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HOM-AKIVIS SUPERALGEBRAS

DONATIEN GAPARAYI AND A. NOUROU ISSA

Abstract. Hom-Akivis superalgebras are defined as a Z2-graded generaliza-

tion of Hom-Akivis algebras and also as a twisted generalization of Akivis su-
peralgebras. The commutator-associator superalgebra of a Hom-nonassociative

superalgebra is a Hom-Akivis superalgebra. Hom-Akivis superalgebras can be
obtained from Akivis superalgebras by twisting along superalgebra even en-

domorphisms. It is shown that the category of Hom-Akivis superalgebras is

closed under the process of taking nth derived Hom-superalgebras.

1. Introduction

An Akivis algebra (A, [·, ·], {·, ·, ·}) is a vector space A together with a bilinear
skew-symmetric map (x, y) 7→ [x, y] and a trilinear map (x, y, z) 7→ {x, y, z} such
that

	x,y,z [[x, y], z] =	x,y,z {x, y, z}− 	x,y,z {y, x, z}

(the Akivis identity), where 	x,y,z denotes the sum over cyclic permutation of
x, y, z ∈ A. Clearly, the class of Akivis algebras contains the one of Lie algebras and
it is shown [4] that the commutator-associator algebra of any nonassociative algebra
is an Akivis algebra. Akivis algebras (first called W -algebras) were introduced in
[2], [3], [4] as local algebras coming from web geometry and also as tangent algebras
to local smooth loops (see also [12] for a survey of this subject). They were further
studied in, e.g., [23], [29], [30].

As part of the general theory of superalgebras, a superization of Akivis algebras
is given in [6]. The even part of an Akivis superalgebra turns out to be an Akivis
algebra. For basics on superalgebras one may refer to [9], [17], [22], [25]. Various
types of superalgebras were introduced and studied including Jordan superalgebras,
alternative superalgebras or Malcev superalgebras (see [16], [27], [31]).

Motivated by examples of deformed Lie algebras related to twisted discretization
of vector fields, Hom-Lie algebras were introduced in [11] (see also [18], [19] for
original studies related to quasi-deformations of Lie algebras). Hom-Lie algebras
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are further studied in, e.g., [10], [15], [26], [32], [33]. The introduction of Hom-Lie
algebras is the starting point of the theory of Hom-algebras (see [21] for the first
classes of Hom-type algebras). A Hom-type generalization of Akivis algebras, called
Hom-Akivis algebras, is defined in [13]. Next, generalizations of Hom-type algebras
are introduced and discussed in the framework of superalgebras (see, e.g., [1], [7]).

The aim of this paper is the extension of the notion of an Akivis superalgebra [6]
to the Hom-algebra setting, i.e. we consider a Hom-type generalization of Akivis
superalgebras that we shall call Hom-Akivis superalgebras.

The rest of the paper is organized as follows. In section 2 are collected useful
facts on superalgebras and Hom-superalgebras. In section 3 a Hom-Akivis superal-
gebra is defined and some construction results are proved (Theorem 3.3, Corollary
3.4). Theorem 3.3 says that the category of Hom-Akivis superalgebras is closed un-
der self-morphisms, while Corollary 3.4 specifies to a construction of Hom-Akivis
superalgebras from Akivis superalgebras with any self-morphism. The notion of
an nth derived binary-ternary Hom-algebras [8] is reported to the Z2-graded case
and it is proved that the category of Hom-Akivis superalgebras is closed under the
process of taking nth derived (binary-ternary) Hom-superalgebras (Theorem 3.8).
Examples of Hom-Akivis superalgebras are also given. In section 4 Hom-alternative
and Hom-flexible Akivis superalgebras are defined. The Hom-flexibility is used to
characterize Hom-Lie superalgebras in terms of Hom-Akivis superalgebras (Propo-
sition 4.4), while Proposition 4.7 characterizes Hom-alternative superalgebras in
terms of Jacobian in associate Hom-Akivis superalgebras.

We assume throughout this paper that all vector spaces and algebras are over a
ground field of characteristic 0.

2. Some basics

Let Z2 = {0, 1} be the field of integers modulo 2. A vector space V is said to
be Z2-graded if V = V0 ⊕ V1 (then V is called a superspace). An element x ∈ Vi
(i ∈ Z2) is said to be homogeneous of degree i and the degree of x will be denoted
by |x|.

Definition 2.1. (i) Let f : A → A′ be a linear map, where A = A0 ⊕ A1

and A′ = A′0 ⊕ A′1 are superspaces. The map f is said to be even (resp. odd) if
f(Ai) ⊂ A′i (resp. f(Ai) ⊂ A′i+1) for i = 0, 1.

(ii) A (multiplicative) n-ary Hom-superalgebra is a triple (A, {·, · · · , ·}, α) con-
sisting of a superspace A = A0 ⊕ A1, an n-linear map {·, · · · , ·} : An → A such
that {Ai, · · · , As} ⊂ Ai+···+s and an even linear map α : A → A such that
α({x1, · · · , xn}) = {α(x1), · · · , α(xn)} (multiplicativity).

We will be interested in binary (n = 2), ternary (n = 3) and binary-ternary Hom-
algebras (i.e. Hom-algebras with binary and ternary operations). For convenience,
throughout this paper we assume that all Hom-(super)algebras are multiplicative.
For accuracy, we give the following

Definition 2.2. A binary-ternary Hom-superalgebra is a quadruple

(A, ∗, {·, ·, ·}, α) consisting of a superspace A, a bilinear map ∗ : A⊗
2 → A and a

trilinear map {·, ·, ·} : A⊗
3 → A such that Ai ∗ Aj ⊂ Ai+j , {Ai, Aj , Ak} ⊂ Ai+j+k
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and an even linear map α : A→ A.

Definition 2.3. Let (A, ∗, α) be a binary Hom-superalgebra.
(i) The Hom-associator [7] in (A, ∗, α) is the trilinear map

asα : A×A×A→ A defined as
asα(x, y, z) = (x ∗ y) ∗ α(z)− α(x) ∗ (y ∗ z)

for all homogeneous x, y, z ∈ A.
(ii) (A, ∗, α) is said to be Hom-associative if asα(x, y, z) = 0, for all homogeneous

x, y, z ∈ A. When asα(x, y, z) 6= 0 for some homogeneous elements x, y, z in A, then
(A, ∗, α) is said to be non-Hom-associative (or Hom-nonassociative).

(iii) The Hom-super Jacobian [7] in (A, ∗, α) is the trilinear map Jα : A⊗
3 → A

defined as
Jα(x, y, z) := (x ∗ y) ∗ α(z) + (−1)|x|(|y|+|z|)(y ∗ z) ∗ α(x)

+(−1)|z|(|x|+|y|)(z ∗ x) ∗ α(y)
for all homogeneous x, y, z ∈ A.

A Hom-superalgebra (A, ∗, α) is called a Hom-Lie superalgebra [7] if
x ∗ y = −(−1)|x||y|y ∗ x (super skew-symmetry),
Jα(x, y, z) = 0 (Hom-super Jacobi identity)

for all homogeneous x, y, z ∈ A.

Hom-Lie superalgebras are special cases of Γ-graded quasi-Lie algebras intro-
duced in [18]. A Lie superalgebra is a Hom-Lie superalgebra with the identity map
Id as twisting map. Any Lie superalgebra is twisted into a Hom-Lie superalgebra
[7].

Definition 2.4. ([7]). Let A := (A, ∗, α) be a binary Hom-superalgebra. The
supercommutator Hom-algebra of A is the Hom-superalgebra A− := (A, [·, ·], α),
where [x, y] := x ∗ y − (−1)|x||y|y ∗ x for all homogeneous x, y ∈ A. The product
[·, ·] is the supercommutator bracket.

We find relevant to recall the following result.

Lemma 2.5. ([7]) Let A := (A, ∗, α) be a binary Hom-superalgebra and let JA−

be the Hom-Jacobian in A−. Then
JA−(x, y, z) = asα(x, y, z) + (−1)|x|(|y|+|z|)asα(y, z, x)

+(−1)|z|(|x|+|y|)asα(z, x, y)
−(−1)|x||y|asα(y, x, z)− (−1)|y||z|asα(x, z, y)

−(−1)|x||y|+|x||z|+|y||z|asα(z, y, x). �

For Hom-algebras, Lemma 2.5 above reduces to Theorem 4.2 in [13]. For a fur-
ther use, we give the following example of a non-Hom-associative superalgebra.

Example 2.6. Consider the three-dimensional superalgebra K = K0 ⊕ K1,
where K0 = span{e1} and K1 = span{e2, e3}, with the binary operation given by
e1e1 = e1, e1e2 = −e3, e1e3 = −e2 + e3,
e2e1 = e2 + e3, e2e2 = −2e1, e2e3 = 0,
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e3e1 = e2, e3e2 = 2e1, e3e3 = 2e1.
One observes that this superalgebra K is the (simple, flexible) superalgebra
K3(a, b, c) defined in [24] when a = b = c = 1.

Now define on K an even linear self-map α by setting
α(e1) = e1, α(e2) = 2e2 + e3, α(e3) = e2 + e3.

Then K is non-Hom-associative since, e.g., (e2e2)α(e3) = 2e1, while
α(e2)(e2e3) = 0.

Definition 2.7. Let (A, ∗, {·, · · · , ·}, α) and (A′, ∗′, {·, · · · , ·}′, α′) be two binary-
ternary Hom-superalgebras. An even linear map f : A→ A′ is called a morphism of
binary-ternary Hom-superalgebras whenever f(x ∗ y) = f(x) ∗′ f(y), f({x, y, z}) =
{f(x), f(y), f(z)}′, and f(α(x)) = α′(f(x)) for all homogeneous x, y, z ∈ A.

3. Hom-Akivis superalgebras. Construction theorems and examples

In this section we give the notion and an example of a Hom-Akivis superal-
gebra. We provide some construction methods of Hom-Akivis superalgebras (the
construction from non-Hom-associative superalgebras and the one from Akivis su-
peralgebras).

Definition 3.1. A Hom-Akivis superalgebra is a binary-ternary Hom-superalgebra
(A, [·, ·], {·, ·, ·}, α) such that

(i) [x, y] = −(−1)|x||y|[y, x],
(ii) [[x, y], α(z)] + (−1)|x|(|y|+|z|)[[y, z], α(x)] + (−1)|z|(|x|+|y|)[[z, x], α(y)]

= {x, y, z}+ (−1)|x|(|y|+|z|){y, z, x}+ (−1)|z|(|x|+|y|){z, x, y}
−(−1)|x||y|{y, x, z} − (−1)|y||z|{x, z, y} − (−1)|x||y|+|x||z|+|y||z|{z, y, x}

(the Hom-super Akivis identity)
for all homogeneous x, y, z ∈ A. A Hom-Akivis superalgebra
(A, [·, ·], {·, ·, ·}, α) is said to be multiplicative if α is a self-morphism with respect
to [·, ·] and {·, ·, ·}.

Observe that when α = Id, the Hom-super Akivis identity reduces to the super-
Akivis identity [6]. One also notes that the class of Hom-Akivis superalgebras
contains the one of Hom-Lie superalgebras.

It is observed [6] that, given any superalgebra W , its associated supercommu-
tator superalgebra W− has an Akivis superalgebra structure with respect to the
ternary operation as(x, y, z) = (xy)z − x(yz) (this is the superization of the well-
known construction by M. A. Akivis [4] which is extended to the Hom-algebra
setting [13]). The Hom-superization of this result is given by the following

Proposition 3.2. Given any (multiplicative) Hom-superalgebra A := (A, ∗, α),
its associated supercommutator Hom-superalgebra A− has a (multiplicative) Hom-
Akivis superalgebra structure.

Proof. Setting {x, z, y} := asα(x, y, z) in A, a proof follows from Lemma 2.5.
�

The Hom-Akivis superalgebra A− := (A, [·, ·], asα(·, ·, ·), α) is said to be associ-
ated with the Hom-superalgebra A := (A, ∗, α).
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For Hom-associative superalgebras (i.e. asα(x, y, z) = 0 for all homogeneous
elements x, y, z), one recovers the Proposition 2.6 in [7] describing the Hom-Lie
superalgebra structure associated with any Hom-associative superalgebra.

The Proposition 3.2 above can be used to produce examples of nontrivial Hom-
Akivis superalgebras as it could be seen from the following

Example 3.3. Consider the three-dimensional Hom-superalgebra K of Example
2.6. Then from Proposition 3.2 we get the Hom-Akivis superalgebra
(K, [·, ·], {·, ·, ·}, α) whose operations are completely determined by the following
nonzero products:

[e1, e2] = −e2 − 2e3, [e1, e3] = −2e2 + e3,
[e2, e1] = e2 + 2e3, [e2, e2] = −4e1, [e2, e3] = −2e1,
[e3, e1] = 2e2 − e3, [e3, e2] = 2e1, [e3, e3] = 4e1,
{e1, e1, e2} = −2e2, {e1, e1, e3} = −2e3,
{e1, e2, e1} = −e2 + e3, {e1, e2, e2} = −4e1, {e1, e2, e3} = −4e1,
{e1, e3, e2} = 8e1, {e1, e3, e3} = 4e1,
{e2, e1, e1} = −e2 − e3, {e2, e1, e2} = 4e1, {e2, e1, e3} = −2e1,
{e2, e2, e2} = 8e2 + 6e3, {e2, e2, e3} = 2e2,
{e2, e3, e1} = 2e1, {e2, e3, e2} = −6e2 − 4e3, {e2, e3, e3} = −6e2 − 4e3,
{e3, e1, e1} = −e2, {e3, e1, e2} = −2e1,
{e3, e2, e1} = 4e1, {e3, e2, e2} = 2e3, {e3, e2, e3} = −2e2,
{e3, e3, e1} = 2e1, {e3, e3, e2} = −6e2 − 4e3, {e3, e3, e3} = −6e2 − 2e3.
One observes that the even part (K0, [·, ·], {·, ·, ·}), where (K0 = span{e1}, is

the zero algebra. We also note that (K, [·, ·], {·, ·, ·}, α) is not Hom-Lie since, e.g.,
Jα(e1, e2, e3) = −18e1.

Theorem 3.4. Let Aα := (A, [·, ·], {·, ·, ·}, α) be a Hom-Akivis superalgebra and
β : A → A an even self-morphism of Aα. Let β0 = Id and βn = β ◦ βn−1 for any
integer n ≥ 0 and define on A a binary operation [·, ·]βn and a ternary operation
{·, ·, ·}βn by

[x, y]βn := βn([x, y]),
{x, y, z}βn := β2n({x, y, z}).

Then Aβn := (A, [·, ·]βn , {·, ·, ·}βn , βn ◦ α) is a Hom-Akivis superalgebra. Moreover,
if Aα is multiplicative and β commutes with α, then Aβn is multiplicative.

Proof. First, we observe that the condition β ◦α = α ◦ β implies βn ◦α = α ◦ βn
and the super skew-symmetry of [·, ·] (resp. {·, ·, ·}) in Aα implies the super skew-
symmetry of [·, ·]βn (resp. {·, ·, ·}βn) in Aβn . Next, using the Hom-super Akivis



HOM-AKIVIS SUPERALGEBRAS 41

identity in Aα, we have

[[x, y]βn , (βn ◦ α)(z)]βn + (−1)|x|(|y|+|z|)[[y, z]βn , (βn ◦ α)(x)]βn

+(−1)|z|(|x|+|y|)[[z, x]βn , (βn ◦ α)(y)]βn

= βn([βn([x, y]), βn(α(z))]) + (−1)|x|(|y|+|z|)βn([βn([y, z]), βn(α(x))])

+(−1)|z|(|x|+|y|)βn([βn([z, x]), βn(α(y))])

= β2n([[x, y], α(z)] + (−1)|x|(|y|+|z|)[[y, z], α(x)]

+(−1)|z|(|x|+|y|)[[z, x], α(y)])

= β2n({x, y, z}+ (−1)|x|(|y|+|z|){y, z, x}+ (−1)|z|(|x|+|y|){z, x, y}
−(−1)|y||x|{y, x, z} − (−1)|y||z|{x, z, y} − (−1)|y|(|x|+|z|){z, y, x})
= β2n({x, y, z}) + (−1)|x|(|y|+|z|)β2n({y, z, x})
+(−1)|z|(|x|+|y|)β2n({z, x, y})
−(−1)|y||x|β2n({y, x, z})− (−1)|y||z|β2n({x, z, y})
−(−1)|y|(|x|+|z|)β2n({z, y, x})
= {x, y, z}βn + (−1)|x|(|y|+|z|){y, z, x}βn + (−1)|z|(|x|+|y|){z, x, y}βn

−(−1)|y||x|{y, x, z}βn − (−1)|y||z|{x, z, y}βn − (−1)|y|(|x|+|z|){z, y, x}βn .

This establishes the Hom-super Akivis identity in Aβn and so Aβn is a Hom-Akivis
superalgebra.

The second assertion is proved as follows:

[(βn ◦ α)(x), (βn ◦ α)(y)]βn = βn([(βn ◦ α)(x), (βn ◦ α)(y)])

= βn([(α ◦ βn)(x), (α ◦ βn)(y)])

= (α ◦ βn)(βn([x, y]))

= (α ◦ βn)([x, y]βn)

= (βn ◦ α)([x, y]βn)

and

{(βn ◦ α)(x), (βn ◦ α)(y), (βn ◦ α)(z)}βn

= β2n({(βn ◦ α)(x), (βn ◦ α)(y), (βn ◦ α)(z)})
= β2n({(α ◦ βn)(x), (α ◦ βn)(y), (α ◦ βn)(z)})
= (β2n ◦ α)({βn(x), βn(y), βn(z)})
= ((β2n ◦ α) ◦ βn)({x, y, z})
= ((α ◦ β2n) ◦ βn)({x, y, z})
= ((α ◦ βn) ◦ β2n)({x, y, z})
= (α ◦ βn)(β2n({x, y, z}))
= (βn ◦ α)({x, y, z}βn).

This finishes the proof. �

From Theorem 3.4 we get the following extension of the Yau’s twisting principle
[33] up to the Z2-graded case for binary-ternary Hom-algebras, giving a construc-
tion of Hom-Akivis superalgebras from Akivis superalgebras.
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Corollary 3.5. Let (A, [·, ·], {·, ·, ·}) be an Akivis superalgebra and β an even self-
morphism of (A, [·, ·], {·, ·, ·}). Define on A a binary operation [·, ·]β and a ternary
operation {·, ·, ·}β by

[x, y]β := β([x, y]),
{x, y, z}β := β2({x, y, z})

for all homogeneous x, y, z ∈ A, where β2 = β ◦ β. Then (A, [·, ·]β , {·, ·, ·}β , β) is

a multiplicative Hom-Akivis superalgebra. Moreover, if Ã is another Akivis super-
algebra, β̃ an even self-morphism of Ã and if f : A → Ã is an Akivis superal-
gebra even morphism satisfying f ◦ β = β̃ ◦ f, then f : (A, [·, ·]β , {·, ·, ·}β , β) →
(Ã, [·, ·]β̃ , {·, ·, ·}β̃ , β̃) is a morphism of Hom-Akivis superalgebras.

Proof. The first part of this corollary is a special case of Theorem 3.4 above
when α = Id and n = 1. The second part is proved in the same way as in Theorem
3.4 when n = 1. Indeed,

[f(x), f(y)]β̃ = β̃([f(x), f(y)]) = (β̃ ◦ f)([x, y])

= (f ◦ β)([x, y]) = f([x, y]β)

and

{f(x), f(y), f(z)}β̃ = β̃2({f(x), f(y), f(z)}) = (β̃2 ◦ f)({x, y, z})

= (β̃ ◦ (β̃ ◦ f))({x, y, z}) = (β̃ ◦ (f ◦ β))({x, y, z})
= ((β̃ ◦ f) ◦ β)({x, y, z})
= ((f ◦ β) ◦ β))({x, y, z}) = f(β2({x, y, z})) = f({x, y, z}β2).

�

As an application of Corollary 3.5, we give the following example of a Hom-
Akivis superalgebra that is not Hom-Lie.

Example 3.6. Consider the three-dimensional Z2-graded vector space A =
A0 ⊕ A1, where A0 = span{u, v, }, A1 = span{w} and define on A the operations
[·, ·] and {·, ·, ·} by

[u, v] = u,
[v, u] = −u, [v, w] = 2w,
[w, v] = −2w, [w,w] = 2u,
{u, v, v} = u,
{v, v, v} = u, {v, v, w} = −w, {v, w,w} = u,
{w, v, v} = w, {w, v, w} = −2u, {w,w, v} = 2u

(the missing products are zero). Then (A, [·, ·], {·, ·, ·}) is an Akivis superalgebra.
Observe that the even part of A is the 2-dimensional solvable Lie algebra and
(A, [·, ·]) is not a Lie superalgebra since, e.g.,
[[v, w], w] + (−1)|v|(|w|+|w|)[[w,w], v] + (−1)|w|(|v|+|w|)[[w, v], w] = 10u 6= 0. Now
define on (A, [·, ·], {·, ·, ·}) an even self-morphism β : A→ A by setting
β(u) = 4u, β(v) = 3u+ v, β(w) = −2w.

Next we have
[u, v]β := β([u, v]) = 4u,
[v, u]β := β([v, u]) = −4u, [v, w]β := β([v, w]) = −4w,
[w, v]β := β([w, v]) = 4w, [w,w]β := β([w,w]) = 8u,
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{u, v, v}β := β2({u, v, v}) = 16u,
{v, v, v}β := β2({v, v, v}) = 16u, {v, v, w}β := β2({v, v, w}) = −4w,
{v, w,w}β := β2({v, w,w}) = 16u,
{w, v, v}β := β2({w, v, v}) = 4w, {w, v, w}β := β2({w, v, w}) = −32u,
{w,w, v}β := β2({w,w, v}) = 32u.

Then the Corollary 3.5 implies that (A, [·, ·]β , {·, ·, ·}β , β) is a Hom-Akivis superal-
gebra that is not a Hom-Lie superalgebra since, e.g.,
[[v, w]β , β(w)]β + (−1)|v|(|w|+|w|)[[w,w]β , β(v)]β + (−1)|w|(|v|+|w|)[[w, v]β , β(w)]β =
160u 6= 0.

By iteration, a sequence of Hom-Akivis superalgebras starting from a given
Akivis superalgebra is given by the following

Theorem 3.7. Let (A, [·, ·], {·, ·, ·}) be an Akivis superalgebra and β an even self-
morphism of (A, [·, ·], {·, ·, ·}). Let β0 = Id and, for any integer n ≥ 1, βn = β◦βn−1.
Define on A a bilinear operation [·, ·]βn and a trilinear operation {·, ·, ·}βn by

[x, y]βn := β([x, y]βn−1)
{x, y, z}βn := β2({x, y, z}βn−1)

for all x, y, z ∈ A. Then Aβn := (A, [·, ·]βn , {·, ·, ·}βn , βn) is a multiplicative Hom-
Akivis superalgebra.

Proof. If n = 1, then, Aβ := (A, [·, ·]β , {·, ·, ·}β , β) is a multiplicative Hom-Akivis
superalgebra by Corollary 3.5.
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Suppose now that, up to n− 1, Aβn−1 are multiplicative Hom-Akivis superalge-
bras. Then,

[[x, y]βn , βn(z)]βn + (−1)|x|(|y|+|z|)[[y, z]βn , βn(x)]βn

+(−1)|z|(|x|+|y|)[[z, x]βn , βn(y)]βn

= β2([[x, y]βn−1 , βn−1(z)]βn−1)

+(−1)|x|(|y|+|z|)β2([[y, z]βn−1), βn−1(x)]βn−1)

+(−1)|z|(|x|+|y|)β2([[z, x]βn−1 , βn−1(y)]βn−1)

= β2([[x, y]βn−1 , βn−1(z)]βn−1

+(−1)|x|(|y|+|z|)[[y, z]βn−1 , βn−1(x)]βn−1

+(−1)|z|(|x|+|y|)[[z, x]βn−1 , βn−1(y)]βn−1)

= β2({x, y, z}βn−1 + (−1)|x|(|y|+|z|){y, z, x}βn−1

+(−1)|z|(|x|+|y|){z, x, y}βn−1

−(−1)|x||y|{y, x, z}βn−1 − (−1)|y||z|{x, z, y}βn−1

−(−1)|x||y|+|x||z|+|y||z|{z, y, x}βn−1)

= β2({x, y, z}βn−1) + (−1)|x|(|y|+|z|)β2({y, z, x}βn−1)

+(−1)|z|(|x|+|y|)β2({z, x, y}βn−1)

−(−1)|x||y|β2({y, x, z}βn−1)− (−1)|y||z|β2({x, z, y}βn−1)

−(−1)|x||y|+|x||z|+|y||z|β2({z, y, x}βn−1)

= {x, y, z}βn + (−1)|x|(|y|+|z|){y, z, x}βn + (−1)|z|(|x|+|y|){z, x, y}βn

−(−1)|x||y|{y, x, z}βn − (−1)|y||z|{x, z, y}βn

−(−1)|x||y|+|x||z|+|y||z|{z, y, x}βn

(we used the Hom-Akivis superidentity in Aβn−1) so that Aβn is a Hom-Akivis
superalgebra. The multiplicativity of Aβn follows from the fact that β is a self-
morphism of (A, [·, ·], {·, ·, ·}). �

For a given binary Hom-superalgebra, its nth derived Hom-superalgebra is de-
fined ([1]) as for binary Hom-algebras [34]. In [8] the notion of an nth derived
binary Hom-algebra is extended to the binary-ternary case. Here we keep the same
definition in the binary-ternary Hom-superalgebra setting. Specifically, we have the
following

Definition 3.8. LetA := (A, ∗, {·, ·, ·}, α) be a binary-ternary Hom-superalgebra
and n ≥ 0 an integer. Define on A the nth derived binary operation ∗(n) and the
nth derived ternary operation {·, ·, ·}(n) by
x ∗(n) y := α2n−1(x ∗ y),

{x, y, z}(n) := α2n+1−2({x, y, z}),
for all homogeneous x, y, z in A. Then A(n) := (A, ∗(n), {·, ·, ·}(n), α2n) is called the
nth derived (binary-ternary) Hom-superalgebra of A.

If denote ∗(n) = α2n−1 ◦ ∗ and {·, ·, ·}(n) = α2n+1−2({·, ·, ·}), then A(0) =
(A, ∗, {·, ·, ·}, α), A(1) = (A, ∗(1) = α ◦ ∗, {·, ·, ·}(1) = α2 ◦ {·, ·, ·}, α2), and A(n+1) =
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(A(n))(1).

One observes that if {x, y, z} = 0, for all homogeneous x, y, z ∈ A, we get the
nth derived binary Hom-superalgebra and if x∗y = 0 for all homogeneous x, y ∈ A,
then we have the nth derived ternary Hom-superalgebra.

As for Hom-Akivis algebras, the category of Hom-Akivis superalgebras is closed
under taking derived Hom-superalgebras as it could be seen from the following

Theorem 3.9. Let A := (A, [·, ·], {·, ·, ·}, α) be a multiplicative Hom-Akivis su-
peralgebra. Then, for each n ≥ 0, the nth derived Hom-superalgebra A(n) is a multi-
plicative Hom-Akivis superalgebra. In particular, the nth derived Hom-superalgebra
of a Hom-Lie superalgebra is a Hom-Lie superalgebra.

Proof. The super skew-symmetry of [·, ·](n) in A(n) is obvious. Next,

[[x, y](n), α2n(z)](n) + (−1)|x|(|y|+|z|)[[y, z](n), α2n(x)](n)

+(−1)|z|(|x|+|y|)[[z, x](n), α2n(y)](n)

= α2n−1([α2n−1([x, y]), α2n(z)])

+(−1)|x|(|y|+|z|)α2n−1([α2n−1([y, z]), α2n(x)])

+(−1)|z|(|x|+|y|)α2n−1([α2n−1([z, x]), α2n(y)])

= α2(2n−1)([[x, y], α(z)] + (−1)|x|(|y|+|z|)[[y, z], α(x)]

+(−1)|z|(|x|+|y|)[[z, x], α(y)])

= α2(2n−1)({x, y, z}+ (−1)|x|(|y|+|z|){y, z, x}+ (−1)|z|(|x|+|y|){z, x, y}
−(−1)|y||x|{y, x, z} − (−1)|y||z|{x, z, y} − (−1)|x|(|z|+|y|)+|y||z|{z, y, x})
= α2n+1−2({x, y, z}) + (−1)|x|(|y|+|z|)α2n+1−2({y, z, x})
+(−1)|z|(|x|+|y|)α2n+1−2({z, x, y})
−(−1)|y||x|α2n+1−2({y, x, z})− (−1)|y||z|α2n+1−2({x, z, y})
−(−1)|x||y|+|x||z|+|y||z|α2n+1−2({z, y, x})
= {x, y, z}(n) + (−1)|x|(|y|+|z|){y, z, x}(n) + (−1)|z|(|x|+|y|){z, x, y}(n)

−(−1)|y||x|{y, x, z}(n) − (−1)|y||z|{x, z, y}(n)

−(−1)|x||y|+|x||z|+|y||z|{z, y, x}(n)

so that we get the Hom-super Akivis identity for A(n). Therefore, we get that A(n)

is a Hom-Akivis superalgebra.
The second part of the theorem follows when {x, y, z} = 0 in A. �

A generalization of Proposition 3.2 is as follows.

Proposition 3.10. Let A := (A, ∗, α) be a binary Hom-superalgebra and let
A(n) := (A, ∗(n) = α2n−1 ◦ ∗, α2n) be its nth derived binary Hom-superalgebra. Let

A(n)− := (A, [·, ·](n), α2n) be the supercommutator Hom-superalgebra of A(n). Then

A(n)− has a Hom-Akivis superalgebra structure.
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Proof. Let asα
(n)(x, y, z) := (x ∗(n) y) ∗(n) α2n(z)− α2n(x) ∗(n) (y ∗(n) z) denote

the Hom-associator of homogeneous elements x, y, z in A. We have (see [34])
[x, y](n) = α2n−1([x, y]),

J(A(n))− = α2n+1−2 ◦ JA− ,

asα
(n)(x, y, z) = α2n+1−2(asα(x, y, z)),

where J(A(n))− and JA− are the Hom-super Jacobians in (A(n))− and A− respec-
tively. Now we set
{x, y, z}(n) := asα

(n)(x, y, z)
for all homogeneous elements x, y, z in A. Then, using the expressions of [x, y](n),
J(A(n))− , asα

(n)(x, y, z) above and Lemma 2.5 (or Proposition 3.2), we get that

(A, [·, ·](n), {·, ·, ·}(n)}, α2n) is a Hom-Akivis superalgebra. �

4. Hom-alternative superalgebras and Hom-Akivis superalgebras

In this section we define Hom-alternative and Hom-flexible Hom-Akivis super-
algebras, and we give a characterization of Hom-alternative superalgebras through
associate Hom-Akivis superalgebras.

Alternative superalgebras are defined in [31]. The Hom-version of alternative
algebras, called Hom-alternative algebras, is defined in [20] (see also [34]). The
Z2-graded version of Hom-alternative algebras is defined in [1].

Definition 4.1. ([1]). Let A := (A, ∗, α) be a binary Hom-superalgebra. Then
A is said to be Hom-alternative if it satisfies both of the identities
asα(x, y, z) = −(−1)|x||y|asα(y, x, z), (4.1)
asα(x, y, z) = −(−1)|y||z|asα(x, z, y) (4.2)

for all homogeneous elements x, y, z ∈ A. The Hom-superalgebra A is left (resp.
right) alternative if it satisfies (4.1) (resp. (4.2)). The Hom-superalgebra A is said
to be Hom-flexible if
asα(x, y, z) = −(−1)|x||y|+|x||z|+|y||z|asα(z, y, x) (4.3)

holds in A.

Example 4.2. In [28] the following example of an alternative superalgebra is
given.

Let A = A0 ⊕ A1 a superspace, where A0 has basis {u, v} and A1 has basis
{i, j, k}. Define on A a binary operation ∗ by the following only nonzero products
of basis elements:
u ∗ i = j;
v ∗ i = −k;
i ∗ u = k; i ∗ v = j + k; i ∗ j = u− v; i ∗ k = −u;
j ∗ i = u;
k ∗ i = −v.

Then (A, ∗) is an alternative superalgebra ([28], Example 2).
Now define an even linear mapping α : A→ A by
α(u) = −u, α(v) = −v, α(i) = −i, α(j) = j, α(k) = k.

Then it could be checked that α is a self-morphism of (A, ∗) and so (A, ∗, α) is a
multiplicative Hom-alternative superalgebra.
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We report the notions above to the case of Hom-Akivis superalgebras.

Definition 4.3. A Hom-Akivis superalgebra A := (A, [·, ·], {·, ·, ·}, α) is said to
be

(i) Hom-alternative if
{x, y, z} = −(−1)|x||y|{y, x, z} (left Hom-alternativity)

and
{x, y, z} = −(−1)|y||z|{x, z, y} (right Hom-alternativity);
(ii) Hom-flexible if
{x, y, z} = −(−1)|x||y|+|x||z|+|y||z|{z, y, x} (Hom-flexibility)

for all homogeneous elements x, y, z in A.

We have the following characterization of Hom-Lie superalgebras through Hom-
Akivis superalgebras.

Proposition 4.4. Let A := (A, [·, ·], {·, ·, ·}, α) be a Hom-flexible Hom-Akivis
superalgebra. Then A is a Hom-Lie superalgebra if and only if
{x, y, z}+ (−1)|x|(|y|+|z|){y, z, x}+ (−1)|z|(|x|+|y|){z, x, y} = 0 .

Proof. The Hom-super Akivis identity (Definition 3.1) and the Hom-flexibility
of A give the result. �

Further properties of Hom-alternative Hom-Akivis superalgebras are as follows.

Proposition 4.5. Let A := (A, [·, ·], {·, ·, ·}, α) be a Hom-alternative Hom-Akivis
superalgebra. Then

(i) A is Hom-flexible;
(ii) [[x, y], α(z)] + (−1)|x|(|y|+|z|)[[y, z], α(x)] + (−1)|z|(|x|+|y|)[[z, x], α(y)]
= 6{x, y, z} (4.4)

for all homogeneous elements x, y, z in A.

Proof. The Hom-alternativity of A implies that
{x, y, z} = −(−1)|x||y|{y, x, z} = (−1)|x||y|+|x||z|{y, z, x}

= −(−1)|x||y|+|x||z|+|y||z|{z, y, x}
and so we get (i).

The application of the Hom-alternativity in the Hom-super Akivis identity gives
(ii). �

From the definitions above and Proposition 3.1, the following proposition is ob-
vious.

Proposition 4.6. Let (A, ∗, α) be a binary Hom-superalgebra and
A− := (A, [·, ·], asα(·, ·, ·), α) its associate Hom-Akivis superalgebra.

(i) If (A, ∗, α) is Hom-alternative, then A− is also Hom-alternative.
(ii) If (A, ∗, α) is Hom-flexible, then so is A−. �
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The following characterization of Hom-alternative superalgebras could be useful
while dealing with relationships between such Hom-superalgebras and other Hom-
type superalgebras.

Proposition 4.7. Let A := (A, ∗, α) be a Hom-alternative superalgebra. Then

JA−(α(w), α(x), yz) + (−1)|x|(|y|+|z|)JA−(α(w), α(y), zx)
+(−1)|z|(|x|+|y|)JA−(α(w), α(z), xy)
= 3[α2(w), JA−(x, y, z)] + JA−(α(w), α(x), [y, z])
+(−1)|x|(|y|+|z|)JA−(α(w), α(y), [z, x])
+(−1)|z|(|x|+|y|)JA−(α(w), α(z), [x, y]) (4.5)

for all homogeneous w, x, y, z ∈ A.

Proof. From [14] (Proposition 3.2, identity (3.2)) we know that

asα(wx, α(y), α(z)) + asα(α(w), α(x), [y, z])
= (−1)|x|(|y|+|z|)asα(w, y, z)α2(x) + α2(w)asα(x, y, z). (4.6)

The cyclic permutation of x, y, z in (4.6) gives

asα(wy, α(z), α(x)) + asα(α(w), α(y), [z, x])
= (−1)|y|(|z|+|x|)asα(w, z, x)α2(y) + α2(w)asα(y, z, x), (4.7)

asα(wz, α(x), α(y)) + asα(α(w), α(z), [x, y])
= (−1)|z|(|x|+|y|)asα(w, x, y)α2(z) + α2(w)asα(z, x, y). (4.8)

Next, multiplying (4.7) by (−1)|x|(|y|+|z|) and (4.8) by (−1)|z|(|x|+|y|), we get

(−1)|x|(|y|+|z|)asα(wy, α(z), α(x)) + (−1)|x|(|y|+|z|)asα(α(w), α(y), [z, x])
= (−1)|z|(|x|+|y|)asα(w, z, x)α2(y) + (−1)|x|(|y|+|z|)α2(w)asα(y, z, x), (4.9)

(−1)|z|(|x|+|y|)asα(wz, α(x), α(y)) + (−1)|z|(|x|+|y|)asα(α(w), α(z), [x, y])
= asα(w, x, y)α2(z) + (−1)|z|(|x|+|y|)α2(w)asα(z, x, y). (4.10)

Adding memberwise (4.6), (4.9) and (4.10), we have

asα(wx, α(y), α(z)) + (−1)|x|(|y|+|z|)asα(wy, α(z), α(x))
+(−1)|z|(|x|+|y|)asα(wz, α(x), α(y))
+asα(α(w), α(x), [y, z]) + (−1)|x|(|y|+|z|)asα(α(w), α(y), [z, x])
+(−1)|z|(|x|+|y|)asα(α(w), α(z), [x, y])
= (−1)|x|(|y|+|z|)asα(w, y, z)α2(x) + (−1)|z|(|x|+|y|)asα(w, z, x)α2(y)
+asα(w, x, y)α2(z) + α2(w)asα(x, y, z)
+(−1)|x|(|y|+|z|)α2(w)asα(y, z, x) + (−1)|z|(|x|+|y|)α2(w)asα(z, x, y) (4.11)

i.e., by superalternativity as applied to the last three terms of (4.11),

asα(wx, α(y), α(z)) + (−1)|x|(|y|+|z|)asα(wy, α(z), α(x))
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+(−1)|z|(|x|+|y|)asα(wz, α(x), α(y))
+asα(α(w), α(x), [y, z]) + (−1)|x|(|y|+|z|)asα(α(w), α(y), [z, x])
+(−1)|z|(|x|+|y|)asα(α(w), α(z), [x, y])
= asα(w, x, y)α2(z) + (−1)|x|(|y|+|z|)asα(w, y, z)α2(x)
+(−1)|z|(|x|+|y|)asα(w, z, x)α2(y) + 3α2(w)asα(x, y, z). (4.12)

Now, by superalternativity, the identity (3.1) in [14] is written as
(−1)|w|(|x|+|y|+|z|)asα(α(w), α(x), yz)
+(−1)|w||z|+(|w|+|z|)(|x|+|y|)asα(wz, α(x), α(y))
+(−1)|w|(|x|+|y|+|z|)+|y||z|asα(w, x, z)α2(y)− asα(x, y, z)α2(w) = 0

i.e., multiplying by (−1)|w|(|x|+|y|+|z|),

(−1)|z|(|x|+|y|)asα(wz, α(x), α(y))− (−1)|z|(|x|+|y|)asα(w, x, z)α2(y)
= asα(α(w), α(x), yz) + (−1)|w|(|x|+|y|+|z|)asα(y, z, x)α2(w). (4.13)

Next, from (4.13) and by cyclic permutation of x, y, z, we get (after simplifica-
tion)

asα(wx, α(y), α(z))− asα(w, x, y)α2(z)
= (−1)|x|(|y|+|z|)asα(α(w), α(y), zx)
+(−1)|x|(|y|+|z|)+|w|(|x|+|y|+|z|)asα(y, z, x)α2(w), (4.14)

and
(−1)|y|(|z|+|x|)asα(wy, α(z), α(x))− (−1)|y|(|z|+|x|)asα(w, y, z)α2(x)
= asα(α(w), α(z), xy) + (−1)|w|(|x|+|y|+|z|)asα(z, x, y)α2(w)

or, multiplying by (−1)|z|(|x|+|y|),

(−1)|x|(|y|+|z|)asα(wy, α(z), α(x))− (−1)|x|(|y|+|z|)asα(w, y, z)α2(x)
= (−1)|z|(|x|+|y|)asα(α(w), α(z), xy)
+(−1)|z|(|x|+|y|)+|w|(|x|+|y|+|z|)asα(z, x, y)α2(w). (4.15)

Now in (4.12), replacing (−1)|z|(|x|+|y|)asα(wz, α(x), α(y))
−(−1)|z|(|x|+|y|)asα(w, z, x)α2(y), asα(wx, α(y), α(z))− asα(w, x, y)α2(z) and
(−1)|x|(|y|+|z|)asα(wy, α(z), α(x)) − (−1)|x|(|y|+|z|)asα(w, y, z)α2(x) by their corre-
sponding expressions from (4.13), (4.14) and (4.15) respectively, we get

(−1)|x|(|y|+|z|)asα(α(w), α(y), zx)
+(−1)|x|(|y|+|z|)+|w|(|x|+|y|+|z|)asα(y, z, x)α2(w)
+(−1)|z|(|x|+|y|)asα(α(w), α(z), xy)
+(−1)|z|(|x|+|y|)+|w|(|x|+|y|+|z|)asα(z, x, y)α2(w)
asα(α(w), α(x), yz) + (−1)|w|(|x|+|y|+|z|)asα(x, y, z)α2(w)
= asα(α(w), α(x), [y, z]) + (−1)|x|(|y|+|z|)asα(α(w), α(y), [z, x])
+(−1)|z|(|x|+|y|)asα(α(w), α(z), [x, y]) + 3α2(w)asα(x, y, z)

i.e., by superalternativity,

asα(α(w), α(x), yz) + (−1)|x|(|y|+|z|)asα(α(w), α(y), zx)
+(−1)|z|(|x|+|y|)asα(α(w), α(z), xy)
= 3[α2(w), asα(x, y, z)] + asα(α(w), α(x), [y, z])
+(−1)|x|(|y|+|z|)asα(α(w), α(y), [z, x])
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+(−1)|z|(|x|+|y|)asα(α(w), α(z), [x, y]). (4.16)

Now, from (4.4) it follows that
JA−(x, y, z) = 6asα(x, y, z)

in A−, so we obtain (4.5) by (4.16). �
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Département de Mathématiques, Université d’Abomey-Calavi, 01 BP 4521 Cotonou, Benin

E-mail address: woraniss@yahoo.fr


