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ON COMPOSITION OF FRACTIONAL Q-INTEGRAL
OPERATORS INVOLVING BASIC HYPERGEOMETRIC
FUNCTION

LEDA GALUE

ABSTRACT. In this paper a new fractional g—integral operator using the basic
hypergeometric function ,1¢, as kernel is defined, and a composition formula
for a particular type of these operators is established. Further, some particular
cases are obtained.

1. INTRODUCTION

The concept of differ-integral of complex order v, which is a generalization of
the ordinary n — th derivative and n times integral to any complex number, can
be introduced in several ways. The most widely used definition of an integral of
fractional order is via an integral transform, called the Riemann-Liouville operator
of fractional integration: [13, p. 146]

() = s [0 - 07 elt) dt Re(a) >0,
= (j% IO (T) —n < Re(a) <0, n € N.

Many authors ([1]-[3], [6]-[11], [14]-[17]) have defined and studied operators of
fractional integration through an integral transform. Some of these operators are:

(1.1)

1.1. Erdélyi-Kober Operator: [6, p. 4, No. (20)].

T d @)=y | (=077 000, Re(o) >0,
= z*“’”d—nx”*“*"lnﬂ_s_nf(x), Re(a) < 0, (1.2)

dlm

where n is the minor integer major that «.
1.2. Saxena operator: [17, p. 288, No. (1)].
T (@) =T, 8,7, m; f ()]
=1

= m /Of” F(a, B+ m; f; %)t’yf(t)dt, Re(a) < 1; ’;‘ <1, (1.3)
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40 L. GALUE

where F'(a,b; ¢; x) denotes the Gauss hypergeometric function, and the parameters
involved are complex numbers.

1.3. Kalla operators: [7, p. 93, No. (2.1)].
q
x_'y_lHF (I—=b)r
i=1

. - ¢ t\"
R @) = Ly [ e le ()

Hr (as) Hr (1—a;)

a; ~
" }t 1) at

i=1 i=1
(1.4)
where r is positive integer, m,n,p,q are integers such that 0 < m < ¢,0 < n <
p,2(m+n) > p+q, largal < (m+n— 2 — 1) 7,7, a; and b; are complex parameters.

On using the following relation [12, p. 727]

F Ay, ..., 0p ol =T bl,bg,...,bq %
PO by, by 1,02, ..., Gp

1,p l—ai,...,1—a,
Gplgt1 {x 0,1 —by,....;1—by } ’
operator (1.4) leads to
—y—1
Lp,p,q+1; _ 7z i
R’y,[{;ll)gal,.?,lfap,O,lfbl,...,lqu [f(x)] - T (1 _ al) X

x ai,...,ap . z v
[oem ] o ()] erw a (15)
if one of the following conditions holds [12, p. 437, No. 7.2.3.1]

Hp<gq. 2)p=gq+1, —a(£)|<1.
3)p=q+1, |—a %) =1, Rep > 0.
Hp=q+1, —aE;) =1, —a(L) #1, -1 <Rep <0,
q q+1
where pu = ij — Zaj, v, a; and b; are complex parameters.
j=1 j=1

1.4. Basic analogue of Kober fractional ¢—integral operator. A basic ana-
logue of Kober fractional g—integral operator has been defined by Agarwal [1] in
the following form:

I () =

v /f " (tq'q> f(t) dgt, n,peC, Re(u) >0 (1.6)
Fq(,LL) o x? H71 q© ) ) ) .

where p is an arbitrary order of integration, and

(a5 q)o0

(a;q)a = s € R. (1.7)
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1.5. The operator L(.). We consider the operator L(.) introduced by Delgado
and Galué [2, p. 63, No. (39)] in the following form:

L{lab17b27 "'7bT7’Y7m15m27 7mT7f(‘r)} =

-1 T qfl qm1+b1 qmr+b7‘ t
S ERE— S ’ e g q—| F) dot, 1.8
A wat| 1@ dt (19)

l,mq, ...,m, nonnegative integers, v € C, by,...,b. #0,—1, -2, ...,

t

! ’ <1

x

In this paper a new fractional g—integral operator using the basic hypergeometric

function ,y1¢, as kernel is defined, and a composition formula for a particular type
of these operators is established. Further, some particular cases are obtained.

2. BAsic HYPERGEOMETRIC SERIES

In this section we present some definitions necessary for the development of the
next sections.

2.1. The ¢—shifted factorial. The g—shifted factorial is defined as: [4, 5]

1, n=>0

(a;9),=X (1—a)(l—agq)(1—ag?)..(1 —ag"™ '), n=1,2.. (2.1)

[(1—ag (1 —aqg?)...(1 —ag ™|, n=-1,-2,..

Also,
(a;q)oo=lim (a;q), = [] (1 — ag"), (2.2)
which converges for |g| < 1 and diverges for a # 0 and |g| > 1, and
(45 @)oo

a;q)n=——"""—, n€Z|q <1. 2.3
() (ag™; @)oo d (23)

2.2. Identities. We recall here the following g-identities given by Gasper and Rah-
man [5, p. 6, Nos. (1.2.33), (1.2.35), (1.2.38); p. 20, No. 1.1(i)]:

(@; Qntk = (a5 9)n(aq"™; @) (2.4)
k. _ (avq)n
(aq”; @Q)n—k = 7(a;q);€' (2.5)

(@ 9(ga™ D0

(ag ™00 = (a1q'~*;q), (2:6)
(ag™™;q)n = (q/a; @)n (Z) g (). (2.7)

2.3. The g—integral. Thomae (1869) and Jackson (1910) introduced the g-integral
by: [5, p. 19, Nos. (1.11.2), (1.11.3)]

S F@)dgt=[3 F(t)dgt — [ f(t)dgt,
where

Jy FOdit = a1 = ) 3= flaa")a" (28)
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2.4. Basic hypergeometric series. This series was introduced by Heine (1846),
it is defined as: [4, 5]

& (a;9)n (b3 9)n
d1(a,byc;q,2) = e 2.9
201 )= S e (29)
where it is assumed that ¢ # ¢~™ for m = 0,1, ..., and (a;q), is the g—shifted

factorial defined in (2.1).

2.5. Generalized basic hypergeometric series. A generalization of the basic
hypergeometric series o¢1, is given by: [4, 5]

a1, g,y ...y @
T¢S(a17a27"'7a7’;b1762a""bs;qu)zr¢s |: bll b; br ;qaZ:| =
y 09y .00y Oy

X (a1;q)n(a2; @)n--(ar; @)n (7

_1 TLq 2 Z’ﬂ
ngo (@ Dn(b1;On--(bs; @) [( ) }

where by, ...,bs # ¢~™ for m = 0,1,..; () = "(n2_1); g # 0 when r > s+ 1 and

lim o ps=,F,.

q—1-

By reversing the order of summation [5, p. 21, No. 1.4(ii)]

n
a1, 09, .0y Gpy g~ _ (a1, 50,590 (2 (_ N (n))sfrfl
195 | by by, b, ’q’z] - (=0 -

, (2.10)

(b1, ., b3 q)n \q
n 1-n bq. ... 1-n bs -n. b bs 1 ¥
Z(q 1/ 1o 1/ 4 @)k( 105 ¢ ) , (2.11)
k=0 (Qaq _n/ala"'aq _n/ar;q)k ar...Qr  Z

with n = 0,1, ...

2.6. ¢—analogue of the Karlsson-Minton summation formula. Gasper (1981)
derived a g—analogue of the Karlsson-Minton summation formula, which is given
by: [5, p. 16, No. (1.9.10)]

qinaba blqmlv"'vqumr . _
7‘+2¢T+1 bq, bl; ;br 34, Q:| -

O™ (q;@)n (b1/b50)my - (br /03 Q).
(0@ )n (13D my--(br; Qm,

mi,Ma, ..., M, nonnegative integers.

, m>my+ ... +m, (2.12)

2.7. The g—binomial theorem. One of the most important summation formulas
for hypergeometric series is given by the binomial theorem:
SR e )= B —2)= 5 D07 <1, (2.13)
n=0 .
whose g—analogue, derived by Cauchy (1843), Heine (1847) and other mathemati-
cians, is [4, 5]

160(a; =39, 2)= io( i Dn_n_(021¢)oo

z

a

Now, we present a result which we think is new, and it will be very useful in the
next section.
Lemma: For the q—shifted factorial (a;q),, the following identity holds
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- (y—w)k _ (y—w)v (q_y; Q)w
q —q . 2.15
& @l ") 219

Proof: We start with the identity

- (y—w)k _ v (G Dk (% 9k (y—w)k
q = e a—— |
kX::O kZ::O (@ Q)k (@75 q)k

—v [~V —v —v k
v (@ a7k (47 0k (q q) o
=0 (@oe (@ V/aor \avq ’
by reversing the order of summation by means of (2.11)

v —v. k »
kgoq(y_w)k - W (qmq_y> (—1)"¢) 100 (g;—50,4" 7).

Now, using the relation (2.7), we have

@D _ yo—v,—(2)
(43 9)w AR

Therefore

ST gk = gm0 g (g5 —5q, 4% Y)
k=0

_ o @70
(4% 9) o0 ’
where we have applied (2.14).
This result can be written as
Zv: q(y—w)k — q(y—w)v (ql_y;Q)OO (q_y;Q)’w ,
k=0 (@Y 00 (@'Y Q)w

and from (2.3) we get

: (y—w)k _ (y—w)v (q_y; Q)w O
q =4q .
kgo (Y 0)wl@ ¥ 9

3. THE OPERATOR Ly(.)

Now we define a new fractional g-integral operator, denoted by Lg(.)which is
introduced through the expression

Lg{M,b1,ba, ... 0,7y, m1,ma, ocymy; f)} =

-1 z q—M qm1+b1 qmr+br t
—_ t, r ’ 7 1 q, n_ t) d,t, 3.1
Fq(M+1)/o +19 { &gt 09" f(t) dq (3.1)

M, myq, ..., m, nonnegative integers, n € N,y € C, by,...,b, #0, -1, -2, ...,

t
<
T

being [5, p. 16, No. (1.10.1)]

— (@D (1 _ \1-
Ly(z) = Can ™ (1-q) I;i’n 0<g<1. (3.2)
Lyn)=(¢;@)n-1(1—¢)' ™, 0<g<l.
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By virtue of the result (2.8), (3.1) can be expressed as:

(1-9q
Ln M b b b'r7 ) I AR 7”; =T AL
q{ s U1y U2y ey P, 1M1, M2 m f(x)} FQ(M + ]-)
o0 —M _bi+mq br+m,
Zq(erl)k r+1¢7“ |: qb1 ' b o 34, anrk f(qu)7 (33)
— q-,...,q

M, myq,...,m, nonnegative integers, n € N,p € C, by,...,b. #£0,—1,-2, ...
As particular cases of this operator we have:
i)Kalla operator:

lim LZ{Ma b17b27 "'7br777m17m27 weey T f((E)} =

qg—1-
J)_’Y_l ® —M m1+b1 ey T —|—b t
| ¥ ,..F ’ e M 0 T () at
F(M+1)/O +1 [bl,...,br ~[f®
1,r4+1,r4+1,r+1;—-1
= R M A (1), 1= (myby),0,1— b1 1= L ()] (3.4)

where M > my + ... + m,, and we have used (1.5).
ii) Delgado and Galué operator:

Lq{Ma bla b27 aS) brv’%ml; Mg, ..., My] f($)} -

L{M7 b17 b27 cey b7-, VT, T2, eey M f(x)}v (35)
with LL = Lq.
iii) Saxena operator:
1_13{1 LZ{Ma bla Y, Ma; f(l‘)} =% [_Ma blv Y, Ma; f(l‘)} ) (36)
g1

where v € C, M, m; are nonnegative integers, by # 0,—1,—2, ...
iv) Erdélyi Kober operator:

lir?_LZ{M, b1,7,0; f(2)} =1y m1 f(2), (3.7)
q

with v € C, M is nonnegative integer, by # 0, —1, -2, ...

4. COMPOSITION FORMULAE FOR L7 (.) FRACTIONAL ¢—INTEGRAL OPERATORS

In this section we establish some composition formulae for the operators Lg(.).
For convenience we will use the following notation:

LZ{M7 b117b217 "'7bT17p7 M1, M21, -y My f(fE)} =
Ma bll;b217"'7br1
{ Py M11, M21, ..oy Ml ] f(@).

M, by, b, ... b,
Py M1, M2,y ..y My

Lq

Theorem 1: Let be Ly
erator, as defined by (3.1), then

} f(x) a fractional g-integral op-

M3, b12,b22, ..., b2 My, b11,b21, ..., 001
L ) ) b ) L"L ) ? b ) :E
N [ p+ M+ 1,miz,mag,...omp2 | 4| p,ma1,mar, ..., My f(@)

II[ [I‘q(biz +mio —1— M) T4(bi2) ] q(1+M1)]\/12 %
i=1 Fq(big —1- M1) Fq(biz + mig)
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LZH My + My +1,b11, 0 bp1, 012 = (M 4+ 1), ., bpg — (M7 + 1) flz), (4.1)
Py MM11y ey M1, T2 vy M2
where Mg 2 mio + ... + mey2y big 7& M1 -+ 1,M1,M1 — 1, ... with i = 1, ey T
Proof: Let be
My, b11,b21, ..., 001
L? PR ey z) = g(x). 4.2
N [ P> Mi11,M21, ..., Myl (@) = 9(@) (42)
On applying (4.2) and (3.3) we obtain
M3, b12,b22, ..., b2 _
? { p+ M+ 1,miz,maz, ..., mp2 9(x)=
I Ms, b1, b22, ..., br2 n | Mi,b11,b21, ..., b1 )=
T p+ My +1,mi2,maz, ..., My2 4| p,mi1, ma1, ..., My1
(1 B q)2 - (p+M1+2)v v
T X
T, (M, + DTy (M + 1);)(1 f(zd")
v —Msy bia+mis bra+my2
Zq—(Ml-‘rl)kt T+1¢T |: qb12 7quT2 yeen g ;q7q1+1)—k::| %
P N
—Mi ,bii+mar br1+me1
r10r [ P sw"*’@] ) (4.3)
and using the result (2.10)
Ms,b12,b22, ..., br2 .
? { p+ My +1,m12,ma2, ..., M2 9(z)=
(1 B q)2 - (p+M1+2)v v
T X
T, (M + DT, (M + 1)7;‘1 f(wd”)
—Ms b 1 bratmys.
Zv:q_(Ml'H)k i (q 2 gbrztmaz o gbratm 2,Q)wq(1+v_k)w »
frt (¢4, ....¢">:q),,

k=0
= (Q‘Ml,qb“ml%~-~7qb“+m”?q)sq<n+k)s}
)

; (¢, ¢, ... g5 ),

where [5, p. 6, No. 1.2.41]
(a17 Az, ..., Am; Q)n = (al; Q)n(CLQ; Q)nu-(am; Q)n-

Interchanging the order of the sums we have

M23b127b223"'3b7‘2
! { p+ My +1,miz2,mag, ..., my2 9(x)=

(1 —Q)Q )iq(p+Ml+2)vf(xqv) %
v=0

Ly(M;+ 1) (My+1
et (q—Ml , qb11+m11’ s

2 (q,¢%, ..., q" 15 q),

s=0

br1+m,q.
q” ’q)s ns X

q

—Msy bia+miz bro+mya. v
(q ,q gy @ 7q)wq(1+v)w lzq(s—uJ—Ml—l)k‘| } . (44)

o0
{Z (¢,9"2,....q"2;q),, P

w=0
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Since that by application of (2.15)
(ql—S+M1;q) q(sfwalfl)’U

(s—w—Mi—-1)k _ w 4.5
q ) ) ) .
kz:(: (?=*+Miiq), (q'~tM;q), (45)
from (4.4) and (4.5) we obtain
My, b12,b22, ..., bro _
{ p+ M+ 1,miz, mag, ..., mp2 9(x)=
(1 — q) p+1)v
T X
T, (M + 1), (M + 1) Zq f(zq")
i q*Ml qbll+m11 g r1+mrl;q)s q(n+v)s y
= (@ q", .. g5 ), (¢'=#+Misq)y
M2 1 s+M; qb12+m12 . qb,,.2+m,,.2; q)wqw
= (q g2t My bz L gbrig),, 7
which using (2.10) can be written as
M3, b12,b22, ..., bra
L ) ) ) ) —
{ p+ M+ 1,miz,maz, ..., mp2 9(@)
(1 — q)Q = (p+1)v v
q xq X
Ly(My 4+ 1) g(Ms + 1); f(xd")
i (q_Ml , qbll-i-mu7 . qbr1+77lr1 : q)s q(n+v)s y
~ (¢, 4", ... g5 ), (¢t q),
—Msy 1—s+M1 ,biz+mi2 br2+myr2
r+2¢r+1 |: 3275#1\6/111 qb12 7qu,,.2 e 14, q:| (46)
, Jeees
By virtue of the result (2.12) we get

My, b12,b22, ..., bro _
L [p+M1+1,m12,m22,-~-’mr2 9(@)

(1 B ) p+1)v
T X
T (M + 1)Ty(Ms + 1) Zq fad”)
o0 (q*Ml ; qbqumu7 g bri+mry : q)s q(n+v)s

2 (qt=stMiq),

s=0 (q7qblla-~-aqu1;q)s
qU=s+MOMe (g gy (ghiz=1=Mits, gy (g
(@M q)ar, (@"25 Dmaz - (4"25 O)rm,

with M2 Z mig + ... + Myo.
From (2.3) for i =1,2,...,7
bio—1— M1+S’ Q)m,g (qbz‘2*1*M1+S; Q)oo (qbi2+mi2;q)oo

(%25 @) s T (ghrtmim1=Mitsig) o (ghiz;q) e

X

bro—1—Mi+s.
7q)m7'2 (47)

(q

(qbiZ_l_Ml : Q)oo (qbw-‘rmiz : q)oo (qbi2+mi2_1_M1 : Q)s

(ghztm=1=Miig) o (¢P25q)00 (g2 17Miq)s
now, applying (3.2) we have
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(@2 M gy Talbiz +min — 1= My) — Ty(bia) (g7t g),
(qu; Dz Fq(bi2 —1- M) Fq(bi2 + miz2) (qbi2717M1§Q)s
On using this result and (2.4) in (4.7)
Ma, b12,b22, ..., br2 _
! { p+ M+ 1,miz,maz, ..., mp2 9(x)=

(1 — q)2 11[ |:Fq(bi2 +mijs—1— Ml) Fq(big) :|
Fq(Ml + 1)Fq(M2 + 1)1’:1 Fq(biz —-1- Ml) Fq(big + mig)

o0
(@ ) am, ¢TI gD f(2gY)  x
v=0
Sl (q*M1 , qb11+m11, . qbr1+mr1 : q)

>

s=0

8 X

(q,¢", ..., q" 5 q),

(qb12+’m12—1—M17 . qb”“”"’"_l_Ml;q)s q(n—]\/fg—i-v)s
(ghr2=1Mi  gbr2=1-Mi;g) (g1 =+Miq) i (48)
On the other hand, applying the relation (2.6) we obtain
1+M;. — M.
—s q 5 q) M- q y4)s g
(@M Qg = ( _M) _j\}rl_(l, ) g =MD, (4.9)
(g~ M2=Mh=1:q),
and from (2.5) witha =¢q, n =My + My + 1 and k = M,
(q1+Ml;q)J\/[2+1 — (Q7Q)M2+M1+1 ) (410)
(79)
Then from (4.9) and (4.10)
(@M ) gas = (@ D) rarrn+1 (@ M59)s s+,
’ (Gm,  (gM2-15g)s
The substitution from this result in (4.8) leads us to
M27b127b227"'7br2 (I):
1 p+M1+17m123m227'“7m7‘2 g
(1 — q)2 11[ |:Fq(b,‘2 +my —1— Ml) Fq(big) :l
Fq(Ml + 1)Fq(M2 =+ 1)i:1 Fq(biz -1 Ml) ].—‘q(big + mig)
q<1+M1>Mzwzq<p+mW) "
(@ D rs21 11 =
i(q_Mz_M1_17qbll+mll’""qu1+mT1;q)s y
pord (¢ 4" 4" 5 q),
(qb12+m12*1*M1 . qbr2+mr2*1*M1 ; Q)s (nt14v)s (4 11)
(=130 gba=1-00 gy 1 ' '
Therefore from (2.10)
I My, b12,b22, ..., bro ()=
T p+ My +1,mi2,maz, ..., M2 9
(]. — q)2 ﬁ |:Fq(b12 —|— miz - ]_ - M]) Fq(brLQ) :|
Ly(My + 1) (M + 1) =3 Lg(bia —1—=My)  Tg(bia +mi2)
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(q q)JWl (Q7 Q)MZ q(1+M1)M2 Zq(erl)vf(xq ) >

(¢ Q)Mo 2,41 0
, 1¢2 —1\42—1\/[1—17 qb11+m11’ . qbr1+mrl’qb12+ml2_1_Ml’ . qbr2+m7‘2_1_M1 » qn+1+v
T+ T qbll,“.)qbrqub12_1_M17.“7qbr2_1_M1 » 4y
big ;é M1 + 1,M1,M1 - 1, ... with 7 = 1, ey T
Now, applying the definition (3.2) we obtain
Ma,b12,b22, ..., br2
L b b b b x)=
[ p+ My +1,m12,ma2, ..., My2 9(x)
ﬁ { qlbia +mia —1—Mq)  Ty(bi2) }
i=1 Ly(bia —1—My)  Ty(bia + mi2)
(1-9q) =
— (14+M1) Mo (p+1)v za? >
AT ;Jq f(zg")
) 1¢2 —1\42—1\/[1—17 qb11+m11’ . qbr1+mrl’qb12+ml2_1_Ml’ . qbr2+m7‘2_1_M1 » qn+1+v
T+ T qbll,“.)qbrqub12_1_M17.“7qbr2_1_1\/jl 4y
From this result and with the help from (3.3) and (4.2), the proof is complete. O

M7 b17b27 '-~7b’r

x) a fractional g-integral op-
P51, M2, ey My :|f( ) f 1 J b

Theorem 2: Let be Ly {
erator, as defined by (3.1), then

I Mj,blj,bgj,...,brj
q p—|—M 1—|—M 2+...—|—M1—|—j—1,m1j,m2j,...,m,«j

L |: Jj— 17b1] 17b2_] I RS b'f‘j 1
q

p+MJ 2+Mj 3+ .. +M1 +] 2,m1j_1,m2j_1,...,mrj_1 :|
M23b127b223'“ br? n M17b113b217"'7b'rl
. L L =
a |: p+M1 +1 ,TN12, 122, vovy My :| |: Py M1, 1M27,y ey My :l f(]))
r b¢h+mih—(Ml+h—l>)
! ( 121 Lq(bin)
)) Lo (bin + min)

j r
[T 11
h=ael Iy (m-(ZMH-h—l
=1
q(Mj71+...+M1+j71)M]‘+...+(M1+1)M2 X
Ln+j_1 M]—i-—l—Ml —i—j—l,bn,...,brl,
a Py M1y ...y Mey1,

le - (Ml + 1)7 "'7b7“2 - (Ml + 1)a 3]

M2y eeey Mp2y veny
bijo1— (Mj_o+ ... +Mi+5—2),..,bpj1 — (Mj_o+ ... + M1 +j —2),
Myj—1y- Mpj—1,
bij —(Mj_1+ ...+ Mi+5—1),..,byj — (Mj_1+ ...+ M +j—1) (@)

Mgy eeey Myy

(4.12)
where M > mlj—l— —i—mrj,sz # 1—|— +M1+] 1 MJ71++M1+!]—2, ’U}Zth
i=1,...,r and j =2,3,.

Proof: To prove (4.12), we employ the mathematical induction principle.
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We observe that for j = 2 in (4.12), it yields to eq. (4.12) as:

M23b127b223"'ab1”2 Ln M17b113b217"'7b'r‘1 f(a:):
T p+ M+ 1,mig,maz, .y mpg | 9| pymar, mat, ey My |
lﬁl {Fq(biz +mio —1— M) Ty(bi2) ] (I+M)Ms
i=1 Ly(bio —1—= M)  Ty(bia +m2)
LZJ,-I |: M2+M1+17b11a"'ab7‘1ab12_(M1+1)a-~-abr2_(Ml+1) f(ll') (413)
PyT11y eeey Mp1, 112y ooy 12
We suppose that eq. (4.12) is true for j = k — 1 > 2, that is,
I My _1,b1k—1,b2k-1, .0, brp—1
Tl p+Myo+Myz3+ ...+ M +k—2,myp_1,Mop_1,.... Mpg—1
I My_2,b1k—2,b2k—2, ..., brg—2
Tl p+Me 3+ Mys+ ...+ M +k—3,mip_o,Map_2,..., M2

L M23b127b223'“ab7’2 Ln M17b113b217"'7b'rl
T p+ My A+ 1,mae,mag, e, Mo 4| p,mi1, mat, ..., My1

} fa)=

>
|
—

h—1

o (o= (Smen-1)) Ty (bin)
h—1 r b“—|—mi
r, (bm<ZMl+h1>> albin & min)

=1
q(Mk—2+-~~+M1+k*2)Mk—1+m+(JWl+1)M2

k=2 { Mg 1+ ...+ My +k—2,b11, ..., b1,
q

=

>
||
¥
&

P11y -eey My,
bio— (My+1),....b00 — (M + 1), ...,
M2y ey Mp2, -eey
bik—o — (Mg—s+ ...+ M1 +k—3),....005—2 — (Mg_3+ ...+ My + k—3),
Mig—2,.y Mrk—2,
big—1— (Mg—o+ ...+ My +k—2),....bpp—1 — (Mp—a+ ... + M1+ k—2) @)
Mik—1y - Mrk—1
(4.14)
M1 >mip—1+ .o +Mpg—1; big—1 # Mg+ ...+ My +k =2, My_o+ ...+ M; +
k—3,...withi=1,... 7.

On operating both sides of the relation (4.14) by the operator
L |: Mkab1k7b2k7"'7b’r‘k
q

.), we obtain
p+My_1+ Mg_o+ ...+ M +k—1,m, mog, ..., Mg ()

I My, b1k, bagy ..., by
Y p+ M1+ Mo+ ...+ M +k—1,m, mog, ..., Myi;
I My _1,b1p—1,b2—1, -, bri—1
Tl p+ Mg+ M3+ ..+ M +k—2,mip_1,Mok_1, .. Mpp_1
I My _2,b1k—2,b2k 2, .., brg—2
Tl p+My_z+Mu_y+ ...+ M +k—3,mig—2,Map_2,....Mpp—2

L M27b127b227"'7b7“2 " M17b117b217~~~7b7‘1
TN p M+ 1,mag,mag, mep | 9| pymar, mat, e, My

| 1=
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h—1
r bih+mih—<ZMl+h_l>)

Aot ﬁ ’ ( =1 L (bin)
—2i= h=l Lq(bin +m;
h=2i=l Fq(bih—<ZMl+h—1>> albin & min)

=1
q(Mk—2+~~-+M1+k—2)Mk71+~-+(]\/11+1)M2 X

L Mk)vblkaka) "'7b7‘k
Tl p+ My +My_o+ ...+ M+ k—1,muk, mag, ..., My,

[ntk—2 My 1+ ...+ My +k—2,b11,...,bp1,
q P, M1y ey My,

big — (M1 +1),...,bp0 — (M1 + 1), ...,
M2, -y Myp2, ..y
big—2— (Mg—3+ ...+ M1 +k—3),...;bpp—o— (My_3+ ...+ M +k—3),
Mik—25 s Myrk—2,
bik—1 — (Mg—o+ ...+ M1+ k—2),..bp1 — (Mg—o+ ... + M1+ k—2)
h f(a).
Tk—1) -y Myk—1
On applying (4.13) the right hand side of the above expression can be written
as:

h—1 7]
r, (b ih — M;+h—-1
_k_lﬁ q( o <l§1 ' )) Ly (bin) «
L h—1 T.(b; ,
h=2i=1 Fq <b1h _ (Z M, +h— 1)> q( ih +mzh)
=1 J
ﬁ [Fq(bik‘f'mik— (Mk_1+...+M1+k— 1)) Fq(bik) «
i=1 Lo(bir — (M1 + ... + M1+ k—1))  Tq(bix +mix) |

q(Mk—1+"~+M1+k7—1)Mk+(Mk—2+<--+M1+k_2)Mk—1+~-+(M1+1)M2 %

Lot | Mich ot Myt b= Ly, b,
q Py M1y ey My,
bio— (My+1),....b00 — (M + 1), ...,
M2y ey Mp2, ..oy
bik—o — (Mg—s+ ...+ My +k—3),....005—20 — (Mg_3+ ...+ M1 + k—3),
Mik—25 s Mrk—2,
bi—1 — (Mk,Q + ..+ M +k— 2)7 vy bpp_1 — (Mk,Q + ..+ M +k— 2)
Mik—1y-y Mrk—1
bigk — Mg—14+ ...+ My +k—1),...bpg — (Mg—1 +...+ M1+ k—1) f(x)
Miky -y Mrk
My > mig+..+meg; big = Mg 1+...+M1+k—1, My_1+...+M1+k—2,... with
1=1,..,m
Which is true for j = k. This completes the proof of (4.12). O

The Theorem 2 contains some interesting corollaries. Setting n = 1, we obtain
M7 blab27 '~'ab'l"

oy " f(x) a Delgado and Galué opera-
s 11015 TT82y eeey TThp

Corollary 1: Let be L
tor, as defined by (1.8), then
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I Mj,blj,bgj,...,brj
p+ Mjfl + Mj,g + —|— Ml +j — 17m1j,m2j, ...,mrj

I M;_1,b1j-1,b25—1, ..., brj—1
p+Mj_o+Mj 3+ ...+ M +7—2,my_1,Mj_1,...,;Mrj_1
M3, b12,b22, ..., b2 I My, b11,b21, . b1 )=
p+ My +1,m12,ma2, ..., M2 P TLT, 215 ey T

h—1
Ly bin +min — ( M;+h— 1>)
r q( " " lgl l L'y (bin)
. h=1 Ty (b; i
= Fq(bih<ZMl+h1>> abin + min)

=1
q(Mi—1+"'+M1+j71)M]‘+"'+(M1+1)M2 X
Lj MJ++M1 +j71,b11,...,b7a1,
a Py M1y ey M1,
big — (M1 +1),...,b0 — (M + 1), ...,
M1z, ..., My, ..oy
bijo1— (Mj_o+ ...+ Mi+5—2),..,bpj1 — (Mj_o+ ... + M1+ j — 2),
Myj—1y- Mpj—1,
by —(Mj_1+...+Mi+5-1),...b; — (M1 + ...+ M1 +j—1) (@)
Mgy .oy Myy ’

3

>
M’):Q<

(4.15)
where Mj Z mlj—|—...+mrj;bij 7é Mj_1—|—...+M1—|—j—1,Mj_1—|—...—|—M1+j—2, ... with
i=1,..,rand j =2,3,...

Taking »r =1 and ¢ — 17, we have
Corollary 2: Let be T[—M, b1, p,m1] f(x) a Sazena operator, as defined by

(1.8), then

‘I[—Mj,blj,p—F Mjfl —|— Mj,g —|— + M1 +_] — 1,m1j]
T[-Mi_1,bij_1,p+ Mj_o+Mj_3+ ...+ M +j—2,myj_1]
o B [=Ma,b12, p + My 4+ 1,m12) T [=My, b1y, p,ma1] f(x)=

h—1
(b — M, +h-1
(= (B e0-1)) )

H =1

i h—1 I'(b

h=2 F(blh—(ZMl—i—h—l)) (bip, +map)
=1

1,j4+1,5+1,5+1;—1
R»y,l;Mj+Mj_1+...+M1+j,17(m11+b11),aj,0,171;11,1;]. [f(x)}, (4~16)

where (lj = 1—(m1j+b1j—(Mj,1+...+M1+j—].)), bj = ]-_blj""(Mjfl + + M1+
j — 1) and Mj > mlj;blj 7é Mj,l—f—...—i-Ml +j—17MJ‘,1+...+M1 —‘y—j—2, ... with
i=2,3,..

Putting r =1,mi1 =mig =---=my; =0and ¢ — 17, we get
Corollary 3: Let be 1, pr41 f(x) an Erdélyi-Kober operator, as defined by (1.2),
then
Lo My My gt My 45—, M1 Lo My p My gt 4 My 45 =2, M 41
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o Lopan w1, 11 p vy 1 (@) =Lp vy vvy 45 f(), 5 =2,3, . (4.17)
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