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ON STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES

IN RANDOM 2-NORMED SPACES

ABDULLAH M. ALOTAIBI

Abstract. In this paper we propose to study statistical convergence of dou-
ble sequences in random 2-normed space which seems to be a quite new and

interesting idea.

1. Introduction

The probabilistic metric space was introduced by Menger [9] which is an inter-
esting and important generalization of the notion of a metric space. The theory of
probabilistic normed spaces was initiated and developed in [16] and [17] and after
that it was extended to random and probabilistic 2-normed spaces by Goleţ [5]
using the concept of 2-norm which is defined by Gähler [4].

The idea of statistical convergence was introduced by Fast [1] and Steinhauss [18]
indepedently and since then several generalizations and applications have been done
by many researchers [3], [8], [9], [10], [11], [13], [14], and [15]. Recently Karakus
[7] studied statistical convergence in probabilistic normed space and Gürdal and S.
Pehlivan [6] studied statistical convergence in 2-Banach space.

In this paper we are going to define and study statistical convergence for double
sequences in random 2- normed spaces which is quite a new and interesting idea to
work on.

2. Preliminaries

In this section we are going to recall some basic definitions and background of
statistical convergence of double sequences and the concept of random 2-normed
space.

Definition 2.1. Let K be a subset of N the set of natural numbers. Then the
asymptotic density of K denoted by δ(K), is defined as

δ(K) = lim
n

1

n
|{k ≤ n : k ∈ K}|,
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where the vertical bars denote the cardinality of the enclosed set.

A number sequence x = (xk) is said to be statistically convergent [1], [15] to
the number ` if for each ε > 0, the set K(ε) := {k ≤ n : |xk−`| ≥ ε} has asymptotic
density zero, i.e.,

lim
n

1

n
|{k ≤ n : |xk − `| ≥ ε}| = 0.

In this case we write st-limx = `.

Definition 2.2. By the convergence of a double sequence we mean the conver-
gence in the Pringsheim’s sense [14]. A double sequence x = (xjk) is said to be
Pringsheim′s convergent (or P -convergent) if for given ε > 0 there exists an
integer N such that |xjk − `| < ε whenever j, k > N . In this case, ` is called the
Pringsheim limit of x = (xjk) and it is written as P − limx = `.

Definition 2.3. [13]Let K ⊆ N × N be a two-dimensional set of positive integers
and let Km,n = {(j, k) : j ≤ m, k ≤ n}. Then the two-dimensional analogue of
natural density can be defined as follows.

In case the sequence K(m,n)/mn has a limit in Pringsheim’s sense, then we say
that K has a double natural density and is defined as

P − lim
m,n

K(m,n)

mn
= δ2(K).

Example 2.1. Let K = {(i2, j2) : i, j ∈ N}. Then

δ2(K) = P − lim
m,n

K(m,n)

mn
≤ P − lim

m,n

√
m
√
n

mn
= 0,

i.e. the set K has double natural density zero, while the set {(i, 2j) : i, j ∈ N} has
double natural density 1

2 .

We can define the statistical convergence for double sequences analogues of single
sequences as follows [10]and [12].

Definition 2.4. A real double sequence x = (xjk) is said to be statistically
convergent to the number ` if for each ε > 0, the set

{(j, k), j ≤ m and k ≤ n :| xjk − ` |≥ ε}
has double natural density zero. In this case we write st2-lim

j,k
xjk = ` and we denote

the set of all statistically convergent double sequences by S2 and set of all bounded
statistically convergent double sequences by S∞

2 .

Definition 2.5. A function f : R→ R+
0 is called a distribution function if it is

a non-decreasing and left continuous with inft∈R f(t) = 0 and supt∈R f(t) = 1. By
D+, we denote the set of all distribution functions such that f(0) = 0.

If a ∈ R+
0 , then Ha ∈ D+, where

Ha(t) =

{
1 if t > a,
0 if t ≤ a.

It is obvious that H0 ≥ f for all f ∈ D+.
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Definition 2.6. A t-norm is a continuous mapping ∗ : [0, 1] × [0, 1] → [0, 1] such
that ([0, 1], ∗) is abelian monoid with unit one and c ∗ d ≥ a ∗ b if c ≥ a and d ≥ b
for all a, b, c ∈ [0, 1]. A triangle function τ is a binary operation on D+ which is
commutative, associative and τ(f,H0) = f for every f ∈ D+.

In [4], Gãhler introduced the following concept of 2-normed space.

Definition 2.7. A 2-normed space is a pair (X, ‖ ., . ‖), where X is a linear space
of dimention greater than one and ‖ ., . ‖: X ×X → R such that (i) ‖ x, y ‖= 0 if
and only if x and y are linearly dependent, (ii) ‖ x, y ‖=‖ y, x ‖, (iii) ‖ αx, y ‖=
| α |‖ x, y ‖ for α ∈ R, and (iv) ‖ x+ y, z ‖≤‖ x, z ‖ + ‖ y, z ‖ for all x, y, z ∈ X.

Example 2.2. As an example of a 2-normed space, consider X = R2 with the
2-norm ‖ x, y ‖= | x1y2 − x2y1 |, x = (x1, x2), y = (y1, y2).

Recently, Goleţ [5] defined the random 2-normed space as follows.

Definition 2.8. Let X is a linear space of dimention greater than one, τ a triangle,
and F : X × X → D+. Then F is called a probabilistic 2-norm and (X,F , τ) a
probabilistic 2-normed space if the following conditions are satisfied:

(1) F(x, y; t) = H0(t) if x and y are linearly dependent, where F(x, y; t) denotes
the value of F(x, y) at t ∈ R,

(2) F(x, y; t) 6= H0(t) if x and y are linearly independent,
(3) F(x, y; t) = F(y, x; t) for all x, y ∈ X,
(4) F(αx, y; t) = F(x, y; t

|α| ) for every t > 0, α 6= 0 and x, y ∈ X,
(5) F(x+ y, z; t) ≥ τ(F(xz, yz; t)) whenever x, y, z ∈ X.

If (5) is replaced by
(6) F(x+ y, z; t1 + t2) ≥ F(x, z; t1) ∗ F(y, z; t2) for all x, y, z ∈ X and t1, t2 ∈

R+
0 ;
then (X,F , ∗) is called a random 2-normed space ( for short, R2N

space).

Remark 2.1. Note that every 2-normed space (X, ‖ ., . ‖) can be made a random
2-normed space in a natural way, by setting

(i) F(x, y; t) = H0(t− ‖ x, y ‖), for every x, y ∈ X, t > 0 and a ∗ b = min{a, b},
a, b ∈ [0, 1]; or

(ii) F(x, y; t) = t
t+‖x,y‖ for every x, y ∈ X, t > 0 and a ∗ b = ab for a, b ∈ [0, 1].

In fact, Mursaleen [12] studied the concept of statistical convergence of sequences
in R2N space. Now, we define the notion of convergence and statistical convergence
for double sequences in R2N space:

Definition 2.9. Let (X,F , ∗) be a R2N space. A double sequence x = (xjk) is
said to be convergent in (X,F , ∗) or simply F-convergent to ` if for every ε > 0,
θ ∈ (0, 1), there exists a positive integer N such that F(xjk−`, z; ε) > 1−θ whenever
j, k ≥ N and nonzero z ∈ X. In this case we write F-limk xk = `, and ` is called
the F-limit of x = (xjk).

Definition 2.10. Let (X,F , ∗) be a R2N space. A double sequence x = (xjk) is
said to be statistically convergent in (X,F , ∗) or simply st2(R2N)-convergent to
` if for every ε > 0, θ ∈ (0, 1) and nonzero z ∈ X

δ2({(j, k) ∈ N× N : F(xjk − `, z; ε) ≤ 1− θ}) = 0,
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which means

lim
m,n→∞

1

mn
|{j ≤ m, k ≤ n : F(xjk − `, z; ε) ≤ 1− θ}| = 0,

or equivalently

δ2({(j, k) ∈ N× N : F(xjk − `, z; ε) > θ}) = 1,

i.e.
st- lim

j,k→∞
F(xjk − `, z; ε) = 1

In this case we write st2(R2N)-limx = `, and ` is called the st2(R2N)-limit of x.

3. Main Results

We prove the following results:

Theorem 3.1. Let (X,F , ∗) be a R2N space. If a double sequence x = (xjk) is
st2(R2N)-convergent, then st2(R2N)-limit is unique.

Proof. Suppose that st2(R2N)-limx = `1 and st2(R2N)-limx = `2. Given
ε > 0 choose r > 0 such that (1 − r) ∗ (1 − r) > 1 − ε. Then, for any t > 0 and
nonzero z ∈ X, define the following sets as:

KF1
(r, t) = {(j, k) ∈ N× N : F(xjk − `1, z; t) ≤ 1− r},

KF2(r, t) = {(j, k) ∈ N× N : F(xjk − `2, z; t) ≤ 1− r}.
Since st2(R2N)-limx = `1, we have δ2(KF1(r, t)) = 0. Similarly st2(R2N)-limx =
`2 implies that δ2(KF2(r, t)) = 0.Now let KF (r, t) = KF1(r, t) ∪ KF2(r, t). Then
δ2(KF (r, t)) = 0 and hence the complimentKC

F (r, t) is a nonempty set and δ2(KC
F (r, t)) =

1. Now if (j, k) ∈ N×N\KF (r, t), then we have F(`1− `2, z; t) ≥ F(xjk− `1, z; t2 ) ∗
F(xjk − `2, z; t2 ) > (1 − r) ∗ (1 − r) > 1 − ε. Since ε > 0 was arbitrary, we get
F(`1 − `2, z; t) = 1 for all t > 0 and nonzero z ∈ X. Hence `1 = `2. �

Theorem 3.2. Let (X,F , ∗) be a R2N space. If F-limx = ` then st2(R2N)-
limx = `. But converse need not be true in general.

Proof. Let F-limx = `. Then for every ε > 0, t > 0 and nonzero z ∈ X, there
is a positive integer N such that

F(xjk − `, z; t) > 1− ε
for all j, k ≥ N . Since the set A(ε) := {(j, k) ∈ N× N : F(xjk − `, z; ε) ≤ 1− ε} ⊂
{1, 2, 3, ...}, δ2(A(ε)) = 0. Hence st2(R2N)-limx = `.

The following example shows that the converse need not be true.

Example 3.1. Let X = R2, with the 2-norm ‖ x, z ‖=| x1z2 − x2z1 |, x =
(x1, x2), z = (z1, z2), and a ∗ b = ab for all a, b ∈ [0, 1]. Let F(x, z; t) = t

t+‖x,z‖ for

every x, z ∈ X, z2 6= 0, and t > 0. Now we define a sequence x = (xjk) by

xk =

{
(jk, 0) ; if j, k = n2, n ∈ N,
(0, 0) ; otherwise;

and write

Kmn(ε, t) := {j ≤ m, k ≤ n : F(xjk − `, z; t) ≤ 1− ε}, 0 < ε < 1; ` = (0, 0).
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We see that

F(xjk − `, z; t) :=

{ t
t+jkz2

, if j, k = n2, n ∈ N;

1 , otherwise;

and hence

lim
j,k
F(xjk − `, z; t) :=

{
0 if j, k = n2;
1 otherwise.;

Therefore x = (xjk) is not convergent in (X,F , ∗). But δ2(Kmn(ε, t)) = 0, since
Kmn(ε, t) ⊂ {1, 4, 9, 16, ...}. That is st2(R2N)-limx = `.�

Theorem 3.3. Let (X,F , ∗) be a R2N space. Let st2(R2N)-limx = `1 and st2(R2N)-
lim y = `2. Then

(i) st2(R2N)-lim(x± y) = `1 ± `2
(ii) st2(R2N)-limαx = α`1 , α ∈ R.

Easy to prove.

Theorem 3.4. Let (X,F , ∗) be a R2N space. Then st2(R2N)-limx = ` if and ony
if there exists a set K = {(ji, ki) : j1 < j2 < ...; k1 < k2 < ...} with δ2(K) = 1 such
that F-limn→∞ xjnkn = `.

Proof. Suppose that st2(R2N)-limx = `. Now, for any t > 0 and nonzero z in
X, let for r = 1, 2, ...

Kr(t) := {(m,n) ∈ N× N : F(xjnkn − `, z; t) ≥ 1− 1

r
}

Mr(t) := {(m,n) ∈ N× N : F(xjnkn − `, z; t) <
1

r
}.

Then δ2(Kr(t)) = 0 and

M1(t) ⊃M2(t) ⊃ ... ⊃Mi(t) ⊃Mi+1(t) ⊃ ... (3.1)

δ2(Mr(t)) = 1, r = 1, 2, ... (3.2)

Now we have to show that for (m,n) ∈ Mr(t), (xjnkn) is F-convergent to `. On
contrary suppose that (xjnkn) is not F-convergent to `. Therefore there is ε > 0
such that F(xjnkn − `, z; t)≥ ε for infinitely many terms. Let

Mε(t) := {(m,n) ∈ N× N : F(xjnkn − `, z; t) < ε}
and ε > 1

r , r ∈ N. Then
δ2(Mε(t)) = 0

and by (3.1), Mr(t) ⊂Mε(t). Hence δ2(Mr(t)) = 0,which contradicts (3.2) and we
get that (xjnkn) is F-convergent to `.

Conversely, suppose that there exists a set

K = {(ji, ki) : j1 < j2 < ....; k1 < k2 < ......}
with δ2(K) = 1 such that F-limn→∞ xjnkn = `. Then there is a positive integer N
such that for m,n > N,

F(xmn − `, z; t) > 1− ε.
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Put
Kε(t) := {(m,n) ∈ N× N : F(xmn − `, z; t) ≤ 1− ε}

and
K

′
:= {(jN+1, kN+1), (jN+2, kN+2), ......}.

Then δ2(K
′
) = 1 and Kε(t) ⊆ N× N−K ′

which implies that δ2(Kε(t)) = 0. Hence
st2(R2N)-limx = `.�
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[6] M. Gürdal and S. Pehlivan, The statistical convergence in 2-Banach spaces, Thai J. Math.,
2(1) (2004), 107-113.

[7] S. Karakus, Statistical convergence on probabilistic normed spaces, Math. Comm., 12(2007),
11-23.

[8] E. Kolk, Statistically convergent sequences in normed spaces, Report of Convergence “Meth-

ods of Algebra and Analysis”, Tartu, 1988, 63-66 (in Russian).
[9] K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. USA, 28 (1942), 535-537.

[10] F. Moricz, Statistical convergence of multiple sequences, Arch. Math., 81(2003), 82 - 89.

[11] Mursaleen, λ-Statistical convergence, Math. Slovaca, 50(2000), 111-115.
[12] Mursaleen, On statical convergence in random 2-normed spaces, Acta Sci. Math. (Szeged)

76, 101109, 2010.

[13] Mursaleen and Osama H. H. Edely, Statistical convergence of double sequences, J. Math.
Anal. Appl., 288 (2003), 223-231.

[14] A. Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen, Math Z 1900;53:289-321.
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