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INTUITIONISTIC FUZZY I-CONVERGENT DIFFERENCE
SEQUENCE SPACES DEFINED BY MODULUS FUNCTION

ESRA KAMBER

ABSTRACT. In this study, we introduce the intuitionistic fuzzy I-convergent
difference sequence spaces In (#'V)(f) and Ig(uyv) (f) defined by modulus func-
tion. Also we establish a new topological space and investigate some topolog-
ical properties in intuitionistic fuzzy I-convergent difference sequence spaces
Ia®) and 19 ") defined by modulus function.

1. INTRODUCTION

Fuzzy set theory introduced by Zadeh [I] has been applied on different fields
of mathematics such as in the theory of functions [2] and in the approximation
theory [3]. Fuzzy topology plays an essential role in fuzzy theory. It deals with
such conditions where the classical theories break down. The intuitionistic fuzzy
normed space and intuitionistic fuzzy n-normed space which were investigated in
[]-[5] are the most contemporary improvements in fuzzy topology. Recently, the
notion of I-convergence in intuitionistic fuzzy zweier I-convergent sequence spaces
and intuitionistic fuzzy zweier I-convergent double sequence spaces have been in-
troduced in [10]-[I3] and [27]-[29).

The notion of statistical convergence was given by Steinhaus [14] and Fast [15]
using the definition of density of the set of natural numbers. Many years later,
statistical convergence was discussed by many researchers in the theory of fourier
analysis, ergodic theory and number theory. Some statistical convergence types in
intuitionistic fuzzy normed spaces and intuitionistic fuzzy n-normed spaces were
studied in [6]-[9] and [26]. As an extended definition of statistical convergence and
definition of I-convergence was introduced by Kostyrko, Salat and Wilczynski [16]
by using the idea of I of subsets of the set of natural numbers. Recently, /- and
I*- convergence of double sequences have been studied by Das et al. [I7].
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Some new sequence spaces were introduced by means of various matrix trans-
formations in [2I]-[23] and [30]-[32]. Kizmaz [20] defined the difference sequence
spaces with the difference matrix as follows:

X(A)={z=(xx): Az e X}
for X = lw, ¢, cg, where Az, = x — 241 and A denotes the difference matrix
A = (A,x) defined by

A (=) ki n<k<n+l1,
nk = 0, if0<k<n.

In this paper, we introduce the intuitionistic fuzzy I-convergent difference se-

quence spaces In ") (f) and Ig(“ ’U)( f) defined by modulus function and investi-
gate some topological properties of these new spaces.

2. BASIC DEFINITIONS

In this section, we give some definitions and notations which will be used for this
study.

Definition 2.1. ([I8]) A binary operation * : [0,1] x [0,1] — [0,1] is said to
be a continuous t-norm if it satisfies the following conditions:
(i) = is associative and commutative,

(ii) * is continuous,

(i) a*x1=a for all a € [0,1],

(iv) a*xb < cxd whenever a < ¢ and b < d for each a, b, ¢,d € [0,1].
Definition 2.2. ([I8]) A binary operation o : [0,1] x [0,1] — [0,1] is said to be a
continuous t-conorm if it satisfies the following conditions:

(i) o is associative and commutative,

(ii) o is continuous,

(i) ao0=a for all a € [0,1],

(iv) aob < cod whenever a < ¢ and b < d for each a, b, ¢,d € [0,1].
Definition 2.3. ([4]) The five-tuple (X, p, v, *,0) is said to be intuitionistic fuzzy
normed linear space (or shortly IFNLS) is where X is a linear space over a field F, x
is a continuous ¢t-norm, o is a continuous ¢-conorm, u, v are fuzzy sets on X x (0, c0),
1 denotes the degree of membership and v denotes the degree of nonmembership
of (x,t) € X x (0,00) satisfying the following conditions for every z,y € X and
s,t > 0:

( ;

( if and only if z =0,
(azx,t) = p (:v, ﬁ) if a #£0,
( *

V) p(w,t) % p(y,s) < p(z+yt+s),
(vi) p(z,.):(0,00) — [0, 1] is continuous,
(vii tlgélo,u (z,t) =1 and }Lr)%u (z,t) =0,

(viii) v (z,t) <1,
(ix) v (z,t) =0 if and only if x = 0,
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(x) v , |f7‘ if a #£0,

(xi) v(z,t)ov(y,s) Zv(x+y,s+t),

(xii) v (z,.): (0,00) — [0,1] is continuous,

(xiii) hm v(z,t) =0 and lim v (z,t) = 1.
t—o0 t—0

(azx,t) =v (x

In this case (u,v) is called intuitionistic fuzzy linear norm.

Example 2.1. ([4]) Let(X,||.]]) be a normed linear space, and let a * b = ab
and aob = min {a + b, 1} for all a, b € [0,1]. For all x € X and every ¢ > 0, consider

w(z,t) = m and v (z,t) :=
Then (X, p,v,*,0) is an IFNLS.

Definition 2.4. ([4]) Let (X, p,v,*,0) be an IFNLS. A sequence z = (z3) in
X is convergent to L € X with respect to the intuitionistic fuzzy linear norm (u, v)
if, for every € > 0 and t > 0, there exists kg € N such that p (z, — L,t) > 1 —¢ and
v(xg — L,t) < e for all k > ko where k € N. It is denoted by (p,v) —lima = L.

Theorem 2.1. ([19])Let (X, u,v,*,0) be an IFNLS. Then, a sequence x = (x) in
X is convergent to L € X if and only if lim p(zy — L,t) =1 and lim v (xx — L,t) =
0 k—o0 k—o0

Definition 2.5.([I6]) If X is a non-empty set, then a family of sets I C P(X)
is called an ideal in X if and only if
(i) eI,
(ii) for each A, B € I implies that AU B € I, and
(iii) for each A € I and B C A we have B € I,

where P(X) is the power set of X.

Definition 2.6.([16]) If X is a non-empty set, then a non-empty family of sets
F C P(X) is called a filter on X if and only if
(i) 0 ¢ F,
(ii) for each A, B € F implies that AN B € F, and
(iii) for each A € F and B D A, we have B € F.
An ideal I is called non-trivial if I # () and X ¢ I. A non-trivial ideal I C P(X)
is called an admissible ideal in X if and only {{z} : 2z € X} C I.
A relation between the concepts of an ideal and a filter is given by the following
proposition.

Proposition 2.1. ([16]) Let I C P(X) be a non-trivial ideal. Then the class
F=FI)={MCX:M=X—A, for some A €I} isafilteron X. F=F(I)is
called the filter associated with the ideal I.

Definition 2.7. ([24]) Let I C P(N) be a non-trivial ideal and (X, p,v,*,0)
be an IFNLS. Then a sequence = (z) in X is said to be I-convergent to L € X
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with respect to the intuitionistic fuzzy linear norm (u,v) if, for every ¢ > 0 and
t > 0, the set

{keN:p(xp—Lit)<l—corv(z,—L,t) >e} €l.

In this case, we write [(*?) —limz = L.

Definition 2.8. (|25]) A function f : [0,00) — [0, 00) is called a modulus function
if

(i) f(¢t) =0 if and only if t = 0,

(i) f(t+u) < f(E) + f(w),

(iii) f is nondecreasing, and

(iv) f is continuous from the right at zero.

3. MAIN RESULTS

In this paper, we defined a variant of ideal convergent sequence spaces called
intuitionistic fuzzy ideal difference convergent sequence spaces defined by modulus
function and investigated some topological properties of these spaces.

Let w be the space of all real sequences. Intuitionistic fuzzy I-convergent differ-
ence sequence spaces defined by modulus function are defined as

INWO(f) = {(ax) €w: {k €N: f(u(Axg — L,t)) <1—¢ or f(v(Azy — L,t)) > e} € I}
and
R (f) = {(zx) € w: {k € N: f(u(Azy, 1) < 1€ or f(v(Azy, 1) > e} € I},
Moreover, an open ball B, (r,t)(f) with centre z € In*)(f) and radius r €
(0,1) with respect to ¢, is defined as follows:
Bo(r,t)(f) = {y € I\ (f) : {k e N: f(u(Azy, — Ayp, 1)) <1 —r or f(v(Azy — Ayg,t)) >r} € I}
Theorem 3.1. 1a")(f) and 19" (f) are linear spaces.

Proof. We prove the result for IA(’“’)(f). Similarly, it can be proved for

Ig(“’v)(f). Let (x1), (yr) € In™Y) and «, B be scalars. The proof is trivial for
a=0and f=0. Let a # 0 and 8 # 0. For a given € > 0, choose s > 0 such that
(1-e)*(1—¢)>1—sandeoe < s. Hence, we have

Ay ={keN: f(u(Axy — L1,t/2|a])) <1—c or f(v(Axg — L1,t/2|a])) > e} €1,
Ay ={k € N: f(u(Ayr — L2, t/2B])) <1 —¢ or f(v(Az, = Ly,t/2B])) = e} € I,
A ={keN: f(u(Axy — L1,t/2|a])) > 1 — e and f(v(Axg — L1,t/2|a])) < e} € F(I),
and

— (ke N: f(u(Ayy — Lo, t/218)) > 1 — ¢ and f(uv (Ags — Lo, t/2I5])) < e} € F(1).
Let define the set A3 = A; U Ay. Hence Az € I. It follows that A§ is a non-empty
set in F(I). We will prove that for every (zx), (yx) € Ia"™?)(f),

A C{k e N: f(p((a.Azy + B.Ayx) — (alq + fL2),t)) > 1 —s
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and f(v ((o.Azy, + B.Ayx) — (aLy + BLa), 1)) < s}
Let m € AS. In this case

F( Az — Ly t/2a))) > 1—e  and f(v(Azy, — L1,t/2a])) <

and

f (Aym — L2,t/2|B])) > 1 =€ and f(v(Aym — L2, 1/2|B])) <e .

Then,

Fu((@ Az, + B.AYs) — (@Ly + BL),8)) > F( (A, — aLy,t/2))%f (1 (B.Aym — BLs,/2)
= P (Awm — Ly, t/2]al)) * F(1 (A — Lo t/28) > (1 =) (1—2) > 1 -5

and

FO(.AZp + B.Ayp) — (aLy + BL2), 1) < f(v (0. Az — Ly, t/2))0f (v (B.Aypm — BLa, 1/2)))
= f(v(Azy — Ly, t/2[al)) o f(v(Aym — L2, t/2|B])) <ecoe <s.

This proves that

A c{keN: f(u((a.Axy, + B.Ay,) — (aLy + BLy), 1) > 1 — s

and f(v ((o.Azy, + B.Ayx) — (aLy + BLa), 1)) < s}

Hence Ip ™) (f) is a linear space.
Theorem 3.2. Every closed ball BE(r,t)(f) is an open set in In™)(f).

Proof. Let B,(r,t)(f) be an open ball with centre z € In“)(f) and radius
r € (0,1) with respect to t, i.e.

Bo(rt)(f) = {y € AW (f) : {k e N: f(u(Azy — Ayp,t)) <1 —7 or f(v(Azy — Ay, t)) > 7} € I}

Let y € BS(r,t)(f). Then f(p(Azx — Ay, t)) > 1 —r and f(v(Az — Ay, t)) <r.

Since f(u (Az — Ay, t)) > 1—r, there exists to € (0,¢) such that f(u (Az — Ay, tg)) >
1—rand f(v(Az — Ay, ty)) <.

Let 7o = f(u(Ax — Ay, tp)). Since 79 > 1 — r, there exists s € (0,1) such that
ro > 1—s>1—r and so there exists 1,72 € (0,1) such that roxr; > 1 — s and
(I1—7rp)o(l—r2) <s.

Let 3 = max{ry,ro2}. Then 1 — s < rg*xry < rgxrg and (1 —rg)o (1 —r3) <
(I—rg)o(1—13) <s.
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Consider the closed balls By (1 —73,t—t0)(f) and Bg(r,t)(f). We prove that By (1—
r3,t—t0)(f) C BS(r,t)(f). Let z € By (1—r3,t—to)(f). Then f(u (Ay — Az, t —tg)) >
rg and f(v (Ay — Az, t —tp)) < 1—rs. Hence

f(u(Az — Az, t) > f(u(Az — Ay, to))+ f (1 (Ay — Az, t —tg)) > ro*rs > ro*rs >
1—s>1—rand

flu(Az — Az,t)) < f(v(Ax — Ay, 1)) o f(v(Ay — Az, t —tg)) < (1 —rg) o (1 —
r3) < s <.

Thus z € B (r,t)(f) and hence By (1 —r3,t —to)(f) C Bg(r, t)(f)-

Remark. It is clear that In""V)(f) is an IFNLS. Define
AW (f) = {A C IN"Y(f) : foreachx € A thereexistt >0 and r € (0,1) such that BE(r,t)(f) C A}.

Then A" V)(f) is a topology on IA(“’“)(f).
Theorem 3.3. The topology 7oV (f) on Ig(”’v)(f) is first countable.

Proof. It is clear that {BS(L, 1)(f) : n € N} is a local base at = € In"V)(f).

n’n

Then the topology 7a ) (f) on Ig(“’v)(f) is first countable.
Theorem 3.4. 1"V (f) and IX(H’U)(f) are Hausdorff spaces.

Proof. Let 2,y € In"V)(f) such that « # y. Then 0 < f(u(Az — Ay, t)) < 1
and 0 < f(v (Az — Ay,t)) < 1.

Let define ri,73 and r such that r; = f(u(Az — Ay,t)), ro = f(v(Az — Ay, t))
and r = max{ry,1 — ro}. Then for each ry € (r,1) there exist r3 and r4 such that

rgxry > 19 and (1 —r3)o (1 —ry) < (1 —1p).

Let 75 = maxz{rs,(1 — r4)} and consider the closed balls BS(1 — rs, 5)(f) and
By(1 —rs,5)(f). Then clearly Bg(1 —7s5,3)(f) N By(L —rs,5)(f) =0

Suppose that z € BS(1 — 75, £)(f) N By(1 —r5,£)(f), then

o= f(,u(Ax—Ay,t)) > f(,u(Ax—Az,%))*f(u(Ay—Az,%)) > 5 kT5 >
r3kTL T >T

and

re = fv(Az — Ay,t)) < f(v(Az — Az, L))o f(v(Ay— Az, L) < (1—r5)o(1—
r5) <(1—r3)o(l—ry) <(1—rg)<1l—r,

which is a contradiction. Hence Ia ") (f) is a Hausdorff space.
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Theorem 3.5. Let In"V)(f) be an IFNLS, 7A*)(f) be a topology on Ix"™V)(f)

and (z1) be a sequence in In"V) (f). Then a sequence (1) is A-convergent to Az

with respect to the intuitionistic fuzzy linear norm (u,v) if and only if f(p (Axy — Azg,t)) —
1 and f(v(Azg — Az, t)) — 0 as k — oo.

Proof. Let By, (r,t)(f) be an open ball with centre 2o € Ia“?)(f) and radius
r € (0,1) with respect to ¢, i.e.

By (r,t)(f) = {(ax) € IA(“’“)(f) Ak eN: f(u(Axy — Axo,t)) <1 —r or f(v(Ax, — Az, t)) >r} €I}

Suppose that a sequence (z) in I A(”’”)( f) is A-convergent to Az with respect
to the intuitionistic fuzzy linear norm (u,v). Then for » € (0,1) and ¢ > 0, there
exists kg € N such that (zx) € Bg (r,t)(f) for all k > ko. Thus

{k e N: f(u(Azr, — Azo,t)) > 1 — 7 and f(v (Axy — Axg,t)) <r} € F(I).

So 1 — f(u(Azx, — Az, t)) < r and f(v (Azg — Awxo,t)) < r, for all k > ko. Then
f(p Az, — Azg,t)) — 1 and f(v (Axy — Axg,t)) — 0 as k — 0.

Conversely, suppose that for each t > 0, f(u (Azg — Az, t)) — Land f(v (Az, — Axg,t)) —
0 as k — oo. Then for r € (0, 1), there exists kg € Nsuch that 1—f(u (Azy — Ao, t)) <

rand f(v(Axy — Azg,t)) < r for all k > ko. So, f(u (Azxy — Axg,t)) >1—r and

f(w(Azy, — Azo,t)) < r for all k > ko. Hence (xx) € B (r,t)(f) for all k > ko.

This proves that a sequence (xy) is A-convergent to Azg with respect to the intu-

itionistic fuzzy linear norm (u,v).
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