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CERTAIN FRACTIONAL ¢-INTEGRAL FORMULAS FOR THE
GENERALIZED BASIC HYPERGEOMETRIC FUNCTIONS OF
TWO VARIABLES

R.K. YADAV, S.L. KALLA*, S.D. PUROHIT, V.K. VYAS

ABSTRACT. In present paper, we derive two theorems involving fractional g-
integral operators of Erdélyi-Kober type and a basic analogue of Fox’s H-
function of two variables. Corresponding assertions for the Riemann-Liouville
and Weyl fractional g-integral transforms are also presented. Several special
cases of the main results have been illustrated in the concluding section.

1. INTRODUCTION

The fractional g-calculus is the g-extension of the ordinary fractional calculus.
The subject deals with the investigations of ¢g-integrals and g-derivatives of arbitrary
order, and has gained importance due to its various applications in the areas like
ordinary fractional calculus, solutions of the ¢-difference (differential) and g-integral
equations, g-transform analysis etc (see [1] and [8]). Motivated by these avenues
of applications, a number of workers have made use of these operators to evaluate
fractional g-calculus formulae for various special functions like, basic hypergeo-
metric function, basic analogue of Fox’s H-function, general class of g-polynomials
etc. One may refer to the recent papers [5]-[7], [13], [16] and [18]-[20] on the subject.

In this paper, we have established two theorems involving the fractional g-integral
operators of Erdélyi-Kober type, which generalizes the Riemann-Liouville and Weyl
fractional g-integral operators. Several special cases of the main results have been
illustrated in the concluding section.

In the theory of g-series, for real or complex a and |¢| < 1, the g-shifted factorial
is defined as:
n—1

(@an = [[(1-ag) = 20> (e, (1)

palny (aq™; q)oo
so that
(a:q)o =1,
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or equivalently
_ Ty(atn)(l—g)"

(a;9)n , (1.2)
Ly(a)
where the g-gamma function cf. Gasper and Rahman [4], is given by
(¢ 9)os (¢ 4)a—1
I',(a) = = , 1.3
T (e L (e -
(@#0,-1,-2,-).
Also
B [ 1= (y/x)q (Y.
(x —y), =2 H[l /D) V+n]—ac (m,q)u. (1.4)

The g-analogue of the familiar Riemann-Liouville fractional integral operator of
a function f(x) due to Agarwal [2], is given by

15 {f(2)} = F;a) /Ow(fv —tq)a—1f(t) dgt (R(e) >0,]g[ <1). (L5

Also, the basic analogue of the Kober fractional integral operator cf. Agarwal
[2] is defined by
rne

B U@y =Ty [ = @eat'f0) dt () > 014 < Ly € R). (16)

A g-analogue of the Weyl fractional integral operator due to Al-Salam [3], is
given by

qfa(afl)/Z 0 -
Ko f(z) = Fq(a)/ (b= 2)a1 f(tq ") dyt (R(2) > 0,]g] <1).  (L7)

In the same paper, Al-Salam [3] introduced the g-analogue of the generalized
Weyl fractional integral operator in the following manner:

q "

K (@) = S [T s o a0

(R(a) > 0,]g| < Ln € R).
Also the basic integrals (cf. Gasper and Rahman [4]), are given by

/ £(t) dyt = 2(1 — q) Zq’“f(zq’“% (1.9)

/ f(t) dgt = 2(1 - q) Zq’“ Flag™), (1.10)

and

/ FO) dt=(0-q) Y ¢“1(d"). (1.11)

k=—o0
Following Saxena, Modi and Kalla [15], the basic analogue of the H-function of two
variables in a slightly modified notation is defined as:

(c7,7")
HA, (M1:N1),(Ma:N2) z21 (a,a); (a’, 0/)
CD(P1:Q1),(P2:Q2) | 5, 4 (d;6,0")

(b, 8); (', 5")
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X1( X (t;q) X t;
// 1(s; q 2(t; q) Xs(s,t;q) w227 25 dysdgt, (1.12)
27” G(g'?) sinwssinmt

where |¢q| < 1, logqg = —w = —(w; + fws) , wy and wy are real constants,

0o —1
Glg%) = {Hu W)} = (1.13)

Also

(1.14)

(1.15)

and

A ’
{1 ag ey

- (1.16)

H G(chf'yjsf'y;t) 1[—)[ G(ql—dj+5js+5;t)
j=At1 =1
The coefficients v; and 'y; (1<j < C); 65 and 5;. (I<j<D);o; (1<j< P,
0‘; 1<j<P), B (1<j<@Q), ﬂ;- (1 < j < @Q2) are positive numbers. And
A, C, D, P, P, Q1, Qa, My, M>, N1, Ny are none negative integers, satisfying the
following inequalities 0 < A < C, 0< M; < Q;, 0< N; < P, D >0; Vi € {1,2}.
The contours C} and C3 are lines parallel to R(w;s) = 0 (¢ = 1,2), with in-
dentations, if necessary, in such a manner that all the poles of G(q% %) for
j € {1l,...,M;} and G(qbifﬁft) for 7 € {1,..., Mx}, lie to the right and those

of G(q' "GN for § o€ {1,..., A}, G(¢"~%+%%) for j € {1,...N;} and
G(g'~%T5%) forj € {1,... Ny} lie to the left of the contours . An empty product
is interpreted as unity. The poles of the integrand are assumed to be simple. For
large values of |s| and |¢| the integral converges if R[slog(z1) — logsinms]< 0 and
R[tlog(z2) — log sin 7t]< 0.

Further, ifweseta =o' =8 ="=v=9"=0 =¢ =1 in the definition (1.12),
then it reduces to a basic analogue of Meijer’s G-function of two variables (see [15]).

It is to observe that for A = C = D = 0 in (1.12) the basic Fox’s H-function of

two variables reduces to a product of two basic Fox’s H-functions of one variables
(see [15, p.36, eqn.(2.2)]) as under:

HOV(MﬂNl%(Mz:Nz) 21, (a,a); (a
0,0 (Plin),(Pgin) ’q

ot ] 35 o] G, o
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where the basic analogue of the Fox’s H-function of one variable due to Saxena,
Modi and Kalla [14] is given by

HMl,Nl (a, a)

il fasa| 5 |

M1 Nl
H G(qu*ﬁjs) H G(qlfa.j+a.7s) mTas
j=1

1 j=1
T o Q1 Py
¢ I1 Ggt=bthis) [ G(g=2i%) G(g'~*) sinms
j=Mi+1 j=Ni+1

dgs, (1.18)

where 0 < M; < @1, 0 < Ny < Pi, ay’s and f;’s are all positive integers.
The contour C' is a line parallel to ®(ws) = 0 with indentations if necessary,
in such a manner that all the poles of G(¢%~%%), 1 < j < M, are to the right,
and those of G(¢'=%%®i%) 1 < j < Nj to the left of C. For large values of
|s|, the integral converges if R[slog(z) — logsinms]< 0 on the contour C, i.e. if
| { arg(x) — wowy 'log|z| } |[< 7, where 0<|q|<1, logq = —w = —(wy + iws). w1
and wy being real.

Further, if we set a; = 8; =1, V 4 and j in (1.18), we obtain the basic analogue
of Meijer’s G-function, due to Saxena, Modi and Kalla [14].

A detailed account of Meijer’s G-function, Fox’s H-function and various functions
expressible in terms of Fox’s H-function can be found in research monographs due
to Mathai [9], Mathai and Saxena [10, 11}, Mathai, Saxena and Haubold [12] and
Srivastava, Gupta and Goyal [17].

2. MAIN RESULTS

In this section, we will establish four fractional ¢-integral formulae for the basic
analogue of Fox’s H-function of two variables. The results are presented in the
form of two theorems and corresponding corollaries as follows:

Theorem 2.1. Let R(u) >0, [g| <1, n € R and I])*{.} be the Kober fractional
g-integral operator (1.6), then the following result holds:

(c;7:7")
In,,u A—lHAa(MliNl);(M23N2) lep . (Q,Oé); (alva/) = (1 ®o_oA—1
q z C,D, (P1:Q1),(P2:Q2) | 2927 4 (d;8,98) =(1-9"2

(b, B); (v, 8")

(I=X=mp,0), (c7,7)
AL (M:N),(M3:N) zix? (a,a); (d, )
CHLDHL (PrQu:(P2iQ2) | 20 1 | (d6,0),(1= X~ p—m;p,0) |

(0,5); (v, ")

where R[slog(z1) — logsinm s]< 0, R[tlog(ze) — logsinnt]< 0, and p and o being
any positive integers.

(2.1)
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Proof. To prove the theorem, we consider the left hand side of equation (2.1) (say
L) and make use of the definitions (1.6) and (1.12), we obtain

A Y
L= / (= yq)a—1y"
0

2 / JR! Xz (t:0) Xslo 50 7/ 20) (72)'
7T’L

dqy.
—$)G(g'~?) sinmws sinmt a¥

Cr Cy
In the above expression, the variables of integration for the inner contour integrals
C7 and C3 are s and t, whereas the variable of integration for the first integral is y.

Hence, on interchanging the order of integration, which is justified under conditions
stated with the definitions (1.6) and (1.12), we obtain

xTne //Xlqugtq)Xg(stq)ﬂzle

L= (o) (2 I=t) sin7s sinmt
J(a i)

{ / (z = yg)a1y” {y**T7 1} dqy} dys dyt,
0

which on interpretation in light of the definition (1.6), can expressed as

I = //XISQXth)Xg(Stq)TerZQ ny{ pst+ot+Ai— l}dsdt
(27 i)? 1=t) sinws sinmt

On using the known result due to Yadav and Purohit [18, p. 440, eqn. (19)], namely

_ Le(A+1n) _
e fpA= 1 = 82 LU A (Re(A + 1) > 0), 2.2
q {x } Fq(>\+77+,u)x (Re( n) ) (2.2)
the above expression reduces to

//X1 5:q) X2 (t;q) X3(s,t;q) w2228
27rz G(q'—t) sinws sinmt

Fq(ps+ot+/\+n)
Lglps+ot+A+n+p)
which on further simplifications reduces to the desired right-hand side of (2.1). O

pst+o t+)\71dqs dqt

On setting n = 0 and making use of the functional relation, namely

1P {f ()} = Iy {f(2)} (2.3)
the Theorem 2.1 leads to the following result:

Corollary 2.2. IfR(u) >0, [q| <1, and I {.} be the Riemann-Liouville fractional
q-integral operator (1.5), then the following formula holds:

(e;7,7")
i) A1 A (Mi:Ny), (Mo:No) zaz? (a, a); (', ) =(1-q"
Iq HC’ D, (P1:Q1),(P2:Q2) ZQiCU g (da 67 5/) B (1 q)

(0,8); (v, 5")
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(1=Xp,0), (¢;7,7")
A1 ppAFL (Mi:N)), (Mo:No) z1xf (a,);(a',a)
CHLDHL (P1:Qu).(P2:Q2) | 20 | (d;6,8"),(1— A — s p,0) |

(b, 8); (', ')
(2.4)

where R[slog(z1) — logsinm s]< 0, R[tlog(z2) — logsinnt]< 0,and p and o being
any positive integers.

Theorem 2.3. If R(n) > 0, |g| < 1, and n € R, then the generalized Weyl

fractional q-integral operator for the basic analogue of Fox’s H-function of two
variables is given by

(¢;7,7)
uNY A prA, (M1:N1),(M2:N2) 2P . (a’a); (aﬂo/)
Kq T HC,D,(Plin)a(PZ:QQ) 221'_0 Hd (d7 §a 6/)

(b, B); (v, 8')

=(1-qarg

(1+X=mn;p,0), (¢;7.7)
. (a,); (a’,a)
L (d6,8), L+ A —p—n;p0) |
(b,8); (v, ")

FATL (M1ND, (MaiN) z1(xqg™ )"
C+1,D+1, (P 1:Q1),(P2:Q2) 29 (xqf}t)_a

(2.5)
where R[slog(z1) — logsinm s]< 0, R[tlog(ze) — logsinnt]< 0, and p and o being
any positive integers.

Proof. Using the definition of the generalized Weyl fractional g-integral operator
(1.8) in the left hand side of (2.5), writing the function in the form given by (1.12),
interchanging the order of integrations and evaluating the integral by a known result
due to Yadav, Purohit and Kalla [20], we easily arrive at the result (2.5) under the
conditions given with the Theorem 2.3.

O

Corollary 2.4. If R(u) > 0, |q| < 1 and K} {.} represents the Weyl fractional
q-integral operator, then the following formula holds:

(¢7:,7)
iz A r7A, (M1:N1),(M2:N2) 21w’ . (a’a); (a’,o/)
Kq T HC,D,(PI:Ql)a(PQ:QQ) 221'_(7 4 (d7 (5’ 5/)

(b, 8); (', 5")

=(1- q)“ q*uA*u(u+1)/2 pATH

- L+ X+ usp,0), (67,7)
AL (M1:ND),(Ma:Na) z(zg )" (a,a); (', a)
C+1,D+1, (P 1:Q1),(P2:Q2) 29 (:qu'u) o 9 (d, 57 5/)’ (1 + /\,p, O') 5
(b,8); (', 8')

(2.6)
where R[slog(z1) — logsinm s]< 0, R[tlog(ze) — logsinnt]< 0, and p and o being
any positive integers.
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We omit here the proof of Corollary 2.4 as its details are similar to Theorem 2.3.

3. SPEcCIAL CASES

The g-extension of the Fox’s H-function for two variables defined by (1.12) in
terms of the Mellin-Barnes type of basic integrals is most general in character and
involves a number of g-special functions including the H,(.) and G4(.) functions
of one variable, as its particular cases. Therefore, the results obtained in this ar-
tical are useful in preparing some tables of the Kober, Riemann-Liouville, Weyl
and Generalized Weyl type fractional g-integral operators of most of the special
functions expressible in term of the H-functions. In this regard one can refer to the
work of Kalla, Yadav and Purohit [7, pp.316-317, eqn. (1.14)-(1.23)] (see also [16],
[20]). However, we illustrate few special cases of the main results.

For example, if we set A = C' = D = 0, in the results (2.1), (2.4)-(2.6) and
making use of the known result (1.17), we obtain the following fractional g-integral
formulae involving the product of two H,(.) functions:

Corollary 3.1. Let ®(u) >0, |¢| <1, n € R, then the following result holds true:

—1 7y M1,N; a,q M2, N o o,
o (e ] ) i ] 539 ))

(I1=X=mn;p,0)
1 oA=Ll (MiN)(M2:N2) | 21E? (a,a); (a,a)
= (1 q) T Hl,l,(Plin)v(PZQE) ZQxU 34 (1_>\_M_,’77p70_) )

(b,8); (0, ')
(3.1)
where R[slog(z1) — logsinm s]< 0, R[tlog(z2) — logsinnt]< 0, and p and o being
any positive integers.

Corollary 3.2. If R(u) > 0, |q| < 1, and p and o being any positive integers, then
we have:

tifemiy o) () | o] G5 [}

)

(1 - )\; Ps U)
_ B A+pu—1grl, (M1:N1),(M2:N2) z1x” . (a,a); (a/,o/)
=(1-g)" ™" iy (P Ga) (o) 22 (I=X—u;p,0) |’ (3.2)

(0, 5); (v, ")
where R[slog(z1) — logsinm s]< 0 and R[tlog(z2) — logsint]< 0.

Corollary 3.3. Let R(u) > 0, |q| < 1, n € R, then the following fractional q-
integral formula holds true:

B a,a . a/’a/
e o] G ] 53}
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(L+X=mn;p,0)
A gl (MyiND) (Ma:Ny) | zi(g™#) 7P (a,); (', )
xrq H171,(P1 :Q1),(P 2:Q2) Zg(l‘qfﬂ)fg 4 (1 N w—1;p, O') ’ (33)

(0,8); (v, 8')
where R[slog(z1) — logsinm s|]< 0, R[tlog(ze) — logsinnt]< 0, and p and o being
any positive integers.

Corollary 3.4. If R(u) > 0, |q| < 1, and p and o being any positive integers, then
the following result holds:

! /
sl 5] b 63

=(1— q)ﬂ A q—u/\—u(u+1)/2

(L+A+up,0)
1, (My:Ny),(Mo:No) | 21(xg™H)™F (a,); (a, )
Hl,l,(Pl :Q1),(P2:Q2) Zz(xq—u)—o 7 q (1 + >\7p7 O') 5 (34)

(0,8); (¥, 8')
where R[slog(z1) — logsinm s]< 0 and R[tlog(z2) — logsinm t]< 0.

Further, if weset a =o' = =8 =v=+4"=6=§ =oc=p =1, in the
Theorems 2.1 and 2.3, and Corollaries 2.2, 2.4 and 3.1 to 3.4 one can easily obtain
similar type of fractional g-integrals for the basic analogue of Meijer’s G-function
of two variables.

Finally, if we put o = 0 and A = 1, we observe that the results (3.1) of Corollary
3.1 and (3.2) of Corollary 3.2, respectively, provides the known results due to Sax-
ena, Yadav, Kalla and Purohit [16, p.156, eqn. (24)] and Kalla, Yadav and Purohit
[7, p.317, eqn. (2.1)]. Similarly, for o = 0 and A = 0 the results (3.3) and (3.4) give
rise to known results due to Yadav, Purohit and Kalla [20, pp.135-136, eqn. (2.3)]
and Yadav and Purohit [19] (for p = 1) respectively.
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