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THE NEUTRIX LIMIT OF A k-DEFORMATION OF THE
GAMMA FUNCTION

INCI EGE, EMRAH YILDIRIM

ABSTRACT. The main object of this paper is to give a definition of k-deformation
of the gamma function for all real values of x.

1. INTRODUCTION AND PRELIMINARIES

One of the most important special functions is the Euler’s Gamma function.
It has many applications in various fields like mathematical physics, analysis and
statistics, and defined for z > 0 by the Riemann integral

o0
Iz) = / t*Le tdt,
0

[T, 3, [12].

Let N’ be a nonempty set and let A" be a commutative, additive group of func-
tions mapping from N’ to a commutative, additive group N”. The group N is
called "neutrix” if the function which is identically equal to zero is the only con-
stant function occurring in A/ and the functions in the set A/ are called "negligible”.
Now let N be a domain lying in a topological space with a limit point b not be-
longing to N "and N be a commutative additive group of functions defined on N’
with the property that ” f € N/ ,ll_r)r}) f(¢) = c(constant) for e € N' then ¢ = 07. If

it is possible to find a constant ¢ such that f(e) — ¢ is negligible, then, ¢ is called
the neutrix limit of f(e) as € tends to b and denoted by N—lim f(e) = ¢. Note that
e—b

more information about neutrix calculus can be found in [2].
Using the regularization technique given by Gel'fand and Shilov the gamma
function is defined as

[(z) = /OOO go-1 [e_t - Z(—w";} dt
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for —-n <z < -n+1,n=12,... [7, and using the concept of neutrix and neutrix
limit; the gamma function is defined for all real values of x such that,
[(z) =N-lim [ ¢*te tdt, (1.1)
e—0 €

[6].
Recently, Diaz and Pariguan in [4, [5] introduced a k-deformation of the gamma
function as

Fk(a:):/ 7l gt (1.2)

0
and many researchers gave some properties and inequalities for the above func-
tion [8 @, 10, II]. Note that the k-deformation of the gamma function or simply
k-gamma function I'y(z) satisfies the following properties: I'y(x + k) = a2k (x),
Tk(k)=1and Ty(z) = T'(z) as k — 1.

2. MAIN RESULTS

In this present paper, we are going to use the regularization technique and the
concepts of neutrix and neutrix limit to give a generalization of T'y(z) for all real
values of x.

Definition 2.1. Fork > 0 and all real values of x, the k-deformation of the gamma
function is defined by

[e.9]

tk
Ip(z) =N-lim [ " le Fdt, (2.1)

e—0 €

where N is the neutriz having domain N = (0,00), range N =R with negligible
functions of finite linear sums of the functions
Aln" e ln" e A<0,r=1,2,...)

and all functions f(€) which converge to zero in the normal sense as € tends to zero.

It is not immediately obvious that the neutrix limit in the equation (2.1)) exists.
We will prove that this neutrix limit exists so that I'y(z) is well-defined for the
given values of k and z in the Definition [2.1

Theorem 2.2. The neutriz limit as € tends to zero of the Riemann integral

o0 tk
/ " le™ T dt
€

exists for all real values of x and k > 0.

Proof. We need to find out the existence of the neutrix limit of the integral not
only for x but also we have to look for different values of k. So we try to obtain
the result by following steps.

e Case 1. k>0 and x > 0,

e Case 2. k> 1,
(1) —k+1<z<0
(2) —-(n+1Dk+1l<z<-nk+landx# —nkforn=12,...
(3) x=-—nkforn=12,...

e Case 3. #H<k<%form:1,2,...7
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(1) =(m+1Dk+1<2<0
(2) —(n+1)k+1<z<-nk+lforn=m+1,m+2,..,2# —(n—m)k
B)za=—(Mn—-—m)kforn=m+1,m+2,...
e Cased. k=1,1=23,..,—(n+1)k+1 <z < —nk+1,n=1,1+1,142. .,
e Case 5. k> 0 such that 24 <k < tl form=1,2,...,
(1) 5€{1,2,...,m} such that kj =n
(2) j¢{1,2,...,m} such that kj = n.

Hence by the aid of these cases, we will able to expand the domain of the integral
for all real values of z and k£ > 0.
Case 1: Let k£ > 0 and = > 0. Then the integral

oo tk
/ t*le™ % dt
0

is convergent. Hence

e—0

o0 tk o tk > tk
N—lim t*“Le™% dt = lim t‘”_le_Tdt:/ t*le™F dt.
e—0 ¢ 0

€

Case 2: Let k >1and —k+1 <2 <0. Then

o0

k
N-lim [ t*le % dt=

e—0 €

1 k o0 +k
=N-lim [ ¢"![e” ]dt+N hm/ e 1dt+/ t" e dt =
1

e—0 ¢

:/mtTl[_:—H(l—t)}dt—i-—. (2.2)
0 X

where H(t) is Heaviside function.
Now let k > 1and —(n+ 1)k+1 <z < —nk+1and z # —nk forn =1,2,....
Then we get,

o tk 1 tk " - thi
N-lim [ e % dt=N—lim | [e*T -3 (-1y } dt +
e—0 € e—0 € =0 k] j!
o0 k n tT+ki |1
+ [ e w dt + —li | =
/1 Zo e—0 T+ kjle

n

1 ok tkj oo ok n (_]_)j
— [ [e*’r ~3 (- ]dt+/ e T A4y
/ 2V gl 2 TG+ )
Hence we can write

foe) . B n n 71]‘
rk(z):/o 4 { Z kﬂHlt]ngM (2.3)

Jj=

fork>1, —(n+1k+1<z<-nk+landx+# -nk,n=12,..,k>1
Now, we need to look for x = —nk for n = 1,2, .... For simplicity let x = —k and
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k > 1. Then we will define 'y (—k):

o0 tk
N—lim tFle= % dt =
e—0 €
1 k

—Nelim [ e 14 Sl +

e—0 €

e—0 €

o0 tk 1 1 1
+/ tFlem® dt+N—lim/ t7F gt — N—lim— [ ¢t 'dt.
1 e—0 € k

Since In € is a negligible function, we get

o0 & k
T(—k) = /0 R e - (1 - %) H(1—t)]dt — % (2.4)

for k > 1. And more generally we have

o0

tk
Ik(z) = N—lim t* e " dt =
e—0 €
o0 A - thi (-1 1
= [ e =Y H -] . 2.5
/0 - LW g HO =0 dik ) S (26)
7=0 7=0
fork>1landz=—-nk,n=1,2,....
Up to now, we have obtained the result only for k£ > 1.
Case 3: Now, let m—H <k<-,m=12,... Thenfor -(m+1)k+1<2<0
we have
oo tk
N-lim [ " le ®F dt=
e—0 €

[e7e] m tk] m 1
[l o]
/0 Z k]' 2::0 ij' k]—Hc

Jj=

Here we don’t need to omit the value x = —mk, since —mk ¢ [—(m + 1)k + 1,0).
Now, let ﬁ <k< %, —(n+k+1<z<-nk+lforn=m+1m+2...,
x#—(n—m)k,m=1,2,.... Then

N-lim [ *"'e % dt =
e—0 €
- /OO e - f 1 ma 1)) dt + §n L1 (2.6)
0 =0 k75! = K Kjt e ‘

Now, let ﬁ <k< %,mzlﬂ,...andx:—(n—m)k forn=m+1,m+2,....
Note that, z = —(n —m)k € [-(n+ 1)k + 1,—nk + 1). Hence we can write
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o0 tk
N—lim t—(n=mk=1 =% gt =

e—0 €
> —(n—m)k—1 i - jtkj
=) [e P31 kj—j!Hu—t)} dt +
§=0
n—m-—1 ; n ;
1 (—1)7 1
. . . 2.7
* Z kJ 4! kj—(n—m)k+, Z kil kj—(n—m)k 2.7)
=0 j=n—m+1
Since t = —(n —m)k forn=m+1,m+2,..., then we havex——k = —2k,
x = —3k,.... Hence we got that I'y(—nk) for n = 1,2,... and m+1 < k< %,
m=1,2,....
Case 4: Let k = %, 1=23,..,—(n+)k+1 <z < —nk+l,n=10I1+1,1+2...

Note that, if n = I, then —nk +1 =0, so that —(n+ 1)k + 1 < 2 < 0. Hence, we
need to get the result for the values k = } separately. Let @ # —[(n—1) + 1]k, then

o0

tk
N—lim " le™F dt =
e—0 €
Tty 1jtkj H(1 Y ‘ 2.8
= [T 3 (-] i+ .

and for © = —[(n — 1) 4+ 1]k, we have

o0

+k
N-—lim t* e ® dt =
e—0 €
_ r—1 _
- /0 ¢ [ ; kﬂy' #)] dt +
n—l ; ;
(-1 1 (-1 1
+ + Z (2.9)
] !
= kijl kj+x P I ki g k:j+x
Now we will prove the existence of I'y(—n) for n =0,1,2,.... For k > n+1, one
can see that
o0 1 tk o0 1 tk
N-lim [ t " e % dt= / - {e_T ~H(1- t)} dt. (2.10)
e—0 € 0

Case 5: Now, let the number k£ > 0 be such that % <k< %‘1 form=1,2,....
If there exist a number j in the set {1,2,...,m} satisfies the condition that kj = n,
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we have
e ok 1 ok m . tkj
N-tim [ e Tt = N—tim [ e -3 ()i
e—0  Je e—0  Je = k4!

Tl g 3 (_1)jN li 1t’“j’”’1dt—
+ ! e +Z 5! ;(l)m i =

j=0
:/Oot—"‘l [e—%—i(—l)fﬁH(l—t)] dt + i (_.1)j ! +
0 = kij! Py kijl kj—n

L
Jer]lm%/ tk(?)inil dt:
e—0 kf(%)' €

> U ki (=171
_ -n—1|_—4%= _ _1\J _
_/0 t {e ; Z( Dt t)} dt+ > R CARY

7=0 7j=0,kj#n

On the other hand, if there is not any number j in the set {1,2,...,m} such that
kj = n, we can write directly that

o] o) m j
. —n—1 _tk _ n—1
Ne—_}(l)m i t e kdt—/o t~ [ ]E k]' —t)}dt—&—
2.12
Jj=0
This completes the proof of the theorem. [

We will give some examples for making easier to understand our equations.

Example 2.3. Let us calculate T'1(—n) for n = 0,1,.... By taking n = m in the
equation (2.11)), we have
oo n i n—1 (_1)j
Iy (—n) = / t‘”_l[ Z H(1 - t)}dt - = (213
0 = =0 jln —j)

form=1,2,.... Also by using the equation fork=1 and n =0, we get
r'i(0) :/ t*l[e*t —H(1 —t)}dt. (2.14)
0
We want to note that the equations (2.13) and (2.14) collide with the ones in
[6].

Example 2.4. For I's(—16/3) we use the inequality —(n + )k < z < —nk + 1.
Then —3(n + 1) < —16/3 < —3n + 1 is valid for n = 2. Hence by equation

we write

o) 2 3j
Y
- _ —19/3 _
I's(—16/3) /0 t [ § 3]J|H1 t)} dt +

Jj=
2

(=1)
; 3751(3j — 16/3)"
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Example 2.5. For I'y/5(—7/4) we can use equation for n = 5. Because, we
have x = —=7/4,1 =2 and k = 1/2 and for satisfying —(n+ 1)k+1 <z < —nk+1
we need n =5. Also, x # —[(n — 1) + 1]k, then

/2 /2

Tijo(~7/4) = /Oot-“/‘*[e1/2—2(—1)3'(1/2)],],!1{(1—0] dt +

Jj=0

(=)

5 1y
* jz (1/2)7; ]/2_7/4)
Example 2.6. We can get I's/7(—1) in two ways. Firstly, let us use equation @)
For this, we need to find the number m satisfying the inequality ﬁ <k< .
Since k = 3/7, we have m = 2. Also, since x = —1 then we get n = 4 for the
inequality —(n + 1)k +1 < o < —nk +1. Also, -1 =z # —(n — m)k = —2.2.
Hence,

oo t3/7 4 .3/
Ly/7(—1) = /0 t { Z 3/7 ]'H(l—t)} dt +
1)’

T Z 3/ 33/7—1)

(2.15)

For the second way, we can use equation . Since k = 3/7 and n = 1 we get
= 4 for the inequality - "H <k< % Also, there is not any number j in
{1,2,3,4} such that 3j/7 = —1. Then we get equation (2.15).
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