a time scale, a, b ∈ T with a < b, let {hj(x)}lj=1,

{f1j(x)}k1j=1 and {f2j(x)}k2j=1 be continuous real-valued functions on [a, b]T, and let

Hl(x1, x2, ..., xl) > 0, Φk1(x1, x2, ..., xk1) and Φk2(x1, x2, ..., xk2) be three arbitrary
functions of l, k1 and k2 variables, respectively. If p > 1 with 1

p + 1
q = 1, then∫ b

a

Hl(h1, h2, ..., hl)|Φk1(f11, f12, ..., f1k1)Φk2(f21, f22, ..., f2k2)| �α x

≤

(∫ b

a

Hl(h1, h2, ..., hl)|Φk1(f11, f12, ..., f1k1)|p �α x

) 1
p

×

(∫ b

a

Hl(h1, h2, ..., hl)|Φk2(f21, f22, ..., f2k2)|q �α x

) 1
q

. (1.3)

If 0 < p < 1 with 1
p + 1

q = 1, then inequality (1.3) is reversed as given in [7].

We extend these results by applying dynamic generalized Rogers-Hölder’s type
inequality on time scales. Some related inequalities are also derived. The time scale
calculus was initiated by Stefan Hilger given in [10]. Basic dynamic inequalities on
time scales are given in [2].

Throughout the work, we suppose that T is a time scale, a, b ∈ T with a < b
and an interval [a, b]T means the intersection of a real interval with the given time
scale.

2. Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are
adapted from [5, 6].

A time scale is an arbitrary nonempty closed subset of the real numbers. For
t ∈ T, the forward jump operator σ : T→ T is defined by

σ(t) := inf{s ∈ T : s > t}.
The mapping µ : T→ R+

0 = [0,+∞) such that µ(t) := σ(t)− t is called the forward
graininess function. The backward jump operator ρ : T→ T is defined by

ρ(t) := sup{s ∈ T : s < t}.
The mapping ν : T → R+

0 = [0,+∞) such that ν(t) := t − ρ(t) is called the
backward graininess function. If σ(t) > t, we say that t is right-scattered, while if
ρ(t) < t, we say that t is left-scattered. Also, if t < supT and σ(t) = t, then t is
called right-dense, and if t > inf T and ρ(t) = t, then t is called left-dense. Points
that are right-dense and left-dense at the same time are called dense. If T has a
left-scattered maximum M, then Tk = T− {M}. Otherwise, Tk = T.

For a function f : T→ R, the delta derivative f∆ is defined as follows:
Let t ∈ Tk, if there exists f∆(t) ∈ R such that for all ε > 0, there exists a

neighborhood U of t, such that

|f(σ(t))− f(s)− f∆(t)(σ(t)− s)| ≤ ε|σ(t)− s|,
for all s ∈ U , then f is said to be delta differentiable at t, and f∆(t) is called the
delta derivative of f at t.
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A function f : T→ R is said to be right-dense continuous (rd-continuous), if it
is continuous at each right-dense point and there exists a finite left limit at every
left-dense point. The set of all rd-continuous functions is denoted by Crd(T,R).

Definition 2.1. [2, 5, 6]. A function F : T→ R is called a delta antiderivative of
f : T→ R, provided that F∆(t) = f(t) holds for all t ∈ Tk. Then the delta integral
of f is defined by

b∫
a

f(t)∆t = F (b)− F (a).

The following results of nabla calculus are taken from [4, 5, 6].
If T has a right-scattered minimum m, then Tk = T− {m}. Otherwise, Tk = T.

A function f : Tk → R is called nabla differentiable at t ∈ Tk, with nabla derivative
f∇(t), if there exists f∇(t) ∈ R such that for any ε > 0, there exists a neighborhood
V of t, such that

|f(ρ(t))− f(s)− f∇(t)(ρ(t)− s)| ≤ ε|ρ(t)− s|,
for all s ∈ V .

A function f : T → R is said to be left-dense continuous (ld-continuous), pro-
vided it is continuous at left-dense points in T and its right-sided limits exist (finite)
at all right-dense points in T. The set of all ld-continuous functions is denoted by
Cld(T,R).

Definition 2.2. [2, 4, 5, 6]. A function G : T→ R is called a nabla antiderivative
of g : T → R, provided that G∇(t) = g(t) holds for all t ∈ Tk. Then the nabla
integral of g is defined by

b∫
a

g(t)∇t = G(b)−G(a).

Now we present short introduction of diamond-α derivative as given in [2, 14].
Let T be a time scale and f(t) be differentiable on T in the ∆ and ∇ senses. For

t ∈ Tkk, where Tkk = Tk ∩ Tk, the diamond-α derivative f�α(t) is defined by

f�α(t) = αf∆(t) + (1− α)f∇(t), 0 ≤ α ≤ 1.

The diamond-α derivative reduces to the standard ∆-derivative for α = 1, or
the standard ∇-derivative for α = 0. It represents a weighted dynamic derivative
for α ∈ (0, 1).

Theorem 2.3. [14]. Let f, g : T→ R be diamond-α differentiable at t ∈ T and we
write fσ(t) = f(σ(t)), gσ(t) = g(σ(t)), fρ(t) = f(ρ(t)) and gρ(t) = g(ρ(t)). Then

(i) f ± g : T→ R is diamond-α differentiable at t ∈ T, with

(f ± g)�α(t) = f�α(t)± g�α(t).

(ii) fg : T→ R is diamond-α differentiable at t ∈ T, with

(fg)�α(t) = f�α(t)g(t) + αfσ(t)g∆(t) + (1− α)fρ(t)g∇(t).

(iii) For g(t)gσ(t)gρ(t) 6= 0, f
g : T → R is diamond-α differentiable at t ∈ T,

with(
f

g

)�α
(t) =

f�α(t)gσ(t)gρ(t)− αfσ(t)gρ(t)g∆(t)− (1− α)fρ(t)gσ(t)g∇(t)

g(t)gσ(t)gρ(t)
.



38 MUHAMMAD JIBRIL SHAHAB SAHIR, SAJID IQBAL

Definition 2.4. [14]. Let a, t ∈ T and h : T → R. Then the diamond-α integral
from a to t of h is defined by∫ t

a

h(s) �α s = α

∫ t

a

h(s)∆s+ (1− α)

∫ t

a

h(s)∇s, 0 ≤ α ≤ 1,

provided that there exist delta and nabla integrals of h on T.

Theorem 2.5. [14]. Let a, b, t ∈ T, c ∈ R. Assume that f(s) and g(s) are �α-
integrable functions on [a, b]T. Then

(i)
∫ t
a
[f(s)± g(s)] �α s =

∫ t
a
f(s) �α s±

∫ t
a
g(s) �α s;

(ii)
∫ t
a
cf(s) �α s = c

∫ t
a
f(s) �α s;

(iii)
∫ t
a
f(s) �α s = −

∫ a
t
f(s) �α s;

(iv)
∫ t
a
f(s) �α s =

∫ b
a
f(s) �α s+

∫ t
b
f(s) �α s;

(v)
∫ a
a
f(s) �α s = 0.

Discrete form of Hölder’s inequality is given in [11] and was found independently
by Rogers and Hölder. Integral form of Rogers-Hölder’s inequality on time scales
is given in [2].

Theorem 2.6. Let a, b ∈ T with a < b and let h, f, g ∈ C([a, b]T,R) be �α-integrable
functions. If 1

p + 1
q = 1 with p > 1, then∫ b

a

|h(t)||f(t)g(t)| �αt ≤

(∫ b

a

|h(t)||f(t)|p �α t

) 1
p
(∫ b

a

|h(t)||g(t)|q �α t

) 1
q

. (2.1)

Now in upcoming result, we present generalized Rogers-Hölder’s inequality.

Theorem 2.7. Let a, b ∈ T. Let fi ∈ C([a, b]T,R), i = 1, ..., n be �α-integrable

functions and pi > 1 such that
n∑
i=1

1
pi

= 1. Then

b∫
a

n∏
i=1

|fi(t)| �α t ≤
n∏
i=1

 b∫
a

|fi(t)|pi �α t


1
pi

, (2.2)

which is similar to an inequality as proved in [8] for positive functions.
The upcoming inequality is given in [15].

Theorem 2.8. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x)}lj=1 and

{f1j(x)}k1j=1, {f2j(x)}k2j=1, ..., {fnj(x)}knj=1 ∈ C([a, b]T,R) be �α-integrable functions

and let Hl(x1, x2, ..., xl) > 0, Φki(x1, x2, ..., xki) for i = 1, 2, ..., n be arbitrary real-
valued functions of l and ki for i = 1, 2, ..., n variables, respectively.

(i) Let 1 < pi <∞ for i = 1, 2, ..., n with
n∑
i=1

1
pi

= 1, then

∫ b

a

Hl(h1, h2, ..., hl)

∣∣∣∣∣
n∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤

n∏
i=1

(∫ b

a

Hl(h1, h2, ..., hl)|Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

. (2.3)
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(i) If p1 > 0, p2, ..., pn <∞ with
n∑
i=1

1
pi

= 1, then inequality (2.3) is reversed.

3. Main Results

In this section, we establish and prove our main results.

Theorem 3.1. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x)}lj=1

and {f1j(x)}k1j=1, {f2j(x)}k2j=1,...,{fnj(x)}knj=1 ∈ C([a, b]T,R− {0}) be �α-integrable

functions. Let Hl(x1, x2, ..., xl) and Φki(x1, x2, ..., xki) for i = 1, 2, ..., n be ar-
bitrary nonzero real-valued functions of l and ki for i = 1, 2, ..., n variables, re-

spectively. Let pi be nonzero real numbers with
n∑
i=1

1
pi

= 0. Further assume that

n∏
i=1

Φki(fi1, fi2, ..., fiki) = M , where M is a positive real number.

(i) If all except one of pi for i = 1, 2, ..., n are positive, then

n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

≥M. (3.1)

(ii) If all except one of pi for i = 1, 2, ..., n are negative, then

n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

≤M. (3.2)

Proof. To prove (i), the given condition
n−1∑
i=1

1
pi

+ 1
pn

= 0 can be rearranged as

n−1∑
i=1

1
(− pi

pn
)

= 1, where pi for i = 1, ..., n − 1 are positive but pn is negative. Take

Pi = − pi
pn
> 1 for i = 1, ..., n− 1. Applying generalized Rogers-Hölder’s inequality,

we have∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|Pi �α x

) 1
Pi

,

and∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|
− pi
pn �α x

)− pnpi
. (3.3)
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Replacing |Φki(fi1, fi2, ..., fiki)| by |Φki(fi1, fi2, ..., fiki)|−pn for i = 1, ..., n− 1 and
taking power − 1

pn
> 0, inequality (3.3) takes the form∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣
−pn

�α x

− 1
pn

≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

. (3.4)

Applying condition
n∏
i=1

Φki(fi1, fi2, ..., fiki) = M , inequality (3.4) becomes

M

(∫ b

a

|Hl(h1, h2, ..., hl)||Φkn(fn1, fn2, ..., fnkn)|pn �α x

)− 1
pn

≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

.

So inequality (3.1) is clear.

Now to prove (ii), the given condition
n−1∑
i=1

1
pi

+ 1
pn

= 0 can be rearranged as

n−1∑
i=1

1
(− pi

pn
)

= 1, where pi for i = 1, ..., n − 1 are negative but pn is positive. Take

Pi = − pi
pn
> 1 for i = 1, ..., n− 1. Applying generalized Rogers-Hölder’s inequality,

we get∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|
− pi
pn �α x

)− pnpi
,

and then replacing |Φki(fi1, fi2, ..., fiki)| by |Φki(fi1, fi2, ..., fiki)|−pn for i = 1, ..., n−
1 and taking power − 1

pn
< 0, we get required inequality (3.2).

This completes the proof. �

Remark. Let α = 1, T = Z, M = 1, H1(x1) = x1 for l = 1 and h1 = 1. Let

i = 1, 2, 3, p1 = p, p2 = q, p3 = r, Φk1(f11, f12, ..., f1k1) = {f1j}k1j=1 for i = 1,

Φk2(f21, f22, ..., f2k2) = {f2j}k2j=1 for i = 2 and Φk3(f31, f32, ..., f3k3) = {f3j}k3j=1 for
i = 3. Further take three sets of positive values of f1j, f2j, f3j for k1 = k2 = k3 =
m, where j = 1, 2, ...,m. If all except one of p, q, r are positive, then inequality
(1.1) is obtained from (3.1).

Inequality (1.1) is reversed, if all except one of p, q, r are negative.

Remark. If M = 1, Hl(x1, x2, ..., xl) > 0, i = 1, 2, 3 and p1 = p, p2 = q, p3 = r =
−1, then inequality (1.3) is obtained from (3.1).

If 0 < p < 1, then inequality (1.3) is reversed, as given in [7].

Upcoming result is generalization of Theorem 3.1 in two dimensions.
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Theorem 3.2. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x, y)}lj=1

and {f1j(x, y)}k1j=1, {f2j(x, y)}k2j=1,...,{fnj(x, y)}knj=1 ∈ C([a, b]T× [a, b]T,R−{0}) be
�α-integrable functions.

Let Hl(x1, x2, ..., xl) and Φki(x1, x2, ..., xki) for i = 1, 2, ..., n be arbitrary nonzero
real-valued functions of l and ki for i = 1, 2, ..., n variables, respectively. Let pi be

nonzero real numbers with
n∑
i=1

1
pi

= 0. Further assume that
n∏
i=1

Φki(fi1, fi2, ..., fiki) =

M , where M is a positive real number.

(i) If all except one of pi for i = 1, 2, ..., n are positive, then

n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x �α y

) 1
pi

≥M. (3.5)

(ii) If all except one of pi for i = 1, 2, ..., n are negative, then

n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x �α y

) 1
pi

≤M. (3.6)

Proof. Similar to the proof of Theorem 3.1. �

Remark. If M = 1, H1(x1) = x1 for l = 1, h1(x, y) = h(x, y), i = 1, 2, 3, p1 = p,
p2 = q, p3 = r = −1, Φk1(x1) = Φk2(x1) = Φk3(x1) = x1 for k1 = k2 = k3 = 1,
f11 = f(x, y) and f21 = g(x, y), then inequality (1.2) is obtained from (3.5).

If we put p = q = 2, then inequality (1.2) is reduced to Cauchy-Schwarz’s in-
equality in two dimensions∫ b

a

∫ b

a

|h(x, y)||f(x, y)g(x, y)| �α x �α y

≤

(∫ b

a

∫ b

a

|h(x, y)||f(x, y)|2 �α x �α y

) 1
2
(∫ b

a

∫ b

a

|h(x, y)||g(x, y)|2 �α x �α y

) 1
2

,

as given in [3].

Upcoming result is the generalization of Schlömilch’s inequality, which is an
extension of Schlömilch’s inequality given in [9]. Fractional dynamic Schlömilch’s
type inequalities on time scales are also given in [13].

Theorem 3.3. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x)}lj=1 and

{f1j(x)}k1j=1, {f2j(x)}k2j=1,...,{fnj(x)}knj=1 ∈ C([a, b]T,R) be �α-integrable functions.

Let Hl(x1, x2, ..., xl) 6= 0 with
∫ b
a
|Hl(h1, h2, ..., hl)| �α x = 1 and Φki(x1, x2, ..., xki)

for i = 1, 2, ..., n be arbitrary real-valued functions of l and ki for i = 1, 2, ..., n
variables, respectively. If si ≥ ri > 0 for i = 1, 2, ..., n, then

n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|si �α x

) 1
si

≥
n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|ri �α x

) 1
ri

. (3.7)
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Proof. We prove this result by mathematical induction.
If i = 1, then we use Bernoulli’s inequality, that is, if x > 0, thus

px+ 1− p ≤ xp, if p ≥ 1.

Since s1 ≥ r1 > 0, we have s1
r1
≥ 1. Thus, by Bernoulli’s inequality, we have∫ b

a

|Hl(h1, h2, ..., hl)|(
|Φk1(f11(x), f12(x), ..., f1k1(x))|∫ b

a
|Hl(h1, h2, ..., hl)||Φk1(f11(x), f12(x), ..., f1k1(x))| �α x

) s1
r1

�α x

≥
∫ b

a

|Hl(h1, h2, ..., hl)|(
s1
r1
|Φk1(f11(x), f12(x), ..., f1k1(x))|∫ b

a
|Hl(h1, h2, ..., hl)||Φk1(f11(x), f12(x), ..., f1k1(x))| �α x

+ 1− s1

r1

)
�α x = 1,

that is,∫ b

a

|Hl(h1, h2, ..., hl)||Φk1(f11(x), f12(x), ..., f1k1(x))|
s1
r1 �α x

≥

(∫ b

a

|Hl(h1, h2, ..., hl)||Φk1(f11(x), f12(x), ..., f1k1(x))| �α x

) s1
r1

.

Replacing |Φk1(f11(x), f12(x), ..., f1k1(x))| by |Φk1(f11(x), f12(x), ..., f1k1(x))|r1 and
taking power 1

s1
> 0, we get(∫ b

a

|Hl(h1, h2, ..., hl)||Φk1(f11, f12, ..., f1k1)|s1 �α x

) 1
s1

≥

(∫ b

a

|Hl(h1, h2, ..., hl)||Φk1(f11, f12, ..., f1k1)|r1 �α x

) 1
r1

. (3.8)

Now if i = n− 1, then we suppose that

n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|si �α x

) 1
si

≥
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|ri �α x

) 1
ri

. (3.9)

At the end, we write (3.8) for i = n in a similar way and multiply it with (3.9) and
get our required inequality (3.7). �

Remark. If we set α = 1, H1(x1) = x1 for l = 1, h1 = h, i = 1, Φk1(x1) = x1 for
k1 = 1, f11 = f , s1 = s and r1 = r, then inequality (3.7) takes the form(∫ b

a

|h(x)||f(x)|s∆x

) 1
s

≥

(∫ b

a

|h(x)||f(x)|r∆x

) 1
r

,
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which is similar to an inequality as proved in [12, Lemma A].

Upcoming result is the generalization of Schlömilch’s inequality in two dimen-
sions.

Theorem 3.4. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x, y)}lj=1

and {f1j(x, y)}k1j=1,{f2j(x, y)}k2j=1,...,{fnj(x, y)}knj=1 ∈ C([a, b]T × [a, b]T,R) be �α-

integrable functions. Let Hl(x1, x2, ..., xl) 6= 0 with
∫ b
a

∫ b
a
|Hl(h1, h2, ..., hl)| �α x �α

y = 1 and Φki(x1, x2, ..., xki) for i = 1, 2, ..., n be arbitrary real-valued functions of
l and ki for i = 1, 2, ..., n variables, respectively. If si ≥ ri > 0 for i = 1, 2, ..., n,
then

n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|si �α x �α y

) 1
si

≥
n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|ri �α x �α y

) 1
ri

. (3.10)

Proof. Similar to the proof of Theorem 3.3. �

Theorem 3.5. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x)}lj=1 and

{f1j(x)}k1j=1, {f2j(x)}k2j=1,...,{fnj(x)}knj=1 ∈ C([a, b]T,R−{0}) be �α-integrable func-
tions.

Let Hl(x1, x2, ..., xl) 6= 0 with
∫ b
a
|Hl(h1, h2, ..., hl)|�αx = 1 and Φki(x1, x2, ..., xki)

for i = 1, 2, ..., n be arbitrary nonzero real-valued functions of l and ki for i =

1, 2, ..., n variables, respectively. Further assume that
n∏
i=1

Φki(fi1, fi2, ..., fiki) = M ,

where M is a positive real number.

(i) Let pi be nonzero real numbers with
n∑
i=1

1
pi
< 0 and if all except one of pi

for i = 1, 2, ..., n are positive, then

n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

≥M.

(ii) Let pi be nonzero real numbers with
n∑
i=1

1
pi
> 0 and if all except one of pi

for i = 1, 2, ..., n are negative, then

n∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x

) 1
pi

≤M.

Proof. To prove (i), the given condition becomes
n−1∑
i=1

1
pi

+ 1
pn

< 0 and can be

rearranged as
n−1∑
i=1

1
(− pi

pn
)
< 1, where all of pi are positive for i = 1, ..., n − 1 but

pn is negative. Take Pi = − pi
pn

> 1 for i = 1, ..., n − 1. Let λ =
n−1∑
i=1

1
Pi

< 1 and

γi = λPi < Pi for i = 1, 2, ..., n−1. Then
n−1∑
i=1

1
γi

= 1 for i = 1, 2, ..., n−1. Applying
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generalized Rogers-Hölder’s inequality, we have∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|γi �α x

) 1
γi

,

and by applying Schlömilch’s inequality, we get∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|Pi �α x

) 1
Pi

.

The rest follows as in the proof of first part of Theorem 3.1.

Now to prove (ii), the given condition
n−1∑
i=1

1
pi

+ 1
pn

> 0 can be rearranged as

n−1∑
i=1

1
(− pi

pn
)
< 1, where all of pi for i = 1, ..., n − 1 are negative but pn is positive.

Take Pi = − pi
pn

> 1 for i = 1, ..., n − 1. Let λ =
n−1∑
i=1

1
(− pi

pn
)
< 1 and γi = λPi < Pi

for i = 1, ..., n − 1. Then
n−1∑
i=1

1
γi

= 1 for i = 1, ..., n − 1. Applying generalized

Rogers-Hölder’s inequality, we get∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|γi �α x

) 1
γi

,

and by applying Schlömilch’s inequality, we get∫ b

a

|Hl(h1, h2, ..., hl)|

∣∣∣∣∣
n−1∏
i=1

Φki(fi1, fi2, ..., fiki)

∣∣∣∣∣ �α x
≤
n−1∏
i=1

(∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|Pi �α x

) 1
Pi

.

The rest follows as in the proof of second part of Theorem 3.1.
This completes the proof. �

Now upcoming result is the generalization of Theorem 3.5 in two dimensions.

Theorem 3.6. Let T be a time scale, a, b ∈ T with a < b. Let {hj(x, y)}lj=1

and {f1j(x, y)}k1j=1,{f2j(x, y)}k2j=1,...,{fnj(x, y)}knj=1 ∈ C([a, b]T× [a, b]T,R−{0}) be

�α-integrable functions. Let Hl(x1, x2, ..., xl) 6= 0 with
∫ b
a

∫ b
a
|Hl(h1, h2, ..., hl) �α

x �α y = 1 and Φki(x1, x2, ..., xki) for i = 1, 2, ..., n be arbitrary nonzero real-valued
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functions of l and ki for i = 1, 2, ..., n variables, respectively. Further assume that
n∏
i=1

Φki(fi1, fi2, ..., fiki) = M , where M is a positive real number.

(i) Let pi be nonzero real numbers with
n∑
i=1

1
pi
< 0 and if all except one of pi

for i = 1, 2, ..., n are positive, then

n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x �α y

) 1
pi

≥M.

(ii) Let pi be nonzero real numbers with
n∑
i=1

1
pi
> 0 and if all except one of pi

for i = 1, 2, ..., n are negative, then

n∏
i=1

(∫ b

a

∫ b

a

|Hl(h1, h2, ..., hl)||Φki(fi1, fi2, ..., fiki)|pi �α x �α y

) 1
pi

≤M.

Proof. Similar to the proof of Theorem 3.5. �

4. Conclusion and Future Work

In this research article, we have presented functional generalization of some dy-
namic inequalities on diamond-α integral which is a linear combination of delta
integral and nabla integral. If α = 1, then all dynamic inequalities are reduced to
their delta versions and if α = 0, then all dynamic inequalities are reduced to their
nabla versions. If we take T = Z, then all dynamic inequalities will take the form
of their discrete versions. If we take T = R, then all dynamic inequalities will take
the form of their continuous versions.

As results given in Theorem 3.1, Theorem 3.3 and Theorem 3.5 are general-
ized in two dimensions, similarly we can generalize such results in more than two
dimensions. It will be very interesting to present such inequalities on quantum cal-
culus. We can also present such inequalities by using fractional Riemann-Liouville
integral.

References
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