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DUAL INTEGRAL EQUATIONS INVOLVING LEGENDRE

FUNCTIONS IN DISTRIBUTION SPACES

P. K. BANERJI, DESHNA LOONKER

Abstract. In this paper we use the Mehler-Fock transformation to obtain the

solution of dual integral equations involving Legendre functions. The solution

so obtained is proved to be distributional because they satisfy properties of
distribution space.

1. Introduction

Legendre functions are solutions of the differential equation
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d2y

dx2
− 2x

dy

dx
+ v(v + 1)y = 0, (1.1)

where v and x may be any complex numbers and the equation (1.1) is called the
Legendre equation of order v. This equation often results from the solution of the
Laplace equation or other similar equations by the method of separation of variables
in spherical polar coordinates or rotational ellipsoidal coordinates. For example, in
spherical coordinates, the Laplace equation is
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Let V (r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ). Then we obtain three differential equations
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)
Θ = 0, (1.5)

where λ and µ are parameters introduced during the process of separation of vari-
ables. In equation (1.5), putting x = cos θ, y(x) = Θ(θ)and writing v(v + 1) for λ,
we get

d

dx

[
(1− x2)

dy

dx

]
+

[
v(v + 1)− µ2

1− x2

]
y = 0. (1.6)

This is called the associated Legendre equation. Equation (1.1) is its particular
case for µ = 0.

Legendre polynomials are the polynomial solutions of the equations (1.1), where
v = 0, 1, 2, . . .. By the method of solution in series, we may assume, at the ordinary
point [8, p.48] of (1.1), the solution to be

y =

∞∑
k=0

akz
k. (1.7)

The two linearly independent solutions of (1.1), in the ascending powers of x, are

y1 = a02F1
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and
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2
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2
;x2
)
, (1.9)

where 2F1(α, β; γ;x) is the Gauss hypergeometric function. The polynomials thus
obtained are called Legendre polynomials denoted by Pv(x)and defined by

Pv(x) =
(2v)!

2v(v!)2
xv 2F1
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)
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where
[
v
2

]
= v

2 , when v is an even integer and (v−1)
2 , when is v odd. Legendre

polynomials are particular cases of a more extensive class of functions known as
Legendre functions [9, p.306].

The classical Mehler – Fock transform has been applied to problems in various
mathematical theories, a generalization of which has been given by [1]

F (r) =

∫ ∞
0

f(x)Pm,n
− 1

2+ir
(coshx) sinhxdx, (1.11)

where Pm,n
− 1

2+ir
(coshx) is the generalized Legendre function, which for complex val-

ues of parameters k,mand n , is defined by

Pm,nk (z) =
(z + 1)n/2

Γ(1−m)(z − 1)m/2
2F1
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2

+ 1, −k +
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2
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2

]
,

(1.12)
for complex z not lying on the cross-cut along the real x -axis from 1 to −∞. The
corresponding inversion formula is
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f(x) =
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(coshx)F (r)dr,

where
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Equation (1.11), when m = n, reduces to the generalized Mehler-Fock transform,
when m = n = 0, it reduces to classical Mehler-Fock transform [7, p. 390]

F (r) =

∫ ∞

0

P
− 1

2+ir
(coshα) sinhα f(α)dα, (1.14)

inversion of which is

f(α) =

∫ ∞

0

r tanh(π r )P
− 1

2+ir
(coshα)F (r)dr , (1.15)

see also [6, pp.343-44]
The Parseval relation for the Mehler-Fock transform [7, pp.393-94] is∫ ∞

0

r tanh(π r)F (r)G(r)dr =

∫ ∞

1

f(x)g(x)dx. (1.16)

Let I denote the open interval (0,∞). For real numbers α ≥ Re(m) and β ≤ 1/2,
let ς be a continuous positive function on I such that

ς(t) = ςα,β(t) =

{
O(tα) , t→ 0
O(eβt) , t→∞ . (1.17)

Let Mα
β(I) is the collection of all infinitely differentiable complex valued function

ϕ defined on an open interval I such that for every non-negative integer k,

γk(ϕ) = sup
0<t<∞

∣∣ς(t)∇ktϕ(t)
∣∣ <∞, (1.18)

where

∇t =

(
D2
t + (coth t)Dt +

m2

2(1− cosh t)
+

n2

2(1 + cosh t)

)
. (1.19)

The topology over Mα
β(I)is generated by separating the collection of seminorms

{γk}∞k=0 . Further,Mα
β(I)is a sequentially complete locally convex topological vec-

tor space. D(I), which is the space of infinitely differentiable functions of compact
support with the usual topology, is a linear subspace ofMα

β(I).M′βα(I)denotes the

dual of the space Mα
β(I), which is also complete.D′(I) is the dual of D(I).

The distributional generalized Mehler-Fock transform F of the function f , f ∈
M′βα(I)for α ≥ Re(m) and β ≤ 1/2, is given by [7, p.346]

F (r) :=

〈
f(t), Pm,n

− 1
2+ir

(cosh t)

〉
, r ≥ 0. (1.20)

The inversion formula for the transform (1.20) is [6, p.353]
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lim
N→∞

〈∫ N

0

χ(r)F (r)Pm,n
− 1

2+ir
(cosh t) sinh tdr, ϕ(t)

〉
= 〈f(t), ϕ(t)〉 . (1.21)

One of the properties of the function P− 1
2+ir

(coshα) is, see [7, p.381],

P
− 1

2+ir
(coshα) =

√
2

π

∫ α

0

cos(τ t)dt√
coshα− cosh t

(1.22)

and similarly, it can be shown that

P
− 1

2+ir
(coshα) =

√
2

π
coth(π τ)

∫ ∞

α

sin(τ t)dt√
cosh t− coshα

(1.23)

If the right side of (1.22) is written as

Fc

[
1√
π

H(α− t)√
(coshα− cosh t)

; t→ τ

]
,

where H(·)is the Heaviside function, and Fc denote the Fourier cosine transform,
respectively. Now, on applying the Fourier cosine inversion theorem, we observe

Fc[P− 1
2+ir

(coshα); τ → t] =
H(α− t)√

π(coshα− cosh t)
, (1.24)

which can be written as∫ ∞
0

P
− 1

2+ir
(coshα)(cos τ t)dτ =

H(α− t)√
2(coshα− cosh t)

. (1.25)

If we regard (1.22) as an integral equation for the function cos(τ t), in terms of
P 1

2+ir
(coshα), then we obtain [7, p. 159]

(cos τ t) =
1√
2

d

dt

∫ t

0

P
− 1

2+ir
(coshα)

sinhαdt√
(coshα− cosh t)

. (1.26)

Similarly, from (1.23) we deduce that∫ ∞

0

tanh(t τ)P
− 1

2+ir
(coshα)(sin τ t)dτ =

H(t− α)√
2(cosh t− coshα)

. (1.27)

One requires several spaces of generalized functions to study distributional so-
lutions of functional equations. Notations of some of these spaces, which appear
frequently, are explained. We consider an interval (a, b), −∞ ≤ a < b ≤ +∞.
The first space is D(a, b) of smooth functions which vanishes outside some compact
subset of (a, b). The space of Schwartz distributions over (a, b) is D′(a, b), the dual
of the space D(a, b). If f ∈ D′(a, b) and ϕ ∈ D(a, b), then the evaluation of f on ϕ
is denoted as 〈f, ϕ〉.

The space E(a, b)is the space of smooth functions on(a, b), without any restriction
about their support. The dual space E ′(a, b)is called the space of distributions with
compact support over (a, b). The space E [a, b] is the set of smooth functions in
[a, b]. A family of seminorms, introduced in this space, make it a Fréchet space [3,
p. 177], and its dual E ′[a, b] is the set of distributions over [a, b], see further details
in [3, pp. 178-79].
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There are spaces of mixed type that satisfy one condition at the one end point
but a different condition at the other end point, which (the mixed type spaces)
are required because the behaviour of integral equations at both the end points is
not necessarily the same. Djk(a, b)denote the space of smooth functions on (a, b),
which satisfy the condition j at x = aand the condition k at x = b. D′jk(a, b) is the

dual of it. When j = 4 (k < 4), the support of the elements of D′4k(a, b)is a subset
of [a, b)and, consequently, the notation D′4k[a, b) is used . Similarly, when j < 4,
the notation D′jk[a, b)is used.

Abel’s equation

f(s) =

∫ s

a

g(t)

(s− t)α
dt, 0 < α < 1, (1.28)

is one of the simplest singular integral equations, which is a special case of the
singular integral equation

f(s) =

∫ s

a

g(t)

[h(s)− h(t)]α
, 0 < α < 1 (1.29)

where h(s) is a strictly increasing differentiable function with non-zero derivative
over some interval a ≤ s ≤ b, and 0 < α < 1. Solution of this equation is obtained
as

g(t) =
sinαπ

π

d

dt

∫ s

a

h′(s)f(s)ds

(h(t)− h(s))1−α
. (1.30)

Let h is a strictly increasing smooth function and with h′ > 0, which transmits
[a, b)to the interval [c, d), and b or d, or both can be +∞. If f is a distribution of
the space D′41[c, d), then we define the distribution

Th(f) = Th{f(x); t} = f(h(t))

of the space D′41[a, b), for ϕ ∈ D41[a, b), by

〈Th{f(x); t}, ϕ(t)〉 =

〈
f(x),

ϕ(h−1(x))

h′(h−1(x))

〉
, (1.31)

One may, for the Mehler-Fock transformation and its inverse for the tempered
distribution, see [4] and for further extension of the present work, see [5], to ultra-
distribution. In Section 2 we obtain the distributional solution of certain type of
dual integral equations, with associated Legendre function as kernel.

2. Distributional Solution of Dual Integral Equations

In this section we obtain the distributional solution of certain dual integral equa-
tions [7, p. 407]

g(α) =

∫ ∞
0

f(τ)P
− 1

2+iτ
(coshα)dτ = g1(α); 0 ≤ α ≤ α1, (2.1)

and
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h(α) =

∫ ∞
0

τ tanh(π τ)f(τ)P
− 1

2+iτ
(coshα)dτ = h2(α);α > α1. (2.2)

where α1 is an arbitrary positive number. By virtue of the validity of embedding
from the linear spaces into their duals [2, pp. 121-23], for the distribution spaces,
considered in this paper, the imbeddings are D →Mα

β(I)→ S → E and their duals

E ′ → S′ →M′βα → D′ for the generalized Mehler-Fock transform of order zero.

The equation (1.31) is obtained due to the property∫ b

a

f(h(t))ϕ(t)dt =

∫ d

c

f(x)
ϕ(h−1(x))

h′(h−1(x))
dx, (2.3)

where f is locally integrable on [a, b). If x0 ∈ [c, d), then

Th{δ(x− x0); t} = δ(h(t)− x0) =
δ(t− h−1(x0))

h′(h−1(x0))
. (2.4)

The operator Th−1 : D′41[a, b)→ D′41[c, d)is defined by

(Th)−1 = Th−1 . (2.5)

The distributional interpretation of (1.28), in terms of Th and Th−1 , is, see [3, p.
188],

f = Th

[
x−α+ ∗ Th−1

( g
h′

)]
, (2.6)

and the solution for (1.28) is

g(t) =
sinαπ

π

d

dt
Th
(
x−α+ ∗ Th−1(f); t

)
, (2.7)

where f is the usual locally integrable function.
We notice [7, pp. 407-408] that the involvement of functions F1(x) and F2(x)in

terms of the prescribed functions g1(α) and h2(α) are given by

F1(x) =
1√
π

d

dx

∫ x

0

g1(α) sinhαdα√
(coshx− coshα)

(2.8)

and

F2(x) =
1√
π

∫ ∞
x

h2(α) sinhαdα√
(coshα− coshx)

, x ≥ α1 (2.9)

The function F1(x), that is given by (2.8), is similar to the distributional solution
obtained in (1.30). Further, by considering coshα as a strictly increasing function,
the function F1(x) in (2.8) is similar to the distributional solution given by (2.7).
By virtue of relations (1.28) – (1.31) and (2.3) – (2.7), we justify to state that g1(α)
is a locally integrable function and since the properties of the operators coshα and
coshx has the correspondence D′41[0,∞)→ D′41(x,∞], the function F1(x)turns out
to be locally integrable and hence it is, indeed, true that (2.8) is the required dis-
tributional solution. This allow us, simultaneously, to confirm that F1(x)is defined
on spaces D′,M′βα,E ′, S′, respectively, by considering distributional generalized
Mehler-Fock transform of order zero, i.e. ,



DUAL INTEGRAL EQUATIONS IN DISTRIBUTION SPACES 59

F0[H(α− t)(coshα− cosh t)−1/2;α→ τ ] =
√

2 τ−1 coth(π τ) sin(t τ). (2.10)

Similarly, F2(x) is defined on distribution spaces mentioned forF1(x) by consid-
ering inversion formula of distributional generalized Mehler-Fock transform of order
zero, given by (1.27). The function F (x)is defined by

F (x) =

{
F1(x) ; 0 ≤ x ≤ α1

F2(x) ; x > α1
, (2.11)

We notice that Fc[f(τ);x] = F (x), where Fc is the Fourier cosine transform and
hence that

f(τ) = Fc[F (x); τ ]. (2.12)

Thus, the distributional solution of the dual integral equations (2.1) and (2.2) can
be obtained through (2.12), (2.11), (2.8) and (2.9).

On substituting f(τ) from (2.12) into (2.8), we get g(α) = g2(α), α > α1 , where

g2(α) =

√
2

π

∫ α1

0

F1(x)dx√
(coshα− coshx)

+

√
2

π

∫ ∞
α1

F2(x)dx√
(coshx− coshα)

. (2.13)

It can (as above) be shown that if 0 < α < α1, then h(α) = h1(α), where

h1(α) =
cosechα√

π

d

dα

∫ α1

α

{F2(α1)− F1(x)}√
(coshx− coshα)

sinhxdx. (2.14)

Proceeding through similar analysis those employed above to obtain distribu-
tional solution of equations (2.1) and (2.2), we can, indeed show (calculations are
avoided for obvious reasons ) that the pair of dual integral equations

g(α) ≡
∫ ∞
0

τ f(τ)P
− 1

2+iτ
(coshα)dτ = g1(α); 0 ≤ α ≤ α1, (2.15)

and

h(α) ≡
∫ ∞
0

tanh(π τ)f(τ)P
− 1

2+iτ
(coshα)dτ = h2(α);α > α1. (2.16)

have the solution f(τ) = Fs[F (x); τ ], where Fs is the Fourier sine transform, and
F (x) is defined by (2.11). Consequently, we have shown that (2.1) and (2.2) (re-
spectively (2.15) and (2.16)) have the distributional solutions, f(τ) = Fc[F (x); τ ]
and f(τ) = Fs[F (x); τ ], respectively.
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