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SOME NEW CLASSES OF GENERALIZED LAGRANGE-BASED
APOSTOL TYPE HERMITE POLYNOMIALS

WASEEM AHMAD KHAN, MOHEB SAAD ABOUZAID, ABDALLAH HASSAN
ABUSUFIAN, KOTTAKKARAN SOOPPY NISAR*

ABSTRACT. In this paper, we present a general family of Lagrange-based Apostol-
type Hermite polynomials thereby unifying the Lagrange-based Apostol Hermite-
Bernoulli and the Lagrange-based Apostol Hermite-Genocchi polynomials. We
further define Lagrange-based Apostol Hermite-Euler polynomials via the gen-
erating function. In terms of these generalizations, we find new and useful re-
lations between the unified family and the Apostol Hermite-Euler polynomials.
We also derive their explicit representations and list some basic properties of
each of them. Some implicit summation formulae and general symmetry iden-
tities are obtained by using different analytical means and applying generating
functions.

1. INTRODUCTION

The Lagrange polynomials in several variables, which are known as the Chan-
Chyan-Srivastava polynomials [4] are defined by means of the following generating
function:
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and are given explicitly by
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where and in what follows (A), denotes the Pochhamer symbol (or the shifted
factorial) defined by

No:=1and N)p=2XA+1)...(A+n—-1)neN:={1,2,3,...}).
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The details of the generalized Apostol-Bernoulli polynomials B (z) of order «,
the generalized Apostol-Euler polynomials E,ga)(x) of order o and the generalized
Apostol-Genocchi polynomials G\ (x) of order « found in [24/6}/8-14].

The polynomials B (x; M) of order o € C, Ey(la)(:b; A) of order a € C, Gg{l)(x; A)
of order o € C are defined respectively by the following generating functions:

()\ettl> ¢t =3 BY(x; A) C(t)<|mA]<2m1o=1)  (1.3)

n=0

()\24—1> ZE(“)H (< (=N [< w1 =1)  (1.4)

and

<A6t2+1> ZG(Q)C“ s (1< In(=A) [< w1 = 1). (1.5)

It is easy to see that
B () = B (x;1), B (x) = B ;1) and G (z) = G (x31).

Recently, Srivastava et al. [18] introduce and investigate the following class of
Lagrange-based Apostol type polynomials TT(LQ; ’,;“’a”a)(:vl -2 x) as follows:
Definition 1.1. The Lagrange-based Apostol type polynomials TT(LO;\I e i) (1 -
xy;x) are defined by means of the following generating function:

T

—Q th . r n
[T =ty <W> *Z T @y -z ), (16)

Jj=1

AeCojeC(j=1,---,1)).
In the particular cases when & = 0 and k£ = 1, we define the Lagrange-based
Apostol-Bernoulli polynomials Bfﬁ;""’a“a)(xl -+ - xp;x) and the Lagrange-based

s Qe

Apostol-Genocchi polynomials Gfﬁ;\ )(xl <2 x) as follows.

(0517 . ,ar,a) (

Definition 1.2. The Lagrange-based Apostol-Bernoulli polynomials B,
- xp;x) given by

X1

By @y wpa) = TG (@ apia)
are defined by means of the following generating function
H(l —at) ()\et — 1> Z B(ah . 7(17"704) cap )t (1.7)
j=1 n=0
AeCiojeC(j=1,---1)).

Definition 1.3. The Lagrange-based Apostol-Genocchi polynomials foi""’a”a) (21
-~ x,; ) given by
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are defined by means of the following generating function

- —ay 2 (041 ‘7017‘7(1) . n
j];[lu — x;t) <W) = Z G\ ez )", (1.8)
AeCoeC(i=1,---1)).
Furthermore, we define the Lagrange-based Apostol-Euler polynomials as fol-
lows.

(ocl, Q) (

Definition 1.4. The Lagrange-based Apostol-Euler polynomials E,
- x,; ) are defined by means of the following generating function:

€Ty -

r

—Q 2 “ xT - 15 0p; n
Ilﬂ—fﬂ>’<xa+1>@t—§jﬂﬁ Ty apa)tt,(19)

j:1 n=0
AeCa; eC(j=1,---1)).
The 2-variable Hermite Kampé de Fériet polynomials (2VHKAFP) H, (x,y) [3,5]
are defined as

o0 tn
ea:t+yt2 = Z Hn(xv y)*', (110)
n!
are solutions of the heat equation
o 2
7Hn 9 - Hn 5 9 111
By (@,y) = 5 3 Hn(2,9) (1.11)
H,(z,0) =

The higher order Hermite polynomials, sometimes called the Kampé de Fériet poly-
nomials of order m or the Gould Hopper polynomials (GHP) Hr(lm)(:z:, y) defined by
the generating function |[1]

o0

et = 3 H (1) (112)
n=0

are a solution of the generalized heat equation [5]
0 am

a*yf(%@ = Wf(%y) (1.13)
f(z,0) =z™. (1.14)
Also we note that
H (x,y) = Hu(,y), (1.15)
H,(2x,—1) = H,(z), (1.16)

where H, (z) are the classical Hermite polynomials [1].

The Lagrange-based generalizations which we have introduced above, enable
us to obtain new and useful relations between the Apostol-Bernoulli polynomi-
als, Apostol-Euler polynomials and the Apostol-Genocchi polynomials. In this
paper, we first study several elementary properties of the generalized Lagrange-
based Apostol type Hermite polynomials T(al’ ‘ ’““a)(xl -+ Zp; 2, y). Some implicit
summation formulae and general symmetry 1dentities are derived by using different

analytical means and applying generating functions.
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2. Definitions and Basic Properties of the Generalized Lagrange-Based
Apostol-Type Polynomials Tﬁa; ’,;"a”a)(xl C T T, Y)

In this section, we give Lagrange-based Apostol type Hermite polynomials and
give the explicit representations and list basic properties of the generalized Lagrange-
based Apostol-type Hermite polynomials TT(LO‘/\1 ’,;"a”a)(xl S X T, Y).

Definition 2.1. The Lagrange-based Apostol type Hermite polynomials T,(la; P ’a)(
- x,;x,y) are defined by means of the following generating function:

™ . «
i 2k¢ 2 .
[10 === ()\et + (1)k+1> et ZTnaAl’k B T

j=1 n=0
(2.1)
AeCa; eC(j=1,---1)).

In the particular cases, when & = 0 and k& = 1, we define the Lagrange-
(0417 RFIeZared

based Apostol Hermite-Bernoulli polynomials i B,y )(ml -z x,y) and the

(a1, ara

Lagrange-based Apostol Hermite-Genocchi polynomlals G, ) )(.Z'l"-mr; z,Y)

as follows.

Definition 2.2. The Lagrange-based Apostol Hermite-Bernoulli polynomials
HBfLai"”’a“a)(xl .-+ xp;x,y) are defined by means of the following generating func-
tion:

i

s t T Qe Qe n
[Tt (52) e ZB“ oy s )", (22)

j=1

AeCiojeC(j=1,---,1)).
Definition 2.3. The Lagrange-based Apostol Hermite-Genocchi polynomials

HGST;’""OMQ)(QH -~ ,y) are defined by means of the following generating func-
tion:

- o 2t 2 Qe
[1a -z (Aetﬂ) etHt Z Gy @y - eyt (23)

j=1

AeCia;eC(j=1,---,1)).
Furthermore, we define the Lagrange-based Apostol Hermite-Euler polynomials
as follows.

Definition 2.4. The Lagrange-based Apostol Hermite-Euler polynomials

HET(la/{"”’a“a) (z1 - xr;2,y) are defined by means of the following generating func-
tion:

T a
—Q 2 xT 2 Q1,0 n
H(l—l‘]t) ! <>\€t+1> vt Z E( 1 )( $T7x7y)t ) (24)
j=1

AeCiajeC(j=1,---,1)).
Theorem 2.1. Each of the following relationships holds true:

(a)
HBn
(). (25)

HBT(S;WHOKTW)(O? ce 0’ x, y) —
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(a)
QO HEn
HE (0, -, 052,y) = @y, (2.6)
1, Qe nga)
HG1(17>1\’ J0r; )(0,...,0;x,y): Hn'f(x,y;)\). (2.7)
n B(oq7 ,ay,a)( )\)g(al) ’Otma)(xl x)
B(alw,ama)(m e O)Z n—I ) 1 ) y L
H 1 s Ly by
; (n—1)!
(2.8)
( ) . (alz"”’a”a)(x' /\)gl(al’w’ar;a)(an e Ty)
E Q1,0 (Z‘ B e 0) — n— ? ) s .
HL, 1 y by Ly
A gt (n—1)!
(2.9)

S n G(a_17-~~,ar;a)(x;)\)g(a1,-~-,ar;a)(xh. C T
WG e 0) = )T 1) ~
1=0 '

(2.10)
a B (0,4,0,0,0) = Ba(V), (2.11)
a B0, ,0;0,0) = Eo (M), (2.12)
RGO, +,0:0,0) = Ga(N). (213)
HBr(ch;\;--.,ozr;O) (z1, - 2p; 070) — HES}{’M’QT;O)(‘II’ 25 0,0). (2 )
and
= gG T @y, 2050,0) = gl 0 (@, ). (2.15)
Theorem 2.2. The Lagrange-based Apostol Hermite Bernoulli polynomials, the

Lagrange-based Apostol Hermite Euler polynomials and the Lagrange-based Apos-
tol Hermite Genocchi polynomials are explicitly given by

" HB(a) (z,y; )\)gl(a1 ’ ’a’")(gpl’ )

HBffi’m’am)(x1, s, y) = Y L (2.16)
1=0 :
(a1, ara) HE( )l(‘r i )\)gl(al, -,ar)(ml,. . '7337")
HEp T @y, y) = Z oy . (2.17)
1=0 '
and
(a1, apm;0) - HG;Oi)l(%?ﬁ )‘)gl(al’ ' ,a7)(x1’ c '7337-)
HGn,)\ ’ (xh'"ax?’;xay) :Z (TL*Z)' . (218)
1=0 ’
respectively.

Proof. It is fairly straightforward to observe from (1.1) and (2.2)

(a1, 0ma) ) . t * " 2 - —as
HBn,){ ($1,--~7wr,x,y)— |:(/\6t—1> € t+yt] H(l—.’L'jt) 7

j=1

= (i HB(D‘) gj y’ ) (Z g(a17 : 70‘T) >
n=0
> n ( ) (aug,em00p)
_ n— l(‘r Y; A)gl (371,' . ".237.) "
-3 (e )

n=0 \[/=0
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Comparing the coefficient of ™ in both sided, we get the result (2.16). The explicit

representations of HEfl“/{""’“T;“)(xh e e, y) and HGEL(X/{""’“““) (21, Tr; 2, y)
follow in a similar manner from the generating function (1.1) in conjunction with

(2.3) and (2.4) respectively.

Theorem 2.3. The following identities hold true for the Lagrange-based Apostol
type Hermite-Bernoulli polynomials, the Lagrange-based Apostol type Hermite-
Euler polynomials and the Lagrange-based Apostol type Hermite-Genocchi poly-

nomials
plartp, ,ar+ﬂma+ﬂ)(

n,\k .TZ},JU—FZ,y—FU)
n
= ST s ) T ). (219)

HBr(l(AX;-&-ﬁl,"'7a7~+5r;04+5) (21 T2+ 2,y + )

(o1, 05)
HBZ,A (

NE

Va B P @y -2 u). (2.20)

Ty Tr; Y

Il
=]

HEr(la){vLﬁh“warJrﬁr;aJrﬁ) (21 22 + 2,y + u)

n
_ Z HEZ()(;U“,aT;a) (21232, y)HEfﬁ_l[;;ﬂT;ﬂ)(fEI Ty zu). (2.21)
1=0
and
HG(a1+ﬁ1""’ar+ﬁr;a+ﬁ)(x1 T+ 2,y +u)
= ZHG(““ Py ) w G ). (222)

3. Summatlon formulae for generalized Lagrange-based Apostol-type
Hermite polynomials

First, we derive the following result involving generalized Lagrange-based Apostol-
type Hermite polynomials by using series rearrangement techniques. We now begin
with the following theorem.

Theorem 3.1. The following implicit summation formulae for Lagrange-based
Apostol type Hermite polynomials Tr(l?‘;”];"’a";a)(xl -~ xp;x,y) holds true:

n

To 7 @i y) = 30 TN (e ap o= )" Hoom (2,4)

m=0

Proof. By the exploiting generating function (2.1) and using the (1.10)

r

2kt “ 2
A e B (x—2)t L zt+yt
| I (1—ayt) </\et T (_1)k+1> ¢ e

j=1

o0 tn
= Z 7(:;\% 704“&) xl Ty & — Z)tm Z H”(Z’y)ﬁ

m=0 n=0
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Now replacing n by n —m and comparing the coefficients of ¢, we get the result
(3.1).

Theorem 3.2. The following implicit summation formulae for Lagrange-based

Apostol type Hermite polynomials T(al’ iia) (21 -+ 2,;2,y) holds true:

Hn—’rn(”v ’U))
(n —m)!
(3.2)

(a1, am50) . at,, Q) . m
T, 3 (1 xp;z+u,y+w) = g Tm)\k (1 x—2)t

Proof. Applying the definition (2.1), we have

T

k «
[T =) I R o N e
e J et + (—1)F+1

- ST e

oo
e O t"
= Z Tf:f\k "’“a)(xl ceexpy L, y)tT Z H”(u,w)g.
m=0 n=0 ’

Replacing n by n —m in the r.h.s and comparing the coefficient of t”, we get the
result (3.2).

Theorem 3.3. The following implicit summation formulae for Lagrange-based

Apostol type Hermite polynomials T(al’ e (21 -+ 2,3 2,y) holds true:

n—2j [3] 1
Tr(L,a)\l,’l;.’ar;a) (1 zri2,y) = Trslog\i.l;,ar;a)xn—m—% j 5 (3.3)
m=0 j=0 (n—m—2j)
Proof. Using the definition (2.1), we have
= ( ) - 2kt ¢ 2
T Q1,0 Ty T, tn _ 1 — 2.t —ay ewt+yt
TLZ:O n,\k ( 1 r y) ]1;[( J ) et + (71)k+1
oo 2]
_ (a1, 0r0) 3
=y ey e Zy
m=0 n=0 7=0

27
= Z Z ﬁi’;;"’““)z"*m 0 Zy £
=0

n=0m=0

Replacing n by n — 25 in above equation, we get

%) n—2j[ ] o

S S gy

n=0 m=0 j=0
Comparing the coefficient of ¢, we get the result (3.3).
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Theorem 3.4. The following implicit summation formulae for Lagrange-based
Apostol type Hermite polynomials TT(LO‘/\l_’,;”’O‘”a) (z1 -+ - xp;x,y) holds true:

n

(a1, ) . _ (o1, ara) . m 1
Tn,)\7k (xl"'xrﬂx'+17y) - Z Tfrn,>\7k (xl...zT?x?y)t m' (3'4)

Proof. By the definition of generalized Lagrange-based Apostol type polynomials,
we have

ZT Q) a1yt ZTT(La)\l,k 0 a) ez, )t

T k (3
= H(1 —xt)” L eoct+yt2 (et —1)
= 7 At 4 (—1)k+1

= S e a3 = S e

n=0

m=0

Replacmg n by n —m, we have
(0/17 . O’T‘aa) m t — (a1,,ap;a) n
—Z ZT (x1 -z, y)t ﬁ_ZTn,/\,k (z1-zrs 2, y)t
n=0m=0 nomj n=0

Equating their coefficients of ™ leads to formula (3.4).
4. General symmetry identities

In this section, we establish general symmetry identities for the generalized Lagrange-
based Apostol type Hermite polynomials TY(L(’; ’,;"a”a) (x1---x,; z,y) and generalized
Lagrange-based Apostol type polynomials Tff‘i’lg’a“a) (21---xr;2) by applying the
generating functions (2.1) and (1.6). Such type of works, introduced here by the
approach given in the recent works of Khan [7] and Pathan and Khan [15H17].

Theorem 4.1. Let a,b > 0 and a # b. Then for z,y € R and n > 0, the following
identity holds true:

n—m,\,k m,A,

n—mim 061, . ,OémOé) . 2 (a1, . ﬂr%a) . 2
E a v T (1 - xp; b, b°y) T, "\ (x1 -+ xr;az,a’y)

S BT s T e b ), (1)

Proof. Start with

4 22kabt “ 272, 4,2
G(t) = 1 — z.abt)~ % abxt+a”b yt”
= L0 (e e ) ©
(4.2)
Then the expression for G(¢) is symmetric in ¢ and b and we can expand G(t)
into series in two ways to obtain:

oo oo

G(t) = ST (wyoeays b, BPy) (at)™ Y Ty (g az, a?y) (01)™

n=0 m=0
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o0 n
= Z Z n mmey(Lm?;L'A",‘;’a) (w1 -+ 2y b, b2y)T7(r:f\’7',€'"a“o‘)(x1 ez ax, aly)t"

n=0m=0
(4.3)
On the similar lines we can show that

= ZTT(L?‘;:,;"’O“‘;O‘)( s ax, a’y)(at)” Z Tfna;’k' o ’a) oy, b, bPy) (bt)™

S ST (g s, @ TN s b B
n=0m=0

(4.4)
By comparing the coefficients of t* on the right hand sides of the last two equa-
tions, we arrive the desired result.

Remark 4.1. For a = 1, the above result reduces to

Z a” mmenalr;l /\O,‘C’)(xl ey b, b )Tr(naik ’a’)( -y ar, a’y)

= an MmN (@ e am, a?y) TN (- e ba, by). (45)

Remark 4.2. By setting b = 1 in Theorem 4.1, we immediately get the following

result
n

n—mm(a1, o) . (a1, apma) ) 9
Z a Tn m,\,k (xl ""r7'a$7y)Tm,)\,k (33‘1 T T AT, G y)
m=0
n
- mp(ar, s ar;a) . 2 (a1, ar;a) .
= g a™ L (@ aesa, aty) TN (T e @, ). (4.6)

Theorem 4.2. Let a,b,c > 0 and a # b. Then for z,y € R and n > 0, the
following identity holds true:

n a—1b—1

. b .
§ :2 :2 :(7 z+jan mmeéa/\l}f ,0ur ) <bl’+ Z+],b2 ) 7(nai\7k 70¢r704)(ay)
m=0

=0 i=0 j=0
n b— lafl
_ Z H—Jambn mTéfl)\lk Q) (aw—l— b’b'f‘J,a Z) T( )\,k‘ ’ar’a)(by).
m=0 =0 ]:O
(4.7)
Proof. Let
r 22k g2 “
H(t) = H(l — xjabt)”" < at R 1) ( \obt ) >
et (et + (—1)k+1)(Nebt + (—1)k+1)

« 1+ )\(_1)@+1eabt eab(w+y)t+a2b2zt2.
(Me 4+ 1)(Aebt + 1)

- —a 2ka’t “ abzt+a’b?2t? 1- )\(e—bt)a
g(t) = H(l—acjat) ! (()\eat+(_1)k+1)> ettt ' ( Aebt + 1

Jj=1
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. o 2k bt “ bt (1= M)
XH(l_ijt) ’ ((}\ebt+(_1)k+1)> e ( et + 1 >

j=1
o - —ay 2kat “ abmt+a2b2zt2 - )\z bt
- jl;[l(l - I]at) ()\e“t + (—1)k+1) € ;(7 ) (6 )
- . 2"t oo
X H(l — xbt) " ((Aebt+(—1)k+1)> e Z(—A)](e 7)
j=1 j=0
ﬁ 2kat @ 2b2 t2a§§ '-‘r'(b -‘rb'-‘r')t
~TI0- 500 (oo oy ) <™ (=A)iHclomt gitoe
e (e 4 (—=1)k+1) ==
o0
XD Tk ay) (o)™
m=0
oo a—1b-1 b 0o
= S SN (b i g0 ) S T ) o)
n=0i=0 j=0 m=0

y o b e
=3 S S oy (b Lk 02 ) T (e
; ) 7 a fTat)

(4.8)
Since (—1)**! = (—1)**!, the expression for
T [e%
22k qbt?
H(t) = 1—zjabt)™%
=110 (Gerr e )
« 1+ )‘(71)0‘+16abt ab(m+y)t+a2b22t2
(Me 4+ 1)(Aeb + 1) '
is symmetric in a and b. Therefore, by symmetry we obtain the following power
series expansion for H ()

-3 (=N a0 (a4 i+ g T Gyt

(4.9)
By comparing the coefficients of " on the right hand sides of the last two equa-
tions,we arrive at the desired result.

Declaration:
The preprint version available in ‘https://www.preprints.org/manuscript/201807.0352/v1’
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