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NUMERICAL SOLUTION OF FIRST KIND INTEGRAL

EQUATIONS BY USING TAYLOR POLYNOMIALS

AZZEDDINE BELLOUR, E. A. RAWASHDEH

Abstract. In this paper, an algorithm based on the use of Taylor polynomials
is developed for the numerical solution of Volterra integral equations of the first

kind. It is shown that this algorithm is convergent. An illustrative example is

included to demonstrate the validity of the presented method.

1. Introduction

In this paper, we study a numerical method for the solution of Volterra integral
equations of the first kind in the form:

g(t) =

∫ t

0

k(t, s)y(s)ds, t ∈ I = [0, T ], (1.1)

where the functions g and k are sufficiently smooth. Furthermore, we suppose that
g(0) = 0, k(t, t) ≥ k0 > 0 for all t ∈ I. It then follows that equation (1.1) has
a unique continuous solution y on I. This can be easily seen as follows: We first
differentiate equation (1.1) with respect to t so we get the second kind Volterra
integral equation

y(t) =
g′(t)

k(t, t)
−
∫ t

0

∂1k(t, s)

k(t, t)
y(s)ds, (1.2)

which is known to have a unique continuous solution (Yosida [18]).
Volterra integral equations of the first kind arise in various fields of science, such

as physics [3], biology [8] and engineering [6]. The solutions of Volterra integral
equations of first kind have been investigated by many authors, (see, for example,
[7] and [15]). Kauthen and Brunner [11] used the spline collocation method to find
a numerical solution to equation (1.1). Prilepko [13] and Romanov [14] applied
the role of the deconvolution problem in the solution of inverse problems of several
types. Holyhead [9] et al. examined a class of multistep methods to approximate
the solution of equation (1.1).

The Taylor polynomial method for approximating the solution of integral equa-
tions has been proposed. Wang [17], Darania and Ivaz [5], Maleknejad and Mah-
moudi [12], and Akyüz-Dascioǧlu and Sezer [1] used Taylor method to find an ap-
proximate solution for nonlinear Volterra-Fredholm integro-differential equations.
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Sezer [16] applied Taylor method to certain linear and nonlinear Volterra integral
equations. Kanwal and Liu [10] presented an algebraic technique for solving integral
equations. This technique is based on first differentiating both sides of the integral
equation and then substituting the Taylor series for the unknown function in the
resulting equation. However, to the best of our knowledge what is being done is
no more than mere presentation of the Taylor polynomial method. This paper has
much in common with previous literature; what is new and potentially interesting
is probably the analysis of convergence.

The outline of this paper follows, in section 2 the interval I is divided into
subintervals, then the solution of (1.1) is approximated in each interval by a Tay-
lor polynomial. Global convergence is established in section 3 and a numerical
illustration is provided in section 4.

2. Description of the method

Let ΠN be a uniform partition of the interval I = [0, T ] with grid points
tn = nh, n = 0, ..., N, and let h be the step size. Define the subintervals σn =
[tn, tn+1) , n = 1, ..., N − 2 and σN−1 = [tN−1, tN ]. Moreover, denote by πm be the
set of all real polynomials of degree not exceeding m. The exact solution y of (1.1)
will be approximated on I by an element of the spline space

S(−1)
m (ΠN ) = {u : un = u

∣∣
σn
∈ πm, n = 0, ..., N − 1}.

This is the space of piecewise polynomials of degree (at most) m. Its dimension is
N(m+ 1), i.e., the same as the total number of the coefficients of the polynomials
ui, i = 0, ..., N − 1. To find these coefficients, we use Taylor polynomial on each
subinterval.

In the following we will always assume g, k ∈ Cm+1, then clearly that (1.1)
admits a unique solution y ∈ Cm.

First, we approximate y in the interval σ0 by the polynomial

u0(t) =

m∑
j=0

y(j)(0)

j!
tj ; t ∈ σ0,

where y(j)(0), j = 0, ...,m is the exact value of y(j) at 0.
To find y(j)(0), we differentiate equation (1.1) j + 1-times

g(j+1)(t) =

j∑
i=0

[∂
(i)
1 k(t, t)y(t)](j−i) +

∫ t

0

∂
(j+1)
1 k(t, s)y(s)ds,

then,

g(j+1)(0) =

j∑
i=0

[∂
(i)
1 k(t, t)y(t)](j−i)(0),

hence,

y(j)(0) =
1

k(0, 0)
[g(j+1)(0)−

j∑
i=1

j−i∑
k=0

[

(
j − i
k

)
∂
(i)
1 k(t, t)](k)y(j−i−k)(0)

−
j−1∑
i=0

(
j

i

)
k(j−i)(0)y(i)(0)];
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for j = 1, 2, ...,m, where k(j)(0) = dj

dtj [k(t, t)](0).
Second, for y to be approximated by un (n ∈ {1, 2, ..., N − 1}) on the interval

σn, y is to be approximated by uk (0 ≤ k < n) on each interval σk such that

un(t) =

m∑
j=0

û
(j)
n (tn)

j!
(t− tn)j , t ∈ σn, (2.1)

where ûn is the exact solution of the first kind integral equation:

g(t)−
n−1∑
i=0

∫ ti+1

ti

k(t, s)ui(s)ds =

∫ t

tn

k(t, s)ûn(s)ds, t ∈ σn. (2.2)

Now for all j = 0, 1, ...,m, the formula for computing the values of the coefficients

û
(j)
n (tn) can be obtained by employing similar arguments to those used for obtaining

the values of y(j)(0) above, we get the following formula:

û(j)n (tn) =
1

k(tn, tn)
[g(j+1)(tn)−

j∑
r=1

[∂
(r)
1 k(t, t)ûn(t)](j−r)(tn)

−
j−1∑
r=0

(
j

r

)
k(j−r)(tn)û(r)n (tn)−

n−1∑
r=0

∫ tr+1

tr

∂
(j+1)
1 k(tn, s)ur(s)ds]

=
1

k(tn, tn)
[g(j+1)(tn)−

j∑
r=1

j−r∑
l=0

(
j − r
l

)
[∂

(r)
1 k(t, t)](l)(tn)û(j−r−l)n (tn)

−
j−1∑
r=0

(
j

r

)
k(j−r)(tn)û(r)n (tn)−

n−1∑
r=0

m∑
l=0

û
(l)
r (tr)

l!

∫ tr+1

tr

∂
(j+1)
1 k(tn, s)(s− tr)lds]

(2.3)

where k(j)(t) = dj

dtj [k(t, t)], ∀t ∈ I.

3. Analysis of Convergence

The following two lemmas will be used in this section:

Lemma 3.1. (Bellman’s inequality, [2]) Let h and f be continuous and non-
negative functions defined in J = [α, β], and let c be a non-negative constant. Then
the inequality

h(t) ≤ c+

∫ t

α

f(s)h(s)ds, t ∈ J,

implies that

h(t) ≤ c exp(

∫ t

α

f(s)ds), t ∈ J.

Lemma 3.2. (Discrete Gronwall-type inequality [4]) Let {kj}nj=0 be a given non-
negative sequence and the sequence {εn} satisfies ε0 ≤ p0 and

εn ≤ p0 +

n−1∑
i=0

kiεi, n ≥ 1,
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with p0 ≥ 0. Then εn can be bounded by

εn ≤ p0 exp(

n−1∑
j=0

kj), n ≥ 1.

We consider the space L∞(I) with the norm

‖ϕ‖∞ = inf {C ∈ R : |ϕ(t)| ≤ C for a.a. t ∈ I} <∞.
The following theorem describes the order of convergence of the method.

Theorem 3.3. Let g and k be m + 2 times continuously differentiable on their
respective domains. Then equations (2.1) and (2.3) define a unique approximation

u ∈ S(−1)
m (ΠN ), and the resulting error function e := y − u satisfies:

‖e‖∞ ≤ Chm+1,

where C is a finite constant independent of h.

Proof. The proof is split into two steps.

Claim 1. There exists a positive number α(m) such that ‖û(k)n ‖∞ ≤ α(m) for
all n = 0, 1, ..., N − 1 and k = 0, 1, ...,m + 1 where û0(t) = y(t) for t ∈ σ0. Let

akn = ‖û(k)n ‖∞, then by differentiating equation (2.2) j + 1-times, we obtain (in a
similar way as equation (2.3) was deduced), for all j ≥ 1 and n = 0, 1, ..., N − 1

ajn ≤ c1 +
1

k0
((m+ 1)b1 + b2 + b3)

j−1∑
k=0

akn + hd1

n−1∑
r=0

m∑
k=0

akr ,

where

c1 =
1

k0
max{

∥∥∥g(k)(t)∥∥∥
∞
, k = 1, ...,m+ 2},

b1 = max{
(
j − r
l

)
‖∂(r)1 k(t, t)(l)‖∞, j = 1, ...,m+ 1, r = 1, ..., j, l = 0, ..., j − r},

b2 = max{
(
j

r

)
‖k(j−r)‖∞, j = 1, ...,m+ 1, r = 0, ..., j − 1},

b3 = max{‖
∫ t

0

|∂(j+1)
1 k(t, s)|ds‖∞, j = 0, ...,m+ 1},

and

d1 =
1

k0
max{‖∂(j+1)

1 k(t, s)‖∞, j = 0, ...,m+ 1},

for all h ≤ 1.
On the other hand, if j = 0, we have by Lemma 3.1

a0n ≤ (c1 + hd1

n−1∑
r=0

m∑
k=0

akr ) exp(
h

k0
a),

where a = ‖∂1k(t, s)‖∞.
Hence, for h ≤ 1, c = c1 exp( ak0 ), b = 1

k0
((m+1)b1 + b2 + b3) and d = d1 exp( ak0 ),

we get

ajn ≤ c+ b

j−1∑
k=0

akn + hd

n−1∑
r=0

m∑
k=0

akr ,
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for all j = 0, 1, ...,m+ 1 and n = 0, 1, ..., N − 1.
Then, by Lemma 3.2, we get

ajn ≤ c exp(b(m+ 2)) + hd exp(b(m+ 2))

n−1∑
r=0

m∑
k=0

akr

≤ c exp(b(m+ 2)) + hd exp(b(m+ 2))

n−1∑
r=0

m+1∑
k=0

akr .

(3.1)

Consider, the sequence yn =
∑m+1
j=0 ajn, n = 0, 1, ..., N − 1, then by (3.1), the

sequence yn satisfies

yn ≤ c(m+ 2) exp(b(m+ 2)) + hd(m+ 2) exp(b(m+ 2))

n−1∑
r=0

yr.

Again by Lemma 3.2, we get for all j = 0, 1, ...,m+ 1 and n = 0, 1, ..., N − 1

ajn ≤ yn ≤ c(m+ 2) exp(b(m+ 2)) exp(dT (m+ 2) exp(b(m+ 2))),

hence, the the first step is completed by setting

α(m) = c(m+ 2) exp(b(m+ 2)) exp(dT (m+ 2) exp(b(m+ 2))).

Claim 2. There exists a constant C independent of h such that ‖e‖∞ ≤ Chm+1.
Define the error e(t) so that on σn, e(t) = en(t) = |y(t)− un(t)| for all n ∈
{0, 1, ..., N − 1}.

Let t ∈ σ0, we have

|e0(t)| = |y(t)− u0(t)| ≤
∥∥y(m+1)

∥∥
∞

(m+ 1)!
hm+1 ≤ α(m)

(m+ 1)!
hm+1.

In general for n = 1, 2, ..., N − 1 and t ∈ σn, we have

n−1∑
r=0

tr+1∫
tr

k(t, s)(ur−1 − y)(s)ds =

t∫
tn

k(t, s)(y − ûn)(s)ds, (3.2)

hence, by differentiating equation (3.2), we get for all t ∈ σn

|y − ûn| (t) ≤
n−1∑
r=0

tr+1∫
tr

∣∣∣∣∂1k(t, s)

k(t, t)

∣∣∣∣ er(s)ds+

t∫
tn

∣∣∣∣∂1k(t, s)

k(t, t)

∣∣∣∣ |y − ûn| (s)ds,
then by Lemma 3.1, for h ≤ 1, we obtain

‖y − ûn‖∞ ≤ a

k0
h(

n−1∑
r=0

‖er‖∞) exp(h
a

k0
)

≤ a

k0
h exp(

a

k0
)(

n−1∑
r=0

‖er‖∞).

Hence,

‖en‖∞ ≤ ‖ûn − un‖∞ + ‖y − ûn‖∞

≤ α(m)

(m+ 1)!
hm+1 +

a

k0
h exp(

a

k0
)(

n−1∑
r=0

‖er‖∞),
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Then by Lemma 3.2

‖e‖∞ ≤
α(m)

(m+ 1)!
hm+1 exp(

a

k0
T exp(

a

k0
)).

Thus, the proof is completed by taking C = α(m)
(m+1)! exp( ak0T exp( ak0 )). �

4. Numerical Illustration

Example 1. Consider the integral equation of first kind

g(t) =

∫ t

0

k(t, s)y(s)ds, t ∈ [0, 1],

with
g(t) = t3 sin(t)− t sin t+ 2t2 cos t+ cos t− 1, k(t, s) = ts+ 1.

The exact solution of this equation is y(t) = t cos t.
The absolute errors for m = 2, 6 and N = 6, 10 at t = 0, 0.2, ..., 1 are presented

in Table 4.1.

t m = 2, N = 6 m = 2, N = 10 m = 6, N = 6 m = 6, N = 10
0.0 0.0 0.0 0.0 0.0
0.2 0.577× 10−5 0.308× 10−5 0.1× 10−9 0.2× 10−9

0.4 0.992× 10−4 0.917× 10−5 0.2× 10−9 0.4× 10−9

0.6 0.333× 10−3 0.150× 10−4 0.3× 10−9 0.1× 10−9

0.8 0.659× 10−3 0.182× 10−4 0.7× 10−9 0.2× 10−9

1 0.891× 10−3 0.161× 10−3 0.32× 10−8 0.2× 10−9

Table 4.1. Absolute errors.

Remark. If we calculate the experimental orders of convergence, for Example 1 at
t = 1 with m = 1, 2, ..., 6 and N = 5, 10, 15, 20, 25, then the results are well in line
with the prediction of Theorem 3.3 as listed in Table 4.2.

n m = 2 m = 3 m = 4 m = 5 m = 6
5
10 3.363 3.93 5.26 5.91 7.23
15 3.25 3.97 5.17 5.96 7.15
20 3.19 3.98 5.13 5.97 7.11
25 3.16 3.98 5.12 5.98 7.09

Table 4.2. Orders of convergence.
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