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LOGARITHMICALLY COMPLETELY MONOTONIC FUNCTIONS
INVOLVING GENERALIZED GAMMA AND ¢— GAMMA
FUNCTIONS

VALMIR KRASNIQI, SENLIN GUO

. . p(z + B)
ABSTRACT. In this paper we prove that the function f, g p(z) = W(Z+
p)z+p+37°‘ is logarithmically completely monotonic on (0,00) if 2a <1 < 3,

. a1 m) _(m-1!  (m-—1)
and the function gm,«(z) = (|¢p ()| e ipm

) is strictly

completely monotonic on (0, c0) for a < 1.

1. INTRODUCTION

A function f is said to be completely monotonic on an open interval I, if f has
derivatives of all orders on I and satisfies

(~1)"f™(z) >0,(x e I,n=0,1,2,...). (1.1)

If the inequality is strict, then f is said to be strictly completely monotonic on
I. Bernstein’ Theorem (see [I8]) states that f is completely monotonic on (0, co) if
and only if f(z) = fooo e~ “*du(t), where p is a nonnegative measure on [0, c0) such
that for all > 0 the integral converges.

A positive function f is said to be logarithmically completely monotonic (see [11])
on an open interval I, if f satisfies

(=)™ f(x))™ >0,(x e I,n=1,2,...). (1.2)

If the inequality is strict, then f is said to be strictly logarithmically com-
pletely monotonic. Let C and L denote the set of completely monotonic functions
and the set of logarithmically completely monotonic functions, respectively. The re-
lationship between completely monotonic functions and logarithmically completely
monotonic functions can be presented (see [11]) by L C C.

The Euler gamma function I'(z) is defined for x > 0 by I'(z) = [~ t* te~dt.
The digamma (or psi) function is defined for positive real numbers x as the log-

arithmic derivative of Euler’s gamma function, that is ¢ (z) = % InT(z) = 1;((5)).
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The following integral and series representations are valid (see [I]):

R R e EE R TS D e SE)

1—e? x nZlnn—i—x)
where v = 0.57721--- denotes Euler’s constant. Euler gave another equivalent
definition for the I'(z) (see [13]),
InT T
T,(x) = PP = P x>0, (1.4)

a(@+1)-(x+p) 21+ 5)--(1+2)
where p is a positive integer, and

I(z) = lim T'p(x). (1.5)

The p-analogue of the psi function is defined as the logarithmic derivative of the
I',, function (see [16]), that is

d I‘;(x)

Up(@) = - InTy(x) =

(1.6)

The function 1, defined in (1.6) satisfies the following properties (see [17]). It has
the following series representation

Vp(T) =lnp—zp:x 7

(1 — e Ph)dt. (1.7)

It is increasing on (0,00) and it is strictly completely monotonic on (0,00). Its
derivatives are given by (see [16],[I7]):

p n 1. x n,—xt
t"e
n _ n+1 —pt
k=0 0

Jackson (see [8, 9, 10} [I5]) defined the g-analogue of the gamma function as

_ @D 1 1o
and
o) = W5 oo e (3)

where (a;¢)o0 = [[;50(1 — a¢’).

The g-analogue of the psi function is defined for 0 < ¢ < 1 as the logarithmic
derivative of the g-gamma function, that is, ¥, (x) = % log T'y(z). Many properties
of the ¢-gamma function were derived by Askey [2]. It is well known that I';(z) —
['(z) and q(z) = ¥(z) as ¢ — 17. From (L.9), for 0 < ¢ < 1 and 2 > 0 we get

n+
Yq(2) = —In(1 - q) +1HQZT —In(

n>0 n>1

(1.11)




10 V. KRASNIQI, S. GUO

and from (1.10]) for ¢ > 1 and = > 0 we obtain

—n—x

Yg(x) =—In(g—1)+Ing x—%— > 1qqnz>

n>0

(1.12)

—nxz

—In(¢—1)+1Ing x—%— > 1‘1_q_n>.

n>1

A Stieltjes integral representation for ¢,(z) with 0 < ¢ < 1 is given in [7]. It is
well-known that 1)’ is strictly completely monotonic on (0, c0), that is,

(_1)n(¢/($))(n) >0 forax>0andn >0,

see [1, Page 260]. From (1.11)) and ([1.12)) we conclude that ¢/; has the same property
for any ¢ > 0,

(—1)"(1#;(:13))(”) >0 forz>0andn>0.
If ¢ € (0,1), using the second representation of 1,(z) given in (1.11)), it can be
shown that

k n

(k) k+1 n--q
v () =g Y T

n
n>1 q

(1.13)

and hence (fl)kflwék)(:r) > 0 with z > 0, for all ¥ > 1. If ¢ > 1, from the second
representation of ¢, (z) given in (1.12)), we obtain

V! () 1nq(1+z "4 ) (1.14)
n>1
and for k > 2,
k  —nx
(k) _(_1\k=17 k+1 n-q
P#(2) = (-1)" ' 1n q;?q% (1.15)

and hence (—l)k’lwék)(x) > 0 with > 0, for all ¢ > 1.

2. MAIN RESULTS

Let @« € R and 8 > 0 be real numbers, define

faale) = T AEE O o i e, (2.1)

Theorem 2.1. The function fo pp(x) defined by is logarithmically completely
monotonic on (0,00) if 20 <1< S

Proof. 1t is clear that
Infopgp(x)=InTy(z+8)+(z+p+B8—a)ln(z+p)—(z+ S —a)lnz—zlnp

[ fop.p(2)] = (2 + B) + % +n(z +p) —Inpr - ZFE=2
=Ypz+B) + i;g - BiTa+ln(:r+p) —Inz—Inp

Using the representation of:

1 r —1 _—at
— =—_—[t" e =1,2,... 2.2
g e =2 (22)
0
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—1)*Mn T (n) — (_1\n (nfl)x _(n_Q)' (77,—2)'
( 1) [1 fozﬁyp( )] ( 1) ’l/}p ( +6) J?n_l (J:—l—p)”_l

(8—0a)(n—1)! (8—a)n—1)

’ " (z+p)"
1
_ n,, (n—1) _2[
(1" (@ +8) = (0= 2! = — +p)n .
—a)(n—1
F(B-a)n -1 x+pJ
T gn—1,—(e+B)t 7
:/tlei(liefpt /tn 2 7zt(1 efpt)dt
— €
0
/tn 1 —wt e—pt)dt
0
it = 2 —act .
0
where
9o5(t) = t+[(B — a)t — ][ — P=D1]. (2.4)

Since gq,p(t) > 0 for 2a <1 < G (see [6]), from (2.3)) we see that when n > 2

(=1)"[In ftx,ﬁ,p@)](n) >0
n (0,00) for 2a <1 < S. Since [In fa,gwp(m)]/ is increasing, we have
b—a (-«
n (1
x+p T

Hence, for 2a < 1 < B and n € N, (=1)"[In fu5.,(2)]™ > 0 in (0,00). The proof
is complete. (Il

[ fapp(@)] < lim [y +B) + +2) —mp] 0. (25)

Remark. Let p tend to infinty, then we obtain Thorem 1 of [0].

Theorem 2.2. The function gp, o(x) = x® (|’t/)1()m (x)|— ";ml)' ((Z;p;,),',) is strictly

completely monotonic on (O, o0) for a < 1.

Proof. By using ) and (| we get

o0 : o0 o0
tm —x
gm.1(x) = x(/ 1 _ee_t (1 —e Pdt — /tmflefxtdt - /tmflef(”p)tdt)
0 0 0
r tme—wt —pt r m—1_—uxt —pt
:x( 1_e_t(l—e Yt — [t e (1 —e )dt)
0
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where ¢(t) = —= — 1. It is easy to see that the function ¢(t) is strictly increasing

on (0,00) with }iﬂ(l) o(t) = % and tlim p(t) = 1. Therefore, for x > 0 and m,n =
— 0o

2

1,2,..., we have
[ee]
( ) n dn m —xt —pt
(~1)"gh (@) = o1 [ e — e P ()t
0
dn—l <
— (= )"_1nd — /tm (1 — e P p(t)dt
T
0

+ / pmeEn =l o=t (] o=PN (1) (tz — n)dt.

If 0 <t < Z, we obtain p(t) < ¢(%); and if 2 < ¢, then we have p(t) > o(%).
Hence

tmAn=le=wt (] _ e TPY) (tr — n)dt

(~1"gih @) > (%)

tmAnTlem Tt (] e P (tr — n)dt

/tm+”_16_“t(1 — e P (tz — n)dt
0

(o)
tm e (1 — e TP dt — n/tm+"7lef"”t(1 — efpt)dt)
0

e
0\8

o0 oo

= w(ﬁ) (m/th”"e_“dt —:U/e_(””ﬂ’)tthr"dt
X
0

/tm+n 1 7ztdt+n/tm+n7167(m+p)tdt)
0

3

0
(m+n)! (m 4+ n)! (m+n—1)!
= )[ g _x(m+p)m+n+1 T

(m+n—1).}>m(m+n—1)![ 1 1

— > 0.
n (.T + p)m+n 2 xm+n (.’L‘ + p)m—&-n}
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So we obtain that function gy, 1(z) is strictly completely monotonic on (0, c0). From
Leibniz’ rule, we have

(1o o) = 3 (1) DO ),
i

i=0
It follows that the product of two strictly completely monotonic function is also

strictly completely monotonic. Since v, (7) = 2%~ for o < 1 is strictly completely
monotonic on (0, 00), we conclude that

gm,a(x) = Ua(x)gm,l(x) (a < 1)

is completely monotonic on (0, 00). The proof is complete. O

Chen [5] proved the function

1
r— —
P+ 1)

is logarithmically completely monotonic in (0,00). The following theorem is a
generalized result of Chen [5].

Theorem 2.3. The function f(z) = —2— is logarithmically completely mono-

 [C(tD)E
tonic in (0,00) for 0 < g < 1.

Proof. Using Leibniz’ rule

we obtain

nx(n):” n l(k)_n N (n—k)
In £(a) ,;J<k><x> (-wry+)
-~ > (k) (=) k™Rt (@ + 1)

>
—



14 V. KRASNIQIL S. GUO

g (z) = Z (Z) (—=1)*k!(n — k)x"ik*lw(g”*k*l)(x + 1)+
k=0
+ Z <Z) (—1)*Elz" k=R (2 4+ 1)
k=0
_ = (n DV — B "R (R (4
N L A

+ampM (@ + 1)+ (Z) (—D)Fkla" R (2 4 1)

k=0

I
—_

n

- (Z> (=1)*KN(n — k)2 E D (2 4 1)+

=~
Il
o

n—1
+ xnd}(n) + Z <k N 1) k+1(k + 1) n— k711/)((1n7k71)(x + 1)
=0

= :z;: [(Z) (n—k)— (k Z 1) (k + 1)} (—1)Fklzm Rl F=D (4 1)

+ x”@/}(")(z +1) = x"w(") (x+1)

mn - m(a:+1)
=2"In" g Z

m>1

If n is odd, then for z > 0,
g () >0=g(zx) >g(0)=0= (Inf(z)™ <0=
= (=1)"(In f(z))™ > 0.
If n is even, then for x > 0,
g () <0=g(z) <g(0)=0= (Inf(z)™ >0=
= (=1)"(In f(z))™ > 0.

Hence,

(=1)"(ln f(z))™ >0

for all z € (0,00) and all integers n > 1. The proof is complete. [l

Let s and ¢ be two real numbers with s # ¢, = min{s,t} and 8 > —a, for
x € (—a,00), define

[Fq(mt) Ty(ats)]FF B
hﬁ,q(l') = Tq(B+s) Tg(z+t) )
exp[ty(B+s) —Y(B+1)] ,x=p

for 0 < ¢ < 1. The following theorem is a generalization of a result of [12].

Theorem 2.4. The function hgq(x) is logarithmically completely monotonic on
(—a,00) if s > t.
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Proof. For x # 3, taking logarithm of the function hg ,(x) gives
1 r,(B+1) Ly(z+s)
Inh = ln -2 In =%
Wil = 5 M F i) T e )
_InTy(@+s) —Inly(B+s) InDy(z+t) —Inly(B+1)
B r—f r—f3

(u+ s)du — ﬁ/wq(u—i—t)du

1 x
- B/[wq<u+s> ~ Yyl + )]du

1 x S )
— Yy (u+v)dvdu
x—p B/t/
1 x
e /goqysﬁt(u)du
B

Pq.5.1((z = Blu+ B)du

(1>

Il
o _

Since

1
I g / o) (@ — Byu+ B)du, (2.6)
0

if x = 3, formula ({2.6]) is also valid.

Since ¢; is completely monotonic (see [2]), ¢q,s, is completely monotonic on

(—t,00). This means that (—1)"[p, ¢ ¢(2)]®) > 0 holds in (—t, 00) for any nonnega-
tive integers 1.

Thus
1
(DB g@]® = [ w1 e, (o~ B+ B 2 0
0
n (—t,00) for k € N. The proof is complete. |
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