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LOG-CONVEXITY OF RATIO OF THE TWO-PARAMETER
SYMMETRIC HOMOGENEOUS FUNCTIONS AND AN

APPLICATION

ZHEN-HANG YANG

ABSTRACT. In this paper, four types of log-convexity of ratio of the two-
parameter symmetric homogeneous functions are investigated and a Hermite-
Hadamard type inequality is established. As an application, the log-convexity
of ratio of Stolarsky means and a Hermite-Hadamard type inequality are pre-
sented. Additionally, some classical and new inequalities of ratio of bivariate
means are illustrated.

1. INTRODUCTION

Since Ky Fan [1] inequality was presented, inequalities of ratio of means have
attracted attentions of many scholars. Some known results can be found in [21, 3,
10, 14]. Research for the properties of ratio of bivariate means were also a hotspot
at one time. In 1994 Pearce and C. E. M. Pecarié¢ [15] proved that the function

Lp(a, b)

Lcag PR

is nondecreasing, provided that a,b,¢,d > 0 with b/a > d/c. Here L,(a,b) :=
Sp+1,1(a,b) is the generalized logarithmic mean and Sy, 4(a,b) are the Stolarsky
means of a,b > 0 with parameters p,q € R [19] defined by

Spqla,b) =

1
q(a”—b”)>”
— ; p#q,pq #0;
(p(aq]g—bbqg A
Qa p— P
—_— 0,q = 0;
<p(1na—1nb))’ p#0,q=0;
1
al — Bl i (1.1)
<q(lna—lnb) ; p=0,q#0;
a’Plna—bPInb 1
eXp(aP—bP_p>’ p=q#0;
Vab, p=q=0,

and Sp q(a,a) = a. In a few years, Ch.-P. Chen and F. Qi [4], [17],[18], [5] also

proved equivalent results.
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Recently Ch.-P. Chen [6, 7] established a more general result: Let a,b,c,d be
fixed positive numbers with a # b,¢ # d and p,q be real numbers. Then the
function

Sp,q(a,b)
Sp.q(c,d)
is increasing (decreasing) with both p and ¢ according as min(a, b)/ max(a,b) > (<
)min(e, d)/ max(c, d). Soon after L. Losonczi [13] studied monotonicity properties
of the ratio

Spvq (aa b)

Sp,q(a,c)
in the parameters p, ¢ and completely solve the comparison problem

R, 4 =Ry 4(a,b;e d) = (1.2)

thq(avbac) = (p,geR,0<a<b<c)

R, 4(a,b,¢c) < R, s(a,b,c) (p,g,m,s € R,0<a<b<c)

for this ratio. This generalizes all results mentioned above. Also, an open problem
was proposed by the author: Let M, ,(p,q € R) be a two-parameter, symmetric
and homogeneous mean defined for positive variables and let us form the ratio

My 4(a,b)

My 4(a, c)

For what means M, 4 has this ratio simple monotonicity properties?
Z. -H. Yang [26] has Considered the ratio defined by

_ Hs(p,q;a,b)
Hy(pg;c.d)
and presented four types of monotonicity of Rs(p,¢) in the parameters p and g,
which gave an easier access to find two-parameter symmetric homogeneous means
having ratio simple monotonicity properties mentioned by L. Losonczi.
Here H;(p, ¢; a,b) are the so-called two-parameter homogeneous functions [23].
For conveniences, we record it as follows.

Rp,q(Cl,b,C) = (p,qGR,0<a<b<c).

Rs(p,q) : (p,qg € Rya,b,e,d >0 withb/a>d/c>1) (1.3)

Definition 1.1. Assume f: Ry x Ry — Ry is n-order homogeneous and contin-
uous, and has first partial derivatives and (a,b) € Ry xRy, (p,q) € R x R. Then
define
f(ar,bP) 1(p—q) '

;a,b) = _— 1.4
Hy(p,qia,b) (f(aq’bq) ifp#q (1.4)

a? fz(aP,bP) Ina + 0P f,(aP,bP)Inb)
=gq, (1.5
Flar o) ifp=gq, (1.5)

where fo(x,y) and fy(x,y) denote first-order partial derivatives with respect to first
and second component of f(x,y), respectively.

Since f is homogeneous and so are Hy(p, q;a,b) for every p,q. It is called a ho-
mogeneous function with parameters p and q, and usually simply denotes by Hs(p, q)
or Hys(a,b) or Hy.

Hi(p,piab) = eXp(

The aim of this paper is to investigate the log-convexity of ratio of the two-
parameter homogeneous functions in the parameters p,q .

The organization of the paper is as follows. In section 2, some properties of the
two-parameter homogeneous functions are listed. Four types of log-convexity ratio
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of two-parameter homogeneous functions are investigated in section 3. In section
4, as an application, the log-convexity of ratio of Stolarsky means are given.
2. LEMAAS

To formulate main results, we need some properties of the two-parameter homo-
geneous functions.

Proporty 2.1. H;(p,q) is symmetric with respect to p,q, i.e.,
Hy(p,a) = Hys(q,p). (2.1)

Proporty 2.2. If f(x,y) is symmetric and n-order homogeneous with respect to x
and y, then

G2n

Hi(—=p,—q;a,b) = 0, 2.2
sl ) Hs(p,q;a,b) 22)
Hy(p, —pia,b) = G", (2.3)
where G = v ab.
Denote by
T(t) = T(t;a,b) := In f(a',b"), (2.4)

which is useful in the sequel.

Lemma 2.3 ([24, (1.14), (1.15), (2.10), (2.11)]). Let f : Ry xRy — Ry be a
symmetric, n-order homogenous and three-time differentiable function. Then we
have

T@t)—T(-t) = 2ntlnG, (2.5)
T'(t)+T'(—t) = 2nlnG =27"(0), (2.6)
T'(-t) = T"(1), (2.7)
T'(—t) = -T (1), (2.8)

where G = \ab.

Lemma 2.4 ([24, Lemma 3, 4]). Let f : Ry x Ry — Ry be a symmetric, homoge-
nous and three-time differentiable function. Then

alfy(at,b") Ina+ b fy(a',b")Ind

T,(t) = f(at,bt) = Hf(tat;avb)a (2.9)
T'(t) = —ayZln®(b/a), T = (Inf)uy, (2.10)
") = —ay(zT).In’(a/b), (2.11)

where x = at,y = bt.

Lemma 2.5 ([26, Remark 2.7]). If T'(t) is continuous on [p,q] or [q,p], then
InH;(p,q) can be expressed in integral form as

L e
InH s (p, q) = p‘qfq (Ot v 7 =/1T’(tp+(1—t)q)dt. (2.12)
. 0
T'(q) ifp=q

The following lemma will be used in the proof of second and fourth log-convexity.
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Lemma 2.6 ([26, Lemma 3.3]). Let x — f(x) be an odd and continuous function
defined on [—m,m] (m > 0). Then

/f Ydx = f() (2.13)

is true for arbitrary r,s € [—m,m].

To prove Hermite-Hadamard type inequality, we need the extension of the Hermite-
Hadamard inequality given by P. Czinder and Zs. Péles [9, Theorem 2.2].

Lemma 2.7 ([9, Theorem 2.2]). Let f : J — R be symmetric with respect to an
element m € J. Furthermore, suppose that f is convex over the interval JN(—o0, m]
and concave over J N [m,+o00). Then, for any interval [q p]CJ

2 P—gq
holds if ”Qﬂ < (>)m

In (2.14) the reversed inequalities are valid if f is concave over the interval
JN[—oo,m) and convex over J N [m, +00).

3. MAIN RESULTS

Based on the above properties and lemmas, Yang has investigated the mono-
tonicity and log-convexity of two-parameter homogeneous functions and obtained
a series of valuable results in [23, 24], which yield some new and interesting in-
equalities for means. Recently, two results on monotonicity and log-convexity of
a four-parameter homogeneous containing Stolarsky mean and Gini mean are pre-
sented in [25].

In these proving processes on [23, 24, 25], two decision functions play an impor-
tant role, that are:

2 n x
T = Ty = TP ), - W), 6D
7 = J@y =D - o y)e).. (32)

In what follows we will encounter another key decision function defined by

Ts(xz,y) == —zy(zT), In*(z/y), where T = (In ey = a',y="b. (3.3)

Comparing (2.11) with (3.3), we see that T"(t) and T3z(z,y) have the following
relation:

T"(t) =t *T3(x,y), where z = a’,y = b'. (3.4)
Moreover, It is easy to verify that T3(z,y) is zero-order homogeneous due to homo-
geneity of f(z,y), thus

T3(@,y) = Ts(x/y,1) = Ts(1,y/x). (3.5)
Next let us consider the log-convexity of ratio of two-parameter homogeneous
functions defined by (1.3).
To begin with, we consider the log-convexity of Ry(p,q) defined by (1.3) in the
special case of ¢ = p.
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Theorem 3.1. Suppose that f: Ry x Ry — Ry is a homogenous and three-
time differentiable function and T3(1,u) strictly increase (decrease) with v > 1 and
decrease (increase) with 0 < w < 1. Then for any a,b,c,d > 0 with b/a > d/c > 1,
Ry (p,p) s strictly log-convex (log-concave) on (0,00) and log-concave (log-convex)
on (—00,0).

Proof. By (2.9) we see that

o0 b
InHy(p,p;a,b) = (pia,b) o =T'(p;a,b).
dp
Two times derivation calculations lead to
?InHys(p,p;a,b)  3T(t;a,b) o
1 17 ) — T/l/ b
ap? 9 (p; a,b).
From (1.3) we have
d*InRs(p,p)  9*InHy(p,pia,b) B 9*InHy(p,p;c,d)

dp? B op? Op?

= T"(p;a,b) = T"(p;c,d).

since T3(1,u) strictly increase (decrease) with u > 1 and decrease (increase) with
0 <wu <1, (34) together with b/a > d/c > 1 yields

T"(t;a,b) = T" (t;e,d) = 2 (Ta(a’,b") — Ta(c", d"))
(<)0 for t >

_ 43 (75(1’ (b/a)") — T5(1, (d/c)t)) { (>)0 for ¢ 4%6

This means that
d*InR¢(p,p) [ > (<)0 for p > 0,
dp? < (>)0 for p < 0.
The proof ends. U

We continue to deal with the log-convexity of Rf(p,q).

Theorem 3.2 (first log-convexity). Suppose that f: Ry x Ry — Ry is a symmet-
ric, n-order homogenous and three-time differentiable function and T3(1,w) strictly
increase (decrease) with u > 1 and decrease (increase) with 0 < uw < 1. Then for
any a,b,c,d >0 with b/a > d/c > 1 and fizred g € R, R¢(p,q) is strictly log-convex

(log-concave) in p on (lq‘;q |Q|2+lJ)‘

,00) and log-concave (log-convex) on (—oo, —

Proof. We first prove that R;(p,q) is strictly log-convex (log-concave) in p on
(MT_‘I, 00). This can be divided two cases.
1) Case 1: p,q > 0.

Two times partial derivative calculations for (2.12) lead to
0% (p, q)

1
= [ 27" (tp+ (1 — t)q)dt. 3.7
Fi = [T+ 1= ) (37)

From In R¢(p,q) = InHys(p,q;a,b) —InHs(p, q; ¢, d), we have

9 1
811181-2?;(}9,(]) — / (T (tp+ (1 — t)g;a,b) = T (tp + (1 — t)g; , d)) dt.  (3.8)
0



THE LOG-CONVEXITY OF RATIO OF TWO-PARAMETER HOMOGENEOUS FUNCTIONS21

From (3.6) it follows that

FlnBy(p.g) [ > (<0 ifp,g>0,
op? < (>)0if p,g < 0.

2) Case 2: p > —q > 0.
Substituting v = tp + (1 — ¢)q in the integral of right hand side of (3.7) yields

9% InHy (p, L
nap];(p - (r—q)? / (v = q)*T"" (v)dv, (3.9)
q
and then
2 P
0 ln;;fz(p: a) _ (p_lq)S / (t—q)2 (T" (t:a,b) — T" (t; ¢, d)) dt. (3.10)
q

Since x1 := (p — q)~3 > 0, it suffices to prove
P
X2 = / (t—q)* (T (t;a,b) — T"(t;¢,d)) dt > (<)0 for p > —q > 0.
q

For this purpose, we split the integral f;}(t —q)?T""(t; a,b)dt into two parts:

/qp(--~)dt:/q_q(--~)dt+/:(-~)dt.

Noting the function t — T"(t;a,b) is odd and so is the function t — (% +
¢)T" (t;a,b) due to (2.8), using properties of definite integral of the even and
odd functions on symmetric bounded interval, the first part is equal to

—q —q
/ (t— 2T (t:a,b)dt = / (12 + ¢ — 2q)T" (£: 0, b)dt
q q

—q —q
/ (t2 + qz)T///(t; a, b)dt _ 2(]/ tTm(t; a, b)dt
q q

—q
f4q/ tT" (t; a, b)dt,
0

thus,

P —q 4
/ (t —q)*T" (t;a,b)dt = / (t—@)*T" (t;a,b)dt + / (t —a@)*T" (t;a,b)dt
q

q —4q

—q D
—4q/ tT”'(t;a,b)dt+/ (t —q)*T" (t; a,b)dt.
0 —q

Hence,
—q
X2 = —4q/ t(T" (t;a,b) — T" (t;c,d)) dt
0

p

+/ (t —q)* (T"(t;a,b) — T (t;c,d)) dt for p > —q > 0.

—q

It follows from (3.6) and ¢ < 0 that x2 > (<)0. Which together with x; =

(p—q)~2 > 0 yields (3.10)
0%In Ry (p, q)

a2 =x1-x2 > (<)0if p>—g>0.
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The Case 1 and Case 2 show that function Ry (p,q) is strictly log-convex (log-
concave) in p if p,g >0 or p> —q > 0.

For p,g < 0orp< —q<0.(2.2) yields
~ G (a,b) 1

G*(c,d) Ry(—p,—q)
From the log-convexity of the function R¢(p,q) in the cases of p,¢ > 0 and p >
—q > 0 it follows that Ry (p,q) is strictly log-concave (log-convex) in p if p,q < 0
orp< —q<0.

This completes the proof. O

R¢(p,q)

Remark 3.3. It is clear that Theorem 3.2 generalizes and improves main result
given in [24, Theorem 1].

Theorem 3.4 (second log-convexity). Suppose that f: Ry x Ry — Ry is a sym-
melric, homogenous and three-time differentiable function and T3(1,u) strictly in-
crease (decrease) with u > 1 and decrease (increase) with 0 < w < 1. Then for
any a,b,c,d > 0 with b/a > d/c > 1 and fired m > 0, R;(p,p + m) is strictly
log-convez (log-concave) in p on (—m/2,00) and log-concave (log-convez) in p on
(—00, —m/2).

Proof. By (2.12) InHs(p,p + m) can be expressed in integral form as
1
mH(p,p+m)= / T(tp+ (1 —t)(p+m))dt.
0

Two times partial derivative calculations lead to

?InHs(p,p+m)
Op?

= /l T"(tp + (1 —t)(p 4+ m))dt. (3.11)
0

Substituting v = tp + (1 — t)(p +m) in the integral of right hand side of (3.11)
and noting 7" (¢) is odd, and using Lemma 2.6 yield

2 p+m
0 lan(pap-f-m) _ m—l/ TW(’U)d’U,
Op? »

and then

0*In Ry (p,p +m) 1/P+ml

=m
8p2 |

Since T3(1,u) strictly increase (decrease) with u > 1 and decrease (increase) with
0 < u <1, for a,b,e,d > 0 with b/a > d/c > 1 (3.6) holds. Therefore, the
integrand of right hand side of (3.12) is positive (negative) if |p + m| > |p| and
negative (positive) if |p + m| < |p|, i.e.,

(T" (v;a,b) — T" (v; ¢, d)) dv. (3.12)

|

P Re(p,p+m) [ > (<)0 if [p+m|>|p|, e, p>—-m/2,
Op2 < (>)0 if |p+m| <|p|, ie., p<—m/2.
This completes the proof. O

Theorem 3.5 (third log-convexity). Suppose that f: Ry xRy — Ry is a symmet-
ric, homogenous and three-time differentiable function and T3(1,u) strictly increase
(decrease) with v > 1 and decrease (increase) with 0 < w < 1. Then for any
a,b,c,d > 0 with b/a > d/c > 1 and fited m > 0, Ry(p,2m — p) is strictly log-
convez (log-concave) in p on (0,2m).
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Proof. By (2.12), In#H(p,2m — p) can be expressed in integral form as
1
InH;(p,2m —p) = / T'(t1)dt, where t; = tp + (1 —t)(2m — p), p € (0,2m),
0

Two times partial derivative calculations lead to

0?InHys(p,2m —p
op?

)_ ! _ 2
_/0 (2t — 1)2T"" (t,)dt.

Hence,

0?In R¢(p,2m — p) 0?InHy(p,2m — p; a,b) B 0*InHy(p,2m — p;c,d)
op? Op? op?

1
/ (2t — 1) (T" (t1;a,b) — T" (t1;¢,d)) dt.
0

Obviously, t; = tp+ (1 —t)(2m —p)>0due to 0 < p < 2mand 0 <t < 1.
(3.6) yields T"'(t1;a,b) — T (t1;¢,d)> (<)0, it follows that

0?In R¢(p,2m — p)
Op?
The proof is accomplished. O

> (<)0 for p € (0,2m),

Theorem 3.6 (fourth log-convexity). Suppose that f: Ry xRy — Ry is a symmet-
ric, homogenous and three-time differentiable function and T3(1,u) strictly increase
(decrease) with w > 1 and decrease (increase) with 0 < uw < 1. Then for any
a,b,e,d > 0 with b/a > d/c > 1 and fized r,s € R with r + s # 0, Ry(pr,ps)
is strictly log-convez (log-concave) in p on (0,00) and log-concave (log-convex) on
(=00,0) if r +s > 0, and strictly log-concave (log-convex) in p on (0,00) and
log-convez (log-concave) on (—o00,0) if r+s < 0.

Proof. Taking the logarithm of #H (pr, ps) and expressing in integral form yield
1

— [IT (pt)dt if r # s, (3.13)

InH(pr,ps) =4 r
T (pr) ifr=s.

We distinguish two cases.

1) Case 1: r = s. By Theorem 3.1, we see that function Rj(pr,pr) is strictly
log-convex (log-concave) in p if pr > 0 and log-concave (log-convex) if pr < 0,
i.e., Ry(pr,pr) is strictly log-convex (log-concave) in p if » > 0 and log-concave
(log-convex) if r < 0.

2) Case 2: r # s. Two times partial derivation calculations for (3.13) yield

H? InH ¢ (pr, ps) 1 P
- 27" (pt)dt, 3.14
op? r_ 5/3 (pt) ( )
and then
9% In Ry (pr, ps) 1 "
. = 2 (T" (pt;a,b) — T" (pt; c, d)) dt. 1
o [ @y - Tt d) (3.15)

Note T"(t) is odd and so is t*T""(pt), and make use of Lemma 2.6, (3.15) can be
written as
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0% In Ry (pr, ps) 1,
) _ T (1t — T (1t
op? TSL t=(T" (pt; a,b) (pt; c,d)) dt
B
= T et =T e d).
= Isl Jisf

From (3.6) it follows that

(<)0ifp>0,r+s>0,
(>)0ifp<0,r+s>0,
(>)0ifp>0,r+s <0,
(<)0ifp<0,7+s<0.

>
9?In Rys(pr,ps) | <
op? <

>

This implies our desired result is valid.
This proof ends. (I

We will close this section by giving the Hermite-Hadamard inequality.

Theorem 3.7. Suppose that f: Ry x Ry — Ry is a symmetric, homogenous
and three-time differentiable function and T3(1,u) strictly increase (decrease) with
u > 1 and decrease (increase) with 0 < u < 1. Then for any a,b,c,d > 0 with
b/a > d/c > 1, the following inequalities

Hf(L?’,LJQ”];a,b)<( H(p,q;a,b) (>) Hs(p,p;a,b) Hy(q, g;a,b)
Hf(LjQan%;Qd) Hf(p7Q;cvd) Hf(pap;cvd)Hf(Q7q;Cvd)

hold if p+ q > (<)0 with p # q. (3.16) is reversed if p+ q < 0 with p # q.

(3.16)

Proof. We first verify that
Hf(tvt;aab) Hf(_ta _t;awb) Hf(0707a7b)
1 1 =2ln—— 1"+,
"R ted) T UH (f —fed) (0,0 0d)
In fact, (2.9) and (2.6) yield

Hf(t,t;a, b) 'Hf(—t, —t;a,b)

| — T/ t: b 7T/ tc.d T/ ¢ b *T/ —ted
an(t?tyc7d) an(—t,—t,C,d) (aaa ) (,C, )+ ( ,a, ) ( ;C, )
H4(0,0;a,b)
= 2(T'(0;a,b) — T'(0;¢,d)) = 2222
( (07 a, ) (07 C, )) an (07 O; c,d)

Hy(t,t;a,b)

This indicates that function ¢ — In Rf(t,t;a,b;¢,d) (= lan(t Ticd)

with respect to element m = 0.

On the other hand, Theorem 3.1 shows that t — In R;(¢,¢;a,b;¢,d) (= ln%)
is strictly convex (concave) in ¢ on (0, +00) and concave (convex) on (—oo,0) under
the conditions of this theorem.

By Lemma 2.7, for p + ¢ > 0 with p # g we have

) is symmetric

Hy(ppsa,b Hys(g,g5a,b
ln Hf(L;qa %7a7b) < (>) 1 plan(tat;a';b) dt < (>) ijtggvg?cvd; +1nH§EZ,Z;C,d§
Hp(B52, 25t e d) P=alq Mt tcd) 2 ’
(3.17)

which, combined with (2.12), is equivalent to (3.16). Similarly, if p + ¢ < 0 with
p # q then (3.16) is reversed.
This proof is finished. O
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Remark 3.8. It is clear that Theorem 3.7 generalizes and improves main result
given in [24, Corollary 2].

4. AN APPLICATION FOR STOLARSKY MEANS
As an application for Stolarsky means, we have the following.

Theorem 4.1. Let a,b,c,d > 0 with b/a > d/c > 1. Then
1) for fized ¢ € R, the ratio of Stolarsky means Ry q4(a,b;c,d) = Sp.a(a:b)

18
Sp,q(c,d)

strictly log-concave in p on (|q|2_q7oo) and log-convex on (—oo,

2) for firted m > 0, the ratio of Stolarsky means R, pim(a,b;c,d) = g’“%mg‘cl’sg
is strictly log-concave in p on (—m/2,00) and log-convex on (—oo, —m/2);

3) for fized m > 0, the ratio of Stolarsky means Ry om—p(a,b;c,d) = ”;"Z;::%ZEZS;

+
_|<1|2 q).

)

is strictly log-concave in p on (0,2m);
4) for fized r,s € R, the ratio of Stolarsky means Ry, ps(a,b;c,d) = %
is strictly log-concave in p on (0,00) and log-convez on (—c0,0) if r +s > 0, and

strictly log-convex on (0,00) and log-concave on (—o0,0) if r + s < 0.

Proof. In [23] we have shown S, 4(a,b) = H(p,¢; a,b), where

r—y
L=L(z,y) =——(x,y > 0, yL(x,z) = x.
(2,9) ln:cflny(x y>0,z#y),L(z,2) =2
Obviously, logarithmic mean (x,y) — L(z,y) is a positive, symmetric, homogenous
and three-time differentiable function. Thus, it suffices to check the monotonicity
of T3(1,u).

Some simple calculations result in

1 1
I - 1 L Ty — - 9
(In L)ey (z—9)? ay(nz—Iny)?
T4y 2
T r = = P
(=) CRy R e
Taw) = eyl (afy) = -2+ P 0oy,
1 s u2—1 UL 9V
731, u) = 6u(u—1)*n*u “ _ 2 tevu .
du In u? 3
+
z 5 Y + 2 /zy
Making use of the well-known inequality L(z,y) < — (x,y > 0 with
x # y) given in [2],Weseethat%<Oifu>land%i’“)>0if0<u<l.

Applying Theorem 3.2, 3.5 and 3.6, we obtain the first, third and fourth results;
applying Theorem 3.1 (m = 0) and 3.4 (m > 0) yield the second one.
This completes the proof. O

Putting d = ¢ in the first result of Theorem 4.1, we have the following result.

Corollary 4.2. For fized ¢ € R, Stolarsky means Sy, q4(a,b) is strictly log-concave

lal—=q fw)
2 2 :

inp on ( ,00) and log-convez on (—oo,
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Hence we can see that the first result of Theorem 4.1 generalizes and improves
F. Qi’s given in [16].
Remark 4.3. Putting d = c in the second result of Theorem 4.1, we obtain a result
given by W. -S. Cheung and F. Qi in [8].
Theorem 4.4. Let a,b,c,d > 0 withb/a > d/c > 1. Then for p+q > 0 with p # q
the following inequalities
I(a.) Iy(a,b) _ Spg(a,b) _ Tep(ah)
Iy(c,d) Iy(e,d) — Spq(c,d) IPTM (¢c,d)

(4.1)

hold, where I,(a,b) = I'/P(aP,b?) if p # 0 and Iy(a,b) = G(a,b) = Vab, I(a,b) =
e H(a®/b*) (@) if o £ b and I(a,a) = a. (4.1) is reversed if p+q < 0 with p # q.

Proof. The proof of Theorem 4.1 shows that all conditions of Theorem 3.7 are
satisfied. Note Hp (p,p;a,b) = I'/P(a?,b?) if p # 0 and Iy(a,b) = G(a,b) = Vab,
I(a,b) = e (a®/b*)/(@=Y) if ¢ # b and I(a,a) = a is the identric (exponential)
mean, according to Theorem 3.7 our result required is derived immediately. (I

Remark 4.5. Putting d = ¢ in Theorem 4.4 yields a result presented by P. Czinder
and Z. Pdles in [9].

Applying the log-convexity of ratio of Stolarsky means, we can deduce many
inequalities of ratio of classical bivariate means. For this end, let us recall the
following notatoins.

S10(a,b) = L(a,b) —-logarithmic mean,

S11(a,b) = I(a,b) —identric (exponential) mean,

S21(a,b) = A(a,b) —arithmetic mean,
Ss3/2,1/2(a,b) = He(a,b) ~Hornian mean.

Sop.p(a,b) A,(a,b) = AYP(aP bP) —p-order power mean,
Sspr2.p/2(a,b) = Hep(a,b) = Hel'/?(aP bP)—p-order Horniran mean.

we illustrate below.

Corollary 4.6. Let a,b,c,d > 0 with b/a > d/c > 1. Then inequalities of ratio of

means
L(a,b) < Hel/g(a, b) < A1/3(a,b) < Il/g(a,b)
L(c,d) ~ Heyale,d) — Ayyz(e,d) — Ihja(c,d)

(4.2)

hold.

Proof. Using first result of Theorem 4.1, we have

(51,1(a,b)>2/3 (51,1/4(%5))1/3 - S1,3/4(a,b)
S1,1(c,d) S1,1/4(c, d) S13/4(c,d)’

It is equivalent to
Si1(a,b) (51,3/4(a,b>)3/2 <sl,1/4<a,b>>”2 _ Syyayalasb)
S11(c,d) S1,3/4(c, d) S1,1/4(c,d) Ss/a,1/4(c,d)’
which is the first inequality of (4.2).
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In the same way, we have

(51/373/4(%5))5/6 (51/3,1/4(07@)1/6 < 51/3,2/3(075)
51/3,3/4(07 d) 51/3,1/4(07 d) 51/3,2/3(07 d).

Note 5775 5 4(a,0)S1)5 1 4(a,b) = S143/4(a,b) = Heyyz(a,b), second one of (4.2)
follows.

From

52/3,1/2(6% b) 51/3,1/2(0% b) 51/2,1/2(0» b)
Sa/3,1/2(¢,d) S1/3,1/2(c,d)  S1/2.1/2(c,d)
and note \/52/371/2(a,b)Sl/g)l/Q(a,b) = 51/372/3(0/, b) = Al/g(a7b)7 third one of
(4.2) follows.
This completes the proof. ([l

Remark 4.7. Putting d = ¢ in Corollary 4.6 yields Jia-Cao inequality [11], Lin
inequality [12] and Stolarsky inequality [20].

Corollary 4.8. Let a,b,c,d > 0 with b/a > d/c > 1. Then the following inequali-
ties of ratio of means

L(a,b) Heyso(a,0)\* [ A1js(a, )\ ~°
L(c,d) < <H61/2(C,d)) (A1/3(c,d)> ’ (4.3)
I, /5(a,b) Heyyo(a,b)\ 2 [ Ayjs(a,b)\?
I /5(c, d) = <H€1/2(Cad)) (Al/S(Cad)> 44

hold.

Proof. By third result of Theorem 4.1, the ratio of Stolarsky means R, 1—,(a, b;¢,d) =

Sp,1—p(a,b)
Sp,1-p(c,d)
functions gives

<Sl,0(a7b)>1/4 <52/3,1/3(a’b)>3/4 - S3/4,1/4(a, b)
51,0(07 d) 52/3,1/3(6, d) S3/4,1/4(Ca d) ’

is strictly log-concave in p on [0, 1]. Making use of property of log-concave

that is

(L(a,b)>1/4 <A1/3(a,b)>3/4 _ Heip(arh)
Al/S(Cv d) H61/2(Ca d)’
which is equivalent to (4.3).
Similarly, from

<S1/2,1/2(a,b)>1/3 (53/4,1/4(11,17))2/3 - Sa/3,1/3(a,b)
S1/2,1/2(c, d) S3/4,1/4(c, d) Sa/3,1/3(c, d)
it follows (4.4).

This proof ends. O
Remark 4.9. Putting d = ¢ in Corollary 4.8 yields

L(a,b) < Hel/Q(a b)Al/g(a b), (4.5)

Iija(a,b) < He;/zz(a b)A1/3( b). (4.6)

Since L < Heyp(a,b) < Aj/s3(a,b) inequality (4.5) is stronger than Jia-Cao in-
equality [11] and Lin inequality [12]. While inequality (4.6) clearly is a newcomer.
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