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THE NEUTRIX LIMIT OF A k-DEFORMATION OF THE

GAMMA FUNCTION

İNCİ EGE, EMRAH YILDIRIM

Abstract. The main object of this paper is to give a definition of k-deformation

of the gamma function for all real values of x.

1. Introduction and Preliminaries

One of the most important special functions is the Euler’s Gamma function.
It has many applications in various fields like mathematical physics, analysis and
statistics, and defined for x > 0 by the Riemann integral

Γ(x) =

∫ ∞
0

tx−1 e−t dt,

[1, 3, 12].
Let N ′ be a nonempty set and let N be a commutative, additive group of func-

tions mapping from N ′ to a commutative, additive group N ′′. The group N is
called ”neutrix” if the function which is identically equal to zero is the only con-
stant function occurring in N and the functions in the set N are called ”negligible”.
Now let N

′
be a domain lying in a topological space with a limit point b not be-

longing to N
′

and N be a commutative additive group of functions defined on N ′

with the property that ”f ∈ N , lim
ε→b

f(ε) = c (constant) for ε ∈ N
′

then c = 0”. If

it is possible to find a constant c such that f(ε) − c is negligible, then, c is called
the neutrix limit of f(ε) as ε tends to b and denoted by N−lim

ε→b
f(ε) = c. Note that

more information about neutrix calculus can be found in [2].
Using the regularization technique given by Gel’fand and Shilov the gamma

function is defined as

Γ(x) =

∫ ∞
0

tx−1
[
e−t −

n−1∑
i=0

(−1)i
ti

i!

]
dt
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for −n < x < −n+1, n = 1, 2, . . ., [7], and using the concept of neutrix and neutrix
limit; the gamma function is defined for all real values of x such that,

Γ(x) = N−lim
ε→0

∫ ∞
ε

tx−1 e−t dt, (1.1)

[6].
Recently, Diaz and Pariguan in [4, 5] introduced a k-deformation of the gamma

function as

Γk(x) =

∫ ∞
0

tx−1e−
tk

k dt (1.2)

and many researchers gave some properties and inequalities for the above func-
tion [8, 9, 10, 11]. Note that the k-deformation of the gamma function or simply
k-gamma function Γk(x) satisfies the following properties: Γk(x + k) = xΓk(x),
Γk(k) = 1 and Γk(x)→ Γ(x) as k → 1.

2. Main Results

In this present paper, we are going to use the regularization technique and the
concepts of neutrix and neutrix limit to give a generalization of Γk(x) for all real
values of x.

Definition 2.1. For k > 0 and all real values of x, the k-deformation of the gamma
function is defined by

Γk(x) = N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt, (2.1)

where N is the neutrix having domain N
′

= (0,∞), range N
′′

= R with negligible
functions of finite linear sums of the functions

ελ lnr−1 ε, lnr ε (λ < 0, r = 1, 2, . . .)

and all functions f(ε) which converge to zero in the normal sense as ε tends to zero.

It is not immediately obvious that the neutrix limit in the equation (2.1) exists.
We will prove that this neutrix limit exists so that Γk(x) is well-defined for the
given values of k and x in the Definition 2.1.

Theorem 2.2. The neutrix limit as ε tends to zero of the Riemann integral∫ ∞
ε

tx−1e−
tk

k dt

exists for all real values of x and k > 0.

Proof. We need to find out the existence of the neutrix limit of the integral not
only for x but also we have to look for different values of k. So we try to obtain
the result by following steps.

• Case 1. k > 0 and x > 0,
• Case 2. k > 1,

(1) −k + 1 < x < 0
(2) −(n+ 1)k + 1 < x < −nk + 1 and x 6= −nk for n = 1, 2, . . .
(3) x = −nk for n = 1, 2, . . .

• Case 3. 1
m+1 < k < 1

m for m = 1, 2, . . .,
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(1) −(m+ 1)k + 1 ≤ x < 0
(2) −(n+ 1)k+ 1 ≤ x < −nk+ 1 for n = m+ 1,m+ 2, . . ., x 6= −(n−m)k
(3) x = −(n−m)k for n = m+ 1,m+ 2, . . .

• Case 4. k = 1
l , l = 2, 3, . . ., −(n+1)k+1 ≤ x < −nk+1, n = l, l+1, l+2 . . .,

• Case 5. k > 0 such that n+1
m+1 ≤ k <

n+1
m for m = 1, 2, . . .,

(1) j ∈ {1, 2, . . . ,m} such that kj = n
(2) j /∈ {1, 2, . . . ,m} such that kj = n.

Hence by the aid of these cases, we will able to expand the domain of the integral
for all real values of x and k > 0.
Case 1: Let k > 0 and x > 0. Then the integral∫ ∞

0

tx−1e−
tk

k dt

is convergent. Hence

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt = lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

∫ ∞
0

tx−1 e−
tk

k dt.

Case 2: Let k > 1 and −k + 1 ≤ x < 0. Then

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

= N−lim
ε→0

∫ 1

ε

tx−1 [e−
tk

k − 1] dt+ N−lim
ε→0

∫ 1

ε

tx−1 dt+

∫ ∞
1

tx−1e−
tk

k dt =

=

∫ ∞
0

tx−1 [e−
tk

k −H(1− t)] dt+
1

x
. (2.2)

where H(t) is Heaviside function.
Now let k > 1 and −(n + 1)k + 1 ≤ x < −nk + 1 and x 6= −nk for n = 1, 2, . . ..
Then we get,

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt = N−lim
ε→0

∫ 1

ε

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!

]
dt+

+

∫ ∞
1

tx−1e−
tk

k dt+

n∑
j=0

(−1)j

kjj!
N−lim
ε→0

tx+kj

x+ kj

∣∣∣1
ε

=

=

∫ 1

0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!

]
dt+

∫ ∞
1

tx−1e−
tk

k dt+

n∑
j=0

(−1)j

kjj!(x+ kj)
.

Hence we can write

Γk(x) =

∫ ∞
0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

n∑
j=0

(−1)j

kjj!(x+ kj)
(2.3)

for k > 1, −(n+ 1)k + 1 ≤ x < −nk + 1 and x 6= −nk, n = 1, 2, . . ., k > 1.
Now, we need to look for x = −nk for n = 1, 2, . . .. For simplicity let x = −k and
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k > 1. Then we will define Γk(−k):

N−lim
ε→0

∫ ∞
ε

t−k−1 e−
tk

k dt =

= N−lim
ε→0

∫ 1

ε

t−k−1 [e−
tk

k − 1 +
tk

k
] dt+

+

∫ ∞
1

t−k−1e−
tk

k dt+ N−lim
ε→0

∫ 1

ε

t−k−1 dt−N−lim
ε→0

1

k

∫ 1

ε

t−1 dt.

Since ln ε is a negligible function, we get

Γk(−k) =

∫ ∞
0

t−k−1 [e−
tk

k − (1− tk

k
)H(1− t)] dt− 1

k
(2.4)

for k > 1. And more generally we have

Γk(x) = N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

=

∫ ∞
0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

n−1∑
j=0

(−1)j

kjj!

1

kj + x
(2.5)

for k > 1 and x = −nk, n = 1, 2, . . ..
Up to now, we have obtained the result only for k > 1.
Case 3: Now, let 1

m+1 < k < 1
m , m = 1, 2, . . .. Then for −(m + 1)k + 1 ≤ x < 0

we have

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

=

∫ ∞
0

tx−1
[
e−

tk

k −
m∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

m∑
j=0

(−1)j

kjj!

1

kj + x
.

Here we don’t need to omit the value x = −mk, since −mk /∈ [−(m + 1)k + 1, 0).
Now, let 1

m+1 < k < 1
m , −(n + 1)k + 1 ≤ x < −nk + 1 for n = m + 1,m + 2, . . .,

x 6= −(n−m)k, m = 1, 2, . . .. Then

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

=

∫ ∞
0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

n∑
j=0

(−1)j

kjj!

1

kj + x
. (2.6)

Now, let 1
m+1 < k < 1

m , m = 1, 2, . . . and x = −(n−m)k for n = m+ 1,m+ 2, . . ..

Note that, x = −(n−m)k ∈ [−(n+ 1)k + 1,−nk + 1). Hence we can write
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N−lim
ε→0

∫ ∞
ε

t−(n−m)k−1 e−
tk

k dt =

=

∫ ∞
0

t−(n−m)k−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

+

n−m−1∑
j=0

(−1)j

kjj!

1

kj − (n−m)k
+

n∑
j=n−m+1

(−1)j

kjj!

1

kj − (n−m)k
. (2.7)

Since x = −(n−m)k for n = m+ 1,m+ 2, . . ., then we have x = −k, x = −2k,
x = −3k,. . . . Hence we got that Γk(−nk) for n = 1, 2, . . . and 1

m+1 < k < 1
m ,

m = 1, 2, . . ..
Case 4: Let k = 1

l , l = 2, 3, . . ., −(n+1)k+1 ≤ x < −nk+1, n = l, l+1, l+2 . . ..
Note that, if n = l, then −nk + 1 = 0, so that −(n + 1)k + 1 ≤ x < 0. Hence, we
need to get the result for the values k = 1

l separately. Let x 6= −[(n− l) + 1]k, then

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

=

∫ ∞
0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

n∑
j=0

(−1)j

kjj!

1

kj + x
. (2.8)

and for x = −[(n− l) + 1]k, we have

N−lim
ε→0

∫ ∞
ε

tx−1 e−
tk

k dt =

=

∫ ∞
0

tx−1
[
e−

tk

k −
n∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

+

n−l∑
j=0

(−1)j

kjj!

1

kj + x
+

n∑
j=n−l+2

(−1)j

kjj!

1

kj + x
. (2.9)

Now we will prove the existence of Γk(−n) for n = 0, 1, 2, . . .. For k ≥ n+ 1, one
can see that

N−lim
ε→0

∫ ∞
ε

t−n−1 e−
tk

k dt =

∫ ∞
0

t−n−1
[
e−

tk

k −H(1− t)
]
dt. (2.10)

Case 5: Now, let the number k > 0 be such that n+1
m+1 ≤ k <

n+1
m for m = 1, 2, . . ..

If there exist a number j in the set {1, 2, . . . ,m} satisfies the condition that kj = n,
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we have

N−lim
ε→0

∫ ∞
ε

t−n−1 e−
tk

k dt = N−lim
ε→0

∫ 1

ε

t−n−1
[
e−

tk

k −
m∑
j=0

(−1)j
tkj

kjj!

]
dt+

+

∫ ∞
1

t−n−1e−
tk

k dt+

m∑
j=0

(−1)j

kjj!
N−lim
ε→0

∫ 1

ε

tkj−n−1 dt =

=

∫ ∞
0

t−n−1
[
e−

tk

k −
m∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

m∑
j=0,kj 6=n

(−1)j

kjj!

1

kj − n
+

+ N−lim
ε→0

(−1)
n
k

k
n
k (nk )!

∫ 1

ε

tk(
n
k )−n−1 dt =

=

∫ ∞
0

t−n−1
[
e−

tk

k −
m∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

m∑
j=0,kj 6=n

(−1)j

kjj!

1

kj − n
. (2.11)

On the other hand, if there is not any number j in the set {1, 2, . . . ,m} such that
kj = n, we can write directly that

N−lim
ε→0

∫ ∞
ε

t−n−1 e−
tk

k dt =

∫ ∞
0

t−n−1
[
e−

tk

k −
m∑
j=0

(−1)j
tkj

kjj!
H(1− t)

]
dt+

+

m∑
j=0

(−1)j

kjj!

1

kj − n
. (2.12)

This completes the proof of the theorem. �

We will give some examples for making easier to understand our equations.

Example 2.3. Let us calculate Γ1(−n) for n = 0, 1, . . .. By taking n = m in the
equation (2.11), we have

Γ1(−n) =

∫ ∞
0

t−n−1
[
e−t −

n∑
j=0

(−1)j
tj

j!
H(1− t)

]
dt−

n−1∑
j=0

(−1)j

j!(n− j)
(2.13)

for n = 1, 2, . . .. Also by using the equation (2.10) for k = 1 and n = 0, we get

Γ1(0) =

∫ ∞
0

t−1
[
e−t −H(1− t)

]
dt. (2.14)

We want to note that the equations (2.13) and (2.14) collide with the ones in
[6].

Example 2.4. For Γ3(−16/3) we use the inequality −(n + 1)k ≤ x < −nk + 1.
Then −3(n + 1) ≤ −16/3 < −3n + 1 is valid for n = 2. Hence by equation (2.3)
we write

Γ3(−16/3) =

∫ ∞
0

t−19/3
[
e−

t3

3 −
2∑
j=0

(−1)j
t3j

3jj!
H(1− t)

]
dt+

+

2∑
j=0

(−1)j

3jj!(3j − 16/3)
.
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Example 2.5. For Γ1/2(−7/4) we can use equation (2.8) for n = 5. Because, we
have x = −7/4, l = 2 and k = 1/2 and for satisfying −(n+ 1)k+ 1 ≤ x < −nk+ 1
we need n = 5. Also, x 6= −[(n− l) + 1]k, then

Γ1/2(−7/4) =

∫ ∞
0

t−11/4
[
e−

t1/2

1/2 −
5∑
j=0

(−1)j
tj/2

(1/2)jj!
H(1− t)

]
dt+

+

5∑
j=0

(−1)j

(1/2)jj!(j/2− 7/4)
.

Example 2.6. We can get Γ3/7(−1) in two ways. Firstly, let us use equation (2.6).

For this, we need to find the number m satisfying the inequality 1
m+1 < k < 1

m .

Since k = 3/7, we have m = 2. Also, since x = −1 then we get n = 4 for the
inequality −(n + 1)k + 1 ≤ x < −nk + 1. Also, −1 = x 6= −(n − m)k = −2. 37 .
Hence,

Γ3/7(−1) =

∫ ∞
0

t−2
[
e−

t3/7

3/7 −
4∑
j=0

(−1)j
t3/7

(3/7)jj!
H(1− t)

]
dt+

+

4∑
j=0

(−1)j

(3/7)jj!(3j/7− 1)
. (2.15)

For the second way, we can use equation (2.12). Since k = 3/7 and n = 1 we get
m = 4 for the inequality n+1

m+1 ≤ k < n+1
m . Also, there is not any number j in

{1, 2, 3, 4} such that 3j/7 = −1. Then we get equation (2.15).

Acknowledgments. The authors would like to thank the anonymous referees for
their comments that helped us improve this article.

References

[1] M. Abromowitz, I. A. Stegun, Editors, Handbook of Mathematical Functions with Formulas
, Graphs and Mathematical Tables, Reprint of the 1972 Edition, Dover, New York, 1992.

[2] J. G. van der Corput, Introduction to the neutrix calculus, J. Analyse Math., 7, (1959),
291-398.

[3] P. J. Davis, Leonard Euler’s integral: An historical profile of the gamma function, The

American Mathematical Monthly, 66 10, (1959), 849-869.
[4] R. Diaz, E. Pariguan, On hypergeometric functions and Pochhammer k-symbol, Divulgaciones

Matematicas, 15 2, (2007), 179-192.
[5] R. Diaz, C. Teruel, q, k-generalized gamma and beta functions, Journal of Nonlinear Mathe-

matical Physics, 12 1, (2005), 118-134.
[6] B. Fisher, Y. Kuribayashi, Neutrices and the gamma function, The J. of. the Fac. of. Edu.

Tottori University, 36 1-2, (1987).
[7] I. M. Gel’fand, G.E. Shilov, Generalized Functions, Vol. I, Academic Press, 1964.

[8] C.G. Kokologiannaki, Properties and inequalities of generalized k-gamma, beta and zeta func-
tions, Int. J. Contemp. Math. Sci. 5 (2010), 653-660.

[9] C.G. Kokologiannaki, V. Krasniqi, Some properties of k-gamma function, Le mathematics,
LXVIII (2013), 13-22.

[10] S. Mubeen, S. Iqbal, Some inequalities for the gamma k-function, Adv. Inequal. Appl. (2015),
2015:10.

[11] A. Rehman, S. Mubeen, Some inequalities involving k-gamma and k-beta functions with
applications, J. Inequal. Appl. (2014), 2014:224.

[12] L. Schwartz, Mathematics for the physical sciences, Addison-Wesley, 1966.
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İnci Ege

Dept. of Mathematics, Adnan Menderes University, 09010, Aydın, Turkey

E-mail address: iege@adu.edu.tr

Emrah Yıldırım

Dept. of Mathematics, Adnan Menderes University, 09010, Aydın, Turkey
E-mail address: emrahyildirim@adu.edu.tr


