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ON THE JACOBSTHAL AND JACOBSTHAL-LUCAS

SUBSCRIPTS

ORHAN DIŞKAYA, HAMZA MENKEN

Abstract. In the present work we consider the Jacobsthal and Jacobsthal-

Lucas sequences with the Jacobsthal and Jacobsthal-Lucas subscripts sequences;
that is, the numbers of the form

Xn = JJn , Zn = Jjn , Yn = jjn and Tn = jJn .

We obtain some identities and relations for the Jacobsthal and Jacobsthal-

Lucas subscripts sequences.

Also, we give recursive definitions for the sequences Xn, Zn, Yn and Tn.

1. Introduction

The Jacobsthal numbers are an integers sequence named after the German math-
ematician Ernst Jacobsthal. The Jacobsthal sequence is an additive sequence simi-
lar to the Fibonacci sequence, having many interesting properties and applications
to almost every fields of science, nature and art [4]. The Jacobsthal family has
charming applications to combinatorics, graph theory, and number theory [6].
The Jacobsthal sequence {Jn}n≥0 is defined by the initial values J0 = 0 and J1 = 1
and the recurrence relation

Jn+2 = Jn+1 + 2Jn, n ≥ 0. (1.1)

First few terms of this sequence are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171, 341.
The Jacobsthal-Lucas sequence {jn}n≥0 is defined by the initial values j0 = 2 and
j1 = 1 and the recurrence relation

jn+2 = jn+1 + 2jn, n ≥ 0. (1.2)

First few terms of Jacobsthal-Lucas sequence are 2, 1, 5, 7, 17, 31, 65, 127, 257, 511.
For convenience we define J−1 = 1

2 and J−3 = 3
8 . Information, identities and other

properties concerning the Jacobsthal and Jacobsthal-Lucas sequences can be found
in [1], [2], [3], [5], [6].
The relations (1.1) and (1.2) involve the characteristic equation

x2 − x− 2 = 0 (1.3)
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with roots

α = 2 and β = −1

so that,

α+ β = 1, α− β = 3 and αβ = −2.

Their Binet formulas are

Jn =
αn − βn

α− β
(1.4)

and

jn = αn + βn. (1.5)

A plethora of identities can be found, for example, in [2]. We list the following
which will be used in this paper :

Jnjn = J2n (1.6)

j2
n + 9J2

n = 2j2n (1.7)

Jn + jn = 2Jn+1 (1.8)

Jmjn + Jnjm = 2Jm+n (1.9)

jmjn + 9JmJn = 2jm+n (1.10)

jn+1 + jn = 3(Jn+1 + Jn) = 3.2n (1.11)

jn+1 − 2jn = 3(2Jn − Jn+1) = 3(−1)n+1 (1.12)

2. The Jacobsthal and Jacobsthal-Lucas Subscripts

R. E. Whitney [8] first introduced as the Fibonacci and Lucas subscripts in 1966.
D.A. Lind [7] studied the iterated Fibonacci and Lucas subscripts in 1967. Here we
investigate the Jacobsthal and Jacobsthal-Lucas numbers with the Jacobsthal and
Jacobsthal-Lucas Subscripts in this section. That is, we define

Xn = JJn
, Zn = Jjn , Yn = jjn and Tn = jJn

.

By (1.4) and (1.5), their Binet formulas are

Xn =
αJn − βJn

α− β
, Zn =

αjn − βjn

α− β
(2.1)

and

Yn = αjn + βjn , Tn = αJn + βJn . (2.2)



ON THE JACOBSTHAL AND JACOBSTHAL-LUCAS SUBSCRIPTS 3

3. Main Results

In the present work we obtain some identities and relations for the Jacobsthal
and Jacobsthal-Lucas subscripts sequences with the Jacobsthal and Jacobsthal-
Lucas subscripts. Also, we give recursive definitions for the sequences Xn, Zn, Yn
and Tn.

Theorem 3.1.

T 2
n − 9X2

n = (−2)Jn+2 (3.1)

Y 2
n − 9Z2

n = (−2)jn+2 (3.2)

Proof. We reach the proof using (2.1), (2.2), αβ = −2 and α− β = 3. �

Theorem 3.2.

XnTnTn+1 = Xn+2 + (−2)Jn+1J(−1)n+1 (3.3)

ZnYnYn+1 = Zn+2 + (−2)jn+1J3(−1)n (3.4)

Proof. We reach the proof using (2.1), (2.2), (1.12) and (1.1), (1.2), αβ = −2. �

Theorem 3.3.

9XnXn+1 + TnTn+1 = 2j2n (3.5)

9ZnZn+1 + YnYn+1 = 2j3.2n (3.6)

Proof. We reach the proof using (2.1), (2.2) and (1.11). �

Theorem 3.4.

XnYn + ZnTn = 2Xn+1Tn+1

9XnZn + YnTn = 2T 2
n+1 − (−2)Jn+1+2

Proof. We reach the proof using (2.1), (2.2), (1.8) and αβ = −2. �

4. Recursive Definitions of Xn,Zn,Yn and Tn

In this section, we described Xn,Zn,Yn and Tn recursively in terms of hybrid
relations

4.1. A Recursive Definition of Xn. Using (1.9), (3.1), (1.6), (1.7) and (3.3), we
have

Xn+2 = JJn+2 = JJn+1+2Jn

=
1

2

[
JJn+1j2Jn + J2JnjJn+1

]
=

1

2

[
JJn+1

1

2

(
j2
Jn

+ 9J2
Jn

)
+ JJn

jJn
jJn+1

]
=

1

2

[
Xn+1

1

2

(
T 2
n + 9X2

n

)
+XnTnTn+1

]
=

1

2

[
9Xn+1X

2
n +

1

2
Xn+1(−2)Jn+2 +Xn+2 + (−2)Jn+1J(−1)n+1

]
= 9Xn+1X

2
n + 2Xn+1(−2)Jn + (−2)Jn+1J(−1)n+1
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Since X0 = JJ0
= 0 and X1 = JJ1

= 1, Xn can now be defined recursively:

Xn+2 = 9Xn+1X
2
n + 2Xn+1(−2)Jn + (−2)Jn+1J(−1)n+1

where n ≥ 0.

4.2. A Recursive Definition of Zn. Using (1.9), (3.2), (1.6), (1.7) and (3.4), we
have

Zn+2 = Jjn+2
= Jjn+1+2jn

=
1

2

[
Jjn+1

j2jn + J2jnjjn+1

]
=

1

2

[
Jjn+1

1

2

(
j2
jn + 9J2

jn

)
+ Jjnjjnjjn+1

]
=

1

2

[
Zn+1

1

2

(
Y 2
n + 9Z2

n

)
+ ZnYnYn+1

]
=

1

2

[
9Zn+1Z

2
n + 2Zn+1(−2)jn + Zn+2 + (−2)jn+1J3(−1)n

]
= 9Zn+1Z

2
n + 2Zn+1(−2)jn + (−2)jn+1J3(−1)n

Since Z0 = Jj0 = 1 and Z1 = Jj1 = 1, Zn can now be defined recursively:

Zn+2 = 9Zn+1Z
2
n + 2Zn+1(−2)jn + (−2)jn+1J3(−1)n

where n ≥ 0.

4.3. A Recursive Definition of Yn. Using (1.10), (3.2), (1.6), (1.7) and (3.6),
we have

Yn+2 = jjn+2
= jjn+1+2jn

=
1

2

[
jjn+1

j2jn + 9Jjn+1
J2jn

]
=

1

2

[
jjn+1

1

2

(
j2
jn + 9J2

jn

)
+ 9Jjn+1

Jjnjjn

]
=

1

2

[
Yn+1

1

2

(
Y 2
n + 9Z2

n

)
+ 9Zn+1ZnYn

]
=

1

2

[
1

2
Yn+1

(
2Y 2

n − (−2)jn+2
)

+ (2j3.2n − YnYn+1)Yn

]
= Ynj3.2n − Yn+1(−2)jn

Since Y0 = jj0 = 5 and Y1 = jj1 = 1, Yn can now be defined recursively:

Yn+2 = Ynj3.2n − Yn+1(−2)jn

where n ≥ 0.
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4.4. A Recursive Definition of Tn. Using (1.10), (3.1), (1.6), (1.7) and (3.5),
we have

Tn+2 = jJn+2 = jJn+1+2Jn

=
1

2

[
jJn+1j2Jn + 9JJn+1J2Jn

]
=

1

2

[
jJn+1

1

2

(
j2
Jn

+ 9J2
Jn

)
+ 9JJn+1

JJn
jJn

]
=

1

2

[
Tn+1

1

2

(
T 2
n + 9X2

n

)
+ 9Xn+1XnTn

]
=

1

2

[
1

2
Tn+1

(
2T 2

n − (−2)Jn+2
)

+ (2j2n − TnTn+1)Tn

]
= Tnj2n − Tn+1(−2)Jn

Since T0 = jJ0 = 2 and T1 = jJ1 = 1, Tn can now be defined recursively:

Tn+2 = Tnj2n − Tn+1(−2)Jn

where n ≥ 0.

5. Conclusion

The Jacobsthal and Jacobsthal-Lucas sequences have many applications in math-
ematics. In literature, the Fibonacci and Lucas sequences with the Fibonacci and
Lucas subscripts have been studied. Moreover, some special number sequences with
negative subscripts play important role in the theory of special numbers sequences
and their applications [5, 6]. In the present work we study the Jacobsthal and
Jacobsthal-Lucas numbers with the Jacobsthal and Jacobsthal-Lucas subscripts.
We obtain some properties for the Jacobsthal and Jacobsthal-Lucas subscripts se-
quences. Also, we give recursive definitions for them.
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