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NONLINEAR GENERALIZED JORDAN (o, 7)-HIGHER
DERIVATION ON TRIANGULAR ALGEBRAS

MOHAMMAD ASHRAF, AISHA JABEEN

ABSTRACT. Let R be a commutative ring with unity, %A = Tri(A, M, B) be a
triangular algebra consisting of unital algebras A, B and an (A, B)-bimodule
M which is faithful as a left A-module and also as a right B-module. In this
paper, it is shown that if A is a nonlinear generalized Jordan triple (o, 7)-higher
derivation on 2, then A is an additive generalized (o, 7)-higher derivation on

A.

1. INTRODUCTION

Throughout this paper, let R be a commutative ring with identity and 4 be
an algebra over R. Let us recall that a mapping d : A — A is called an R-linear
mapping if d(z + y) = d(x) + d(y) and d(rz) = rd(z) for all » € R and z,y € A.
An R-linear mapping d : A — A is called a derivation (resp. Jordan derivation) on
A if d(zy) = d(z)y + xd(y) (resp. d(z?) = d(z)z + zd(z)) holds for all z,y € A. An
R-linear mapping 6 : A — A is called a generalized derivation (resp. generalized
Jordan derivation) on A associated with a derivation (resp. Jordan derivation)
d on A if 6(zy) = §(x)y + zd(y) (vesp. 6(z?) = 6(z)z + xd(x)) holds for all
x,y € A. Furthermore, let o, 7 be two automorphisms on A. An R-linear mapping
d: A — Ais said to be a (o, 7)-derivation (resp. Jordan (o, 7)-derivation) on A
if d(zy) = d(z)7(y) + o(z)d(y) (resp. d(x?) = d(x)7(x) + o(z)d(x)) holds for all
z,y € A. An R-linear mapping 0 : A — A is called a generalized (o, 7)-derivation
(resp. generalized Jordan (o, 7)-derivation) on A if there exists a (o, 7)-derivation
(resp. Jordan (o, 7)-derivation) d such that é(xy) = d(z)7(y) + o(x)d(y) (resp.
5(z?) = §(z)7(x) + o(x)d(x)) holds for all x,y € A. If the condition of linearity
is dropped from the above definitions, then the corresponding maps are called
nonlinear (o, 7)- derivation (resp. nonlinear Jordan (o, 7)-derivation) and nonlinear
generalized (o, 7)-derivation (resp. nonlinear generalized Jordan (o, 7)-derivation)
on A.

The concept of derivation has been extended in various directions on rings and
algebras ( see references [2, [I0, [@]). Let N be the set of all nonegative integers.
A family D = {d,}nen of R-linear mappings d,, : A — A such that dy = 4,
the identity mapping on A4, is said to be a higher derivation (resp. Jordan higher
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derivation) on A if d,(zy) = Y. di(x)d;(y) (vesp. dn(z?) = Y di(z)d;(z))
i+j=n i+j=n
holds for all 2,y € A and for each n € N. Furthermore, a family A = {4, }nen of
R-linear mappings 4, : A — A such that §o = I 4, is said to be a generalized higher
derivation (resp. generalized Jordan higher derivation) on A if there exists a higher
derivation (resp. Jordan higher derivation) D = {d,, }»en on A such that §,(ry) =
> 8i(z)d;(y) (vesp. 8,(z?) = > 6&;(x)d;(x)) holds for all z,y € A and for each
i+j=n i+j=n
n € N. The notion of higher derivation has been extended to (o, 7)-higher derivation
in rings. Following [3], a family D = {d, }nen of R-linear mappings d,, : A — A
such that dy = I4, is said to be a (o, 7)-higher derivation (resp. (o,7)-Jordan
higher derivation) on A if d,(zy) = >, d;(c™ " (x))d;j(7" 7 (y)) (resp. dn(x?) =
i+j=n
> di(o™ ¥ (x))d; (7" (x))) holds for all z,y € A and for each n € N. Also, a
i+j=n
family A = {d,, }nen of additive mappings 4, : A — A such that §g = 14, is said
to be a generalized (o, 7)-higher derivation (resp. generalized Jordan (o, 7)-higher
derivation) on A if there exists a (o, 7)-higher derivation (resp. Jordan (o, 7)-higher
derivation) D = {d, }nen on A such that 0,(zy) = > 80" 4 (z))d; (7" (y))
i+j=n
(resp. 6,(2?) = > 6;i(0™*(x))d;(7" 7 (x))) holds for all z,y € A and for each
i+7j=n
n € N. If the condi]tion of linearity is dropped from the above definitions, then the
corresponding maps are called nonlinear (o, 7)-higher derivation (resp. nonlinear
Jordan (o, 7)-higher derivation) and nonlinear generalized (o, 7)-higher derivation
(resp. nonlinear generalized Jordan (o, 7)-higher derivation) on A.

The R-algebra 2 = Tri(A, M, B) = { ( g TZ a€ A, mée M,be B, under
the usual matrix operations is called a triangular algebra, where A and B are unital
algebras over R and M is an (A, B)-bimodule. In the year 2000, Cheung [5] initi-
ated the study of linear maps on triangular algebras. He described Lie derivations,
commuting maps and automorphisms of triangular algebras [6] [7]. In recent years,
Han and Wei [I0] studied Jordan (o, 7)- derivations on triangular algebras. Wei
and Xiao [I5] considered higher derivations of triangular algebras and its gener-
alizations and studied Jordan higher derivations, Jordan triple higher derivations,
generalized Jordan higher derivations and generalized Jordan triple higher deriva-
tions of triangular algebras. Xue et al. [I7] investigated nonlinear Jordan higher
derivations on triangular rings of characteristic not two and obtained that every
nonlinear Jordan higher derivation on triangular ring is a higher derivation. Fur-
ther, the authors together with Alkenani [I] studied nonlinear generalized Jordan
(o, 7)-derivation on triangular algebras 20 and obtained that if § : % — 2 is a
nonlinear generalized Jordan (o, 7)-derivation on 2, then ¢ is an additive general-
ized (o, 7)-derivation on 2[. In the present paper, we extended the above result for
higher derivations. In fact, we obtain the condition on a triangular algebra 2 under
which every nonlinear generalized Jordan (o, 7)-higher derivation on 2l is an addi-
tive generalized (o, 7)-higher derivation on 2A. Also, we prove that every nonlinear
generalized Jordan triple (o, 7)-higher derivation on 2 is an additive generalized
(o, 7)-higher derivation on 2I.
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2. PRELIMINARIES

Throughout, this paper we shall use the following notions: Let A and B be
unital algebras over R and let M be an (A, B)-bimodule which is faithful as a left
A-module, that is, for A € A, AM = 0 implies A = 0 and also as a right B-module,
that is, for B € B, MB = 0 implies B = 0. Suppose that % = Tri(A, M, B) a
triangular algebra consisting of A, M, B which is 2-torsion free. The center of 2 is

-{(3 )

Define two natural projections m4 : 2l — A and 75 : A — B by

wa( g ) mamdns( g ) =0
<

Moreover, ma(Z(21)) C Z(A) and 75(Z(2l)) C Z(B) and there exists a unique
algebra isomorphism £ : ma(Z(2A)) — wp(Z(2A)) such that am = m&(a) for all
a€ma(Z(A)),me M.

Let 14 (resp.1p) be the identity of the algebra A (resp.B) and let I be the
identity of triangular algebra 2A. p = < 164 8 > ,q=1—-—p= < 8 103 ) and
A1 = pRp, A2 = pg, Azx = ¢2Ag. Thus, A = pAp + pAg + ¢Ag = Ay +
1o + Aoo where 2yq is a subalgebra of 2 isomorphic to A, 2Ass is a subalgebra
of 21 isomorphic to B and 22 is a (2Ay1,Ase)-bimodule isomorphic to M. Also,
7A(Z(2A)) and m(Z(2)) are isomorphic to pZ(A)p and ¢Z(2A)q respectively. Then
there is an algebra isomorphisms & : pZ(2)p — ¢Z(2)q such that am = mé&(a) for
all m € pgq.

ammemGM}.

3. NONLINEAR JORDAN (o, 7)-HIGHER DERIVATION

Motivated by Han and Wei [I0], in [I] authors together with Alkenani show
that every nonlinear Jordan (o, 7)-derivation is an additive (o, 7)-derivation on
triangular algebras. In the present section we extend this result for nonlinear Jordan
(o, 7)-higher derivation on triangular algebras and prove the following result:

Theorem 3.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B
with only trivial idempotents and a bimodule M. Let o and T be two automorphisms
of A such that o7 = 7o and D = {d;}ien be a nonlinear Jordan (o,T)-higher
derivations on 2. Then D an additive (o, T)-higher derivation on 2.

In order to prove the theorem we start with the following known result:

Lemma 3.2. [13] Theorem 1] Let A = Tri(A, M, B) be a triangular algebra, where
A and B have only trivial idempotents. Then an R-linear map o : A — 2A is said
be automorphism of 2 if and only if it has the form

O_( @ m ) _ ( 9(Oa) e(a)m’—m(’g)(b)w(m) )
n

where 6 : A — A andn : B — B are automorphisms, m’ is a fized element in M and
v: M — M is an R-linear bijective mapping such that v(am) = 0(a)v(m), v(mb) =
v(m)n(b) for all a € A,b € B and m € M.
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Remark. From Lemmal[3.3, it can be easily seen that

" (M) C M,0™"(A) C A+ M,0™"(B) T B+ M,

nroy (1 m nroy (0 —m

") =pm=\ o o ) @D=¢m=1{(
for any n € N,

Lemma 3.3. [I, Theorem 3.1] Let A = Tri(A, M, B) be a triangular algebra con-
sisting of A, B with only trivial idempotents and a bimodule M. Let o and T be two
automorphisms of A and d : A — A be a nonlinear Jordan (o, T)- derivation on .
Then d is an additive (o, T)-derivation on 2.

To prove our main result, we will use induction on n. Following Lemma [3.3] it
is not difficult to see that d; is an additive (o, 7)-derivation satisfying following
properties:

dl(o) =0, dl(p)a dl(‘])a dl(m) eM,
dyi(a) € A+ M, dy(b) € B+ M.

for all a € A,m € M and b € B. We assume that our result holds for r < n; where
n € N. This implies that {d;}!=5 is an additive higher derivation. Thus for any
0 < r < n, we have

d-(0) =0, d-(p),d,(q),d-(m) € M,
dr(a) € A+ M, d.(b) e B+ M (3.1)

for all a € A,m € M and b € B. The proof of the above theorem will be organized
in a series of lemmas.

Lemma 3.4. d,(0) =0 and d,,(p),dn(q),dn(m) € M for all m € M.
Proof. Obviously

1a(0) = du(0)r(0) + 0™ (0)dn(0) + 3 di(o”™(0))ds (7" (0))
o
= 0. 7

dn(p) = dn(p)7"(p) +0"(p + Y A0 (p)d; (T ().
zf:] =n
2,J<n
Using , Remark 3| and putting d, (p) = p11 + p12 + p2e in the above expression,
we find that d,,(p) = p12. This implies that d,,(p) € M. Similarly, we can show that
dn(q) € M. Now,

dn(m) = dn(mp+pm)
= dn(m)7"(p) + " (m)dn (p )+d (p)r"(m) + 0" (p)dn(m)
+ > di(o” ( )d; (T (p)) + X2 dio" T (p))di (77 (m).

1+j=n i+j=n

1,j<n 7,7<n
Again using (3.1)), Remark [3| and putting d,,(m) = mi1 + mi2 + may in the last
expression, we find that d,,(m) = mqa, which implies that d,(m) € M. O

Lemma 3.5. d,(a) € A+ M and d,(b) € B4+ M for alla € A andb € B.
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Proof. For any a € A, we have

0 = du(ag+qa)
= dn(a)7"(q )+0 (@)dn(q) + dn(q)7"(a) + 0" (q)dn(a)
+ 2 (0" (a)di (" (@) + X di(0™ T (9))dy(T7 7 (a)).

1+j=n i+j=n
i,5<n i,7<n

Assuming d,, (a) = a1 +a12 +agz and applying (3.1)), Remarkand Lemma we
have d,(a) = a11 + aj2. This implies that d,(a) € A+ M. In the similar manner,
we have d,,(b) € M + B. O

Lemma 3.6. d,(a+m) € A+ M and d,(b+m) € B+ M for alla € A,me M
and b € B.

Proof. For any a € A and m € M, it can easily seen that

dp(m) = dp|(a+m)g+qla+m)

dnfa+m)7"(g) + 0" (a +m)dn(q) + dn(g)7"(a +m)

+0"(g)dn(a+m) + +]Z:n di(o" " (a+m))d; (7" (q))

) 1,7<n )
+ 2 di(0" " (q))d;(7" 7 (a +m)).
i+j=n
2,)<n

Assuming d,,(a + m) = a}; + a12 + ab, and applying (3.1)), Remark [3] and Lemma
[3-4] we have d,,(a+m) = a{; + a},, which implies that d (a+m) € A+ M. In the
similar manner, we have d,(m +b) € M + B. O

Lemma 3.7. Foranya € A,me M andbe B
(i) dn(am) = 3 di(c" *(a))d;(T"~7(m)),

i+j=n

(it) dn(mb) = 3 di(0""(m))d;(7"77(b)).

i+j=n

Proof. (i) For any a € A and m € M, using d,(m) € M and d,,(a) € A+ M, we
have

dp(am) = d,(am+ ma)
= du(@)7(m) + 0"(a)dn(m) + dn(m)7"(a) + 0" (m)dn(a)
+ X di(0" (a)d;(r" I (m)) + 3 di(o" 7 (m))d;(7"7 (a))
s e
= dn(a T"(m)+0”(a)dn(m)+_+22 di(o" " (a))d; (7" (m))
=Y A @ m)
i+i=n
(#) Similar to (7). O

Lemma 3.8. For anya € A,m € M and b € B, we have

(1) dn(a+m) = dn(a) + dn(m),
(i1) dp(m +b) = d,(m) + dn(b).
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Proof. For any a € A and m,m’ € M applying Lemmas and [3.6] we have
dp(am’) = d, ((a +m)m’ +m'(a+ m)>

= dy(a+m)7"(m') + o™ (a+ m)d,(m’)
+dn(m' )™ (a +m) + o™(m')d, (a + m)
+ Y di(0e™ (a+m))d;(r" (m))

itj=n

+ ) (™ (m)d; (7" (a + m))
G
= dy(a+m)r"(m') + o™ (a)d,(m')
+ Y di(0" T (@)dy (7" (m)). (3.2)
o
On the other hand,
dp(am’) = dp(am’ +m'a)
= dp(a)m"(m') + 0" (a)d ( )+d( " (@) + 0" (m')dy(a)
+ Y di(o" T (a))dy(r + Y di(e" T m))d;(r" 7 (a))
o pEs
= dn(a)7"(m) + 0" (a + Y di(0"(@)d; (7" (m)). (3.3)
Z,+,J<7:L

Combining (3.2) and (3.3), we have {d,(a + m) — dy(a)}7™(m’) = 0. Applying

Lemmas [3.5] [3.6] and Remark [3in the last expression, we arrive at d,(a + m) —
dn(a) € M. Therefore,

dn(a+m)—du(a) = o"(@{dn(a+m)—du(a)} +{dn(a+m)—d,.(a)}7"(q)
= dn((a+m)q+qla+m))—dn(q)7"(a+m)
—o"™(a+m)dn(q) — di(a" " (a +m))d; (1" (q))
o
dn(ag+qa) — Y di(c"(q))d; (7" (a +m))
o
+dn ()7 (a) + Y di(e"(a))d; (7" (q))
e
+o™(a)dn(q) + Y di(0™ " (q))d; (7" (a))
b
= d,(m)
for all m € M and a € A. Similarly, we can show that d,,(m + b) = d,,(m) + d,,(b)
for all m € M and b € B. O

Lemma 3.9. For any ai,a2 € A,m1,ms € M and by,bs € B, we have
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(i) dn(mi+ma2)
(43) dn(ar +az) =
(#41) dp(by + b2) =

Proof. (i) For all my, ms € M, we have

= dn(m1) + dn(m2),
dn(ar) + dn(az),
dpn(b1) + dn(b2).

dn(mi +ma) = dn((p+m1)(q+ma)+ (¢ +m2)(p +m1))
= dn(p+m1)7"(q +m2) + 0" (p+ m1)dn(q +m2)
Fdn(q+m2)7T"(p +m1) 4+ 0" (q + ma)dn(p + m1)
£ 3 A ) (7 )
+:+j;7;d( g +ma))d; (7" (p +ma))
)T )+ " () (ma) + A5} )
+o"(m)d,(q) + +Z di(0™ " (p))d; (1" (q))
bY o Oy ma)
e
+ i%::n di(0" " (m1))d;(7" 7 (q))
() + d(ma).
Also,
dn((al + ag)m) = du(aym) + d,(azm)
= dy (al) ( )+U( 1)dn (m)+dn(a2)7”(m)
+o™ Z di( d; (7" (m))
e
+ Y di(0" (az))d; (777 (m). (3.4)
T
On the other hand,
dn((a1 +az)m) = dn(ar + az)m"(m) + 0™ (a1 + az)d,(m)
+ ) di(0" (a1 + a2))d; (7" (m)
T

= dy(ag + a2)m"(m) + c™(a1)d,(m) + 0" (az)d,(m)
+ 7 dilo" a1 + a2))dy (7" (m). (3.5)

i+j=n
i,j<n

On combining (3.4]) and (3.5)), we have

{d,(a1 + a2) — dn(a1) — dy(a2)}7"(m) = 0. (3.6)
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Again, using Lemmas [3.4) and 35 for all a1, as € A and m € M, we obtain that

0 = dn(a1q+qa1)
= dn(a1)7"(q) + 0" (a )d (q )+d ( )7"(a1) + 0" (q)dn(az)

+ 3 di(o" (@) + D il (@)d (7" (@)

i+j=n itj=n
1,J<n i,7<n
= dn(a1)7"(q) +0"(a + Y di(e" H(@)d; (7 (g). (3T)
l.+.] n
2,J<n

Now replace a; in (3.7) by as and a; + as respectively, we get

0 = du(a2)7(g) + 0" £ Y A ) ). (39)
o
and
0=d,(a1+a2)m"(q)+0"(a1+a2)d Z di(c" (ay+a2))d; (7" (q)). (3.9)
%s

From and (3.9)), we get
{dn(a1 + az) — dn(a1) — dn(az)}7"(q) = 0. (3.10)
Choose dy, (a1 + az) — dp(a1) — dp(az) = s11 + s12. Then form (3.6) and ( -, we

have s11 = 0 = s15 which gives that d,(a; +as) =d (a1)+dn(a2) for all ar,as € A.
In the similar manner, we get d,, (b1 + b2) = d,,(b1) + dp,(b2) for all by, b, € B. O

Lemma 3.10. For any a € A,m € M and b € B, we have
dp(a+m+b) =d,(a) + dn(m) + d,(b).
Proof. Obviously

dn((a+m+b)p+pla+m+b))
dn(a+m+b)7"(p) + 0" (a +m +b)d,(p)
+d,(p)7" (@ +m+b) + " (p)dn(a+m+b)

+ Y di(o"H(a+m+b)d; (7" (p))
z+] n

+ Z d;(r" (a+m + b))

i+j=n
7,j<n

dn(a+m+b)7"(p) + " (a)d.(p)
+dn(p)7"(b) + 0" (p)dn(a +m +b)
+ ) (0" (a)d; (7" (p))

i+j=n
i,j<n

+ ) di(0e" T (p)d; (7" (a + m 4 b)). (3.11)

i+j=n
i,7<n

dn((a+m)p+pla+m)) =
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Again, we have

dn((a+m)p+ pla+m))
= dn((a+m)p+pla+m))+d,(bp+ pb)
= dp(a+m)T ()+a(a+m)d()+d() (a+m)+ ”(p)dn(a+m)

+ Z di(c" (a+m))d, Z di(c" " (p))d; (7" (a + m))
i+j=n i+j=n
4,j<n i,5<n

+dn (b)7"(p) + 0" (0)dn(p) + dn(p)7" (0) + 0" (p)dn (b)

+ Y die" O (T () + Y di0" T (p)dy (7 (D)

i+j=n itj=n
1,5<n i,j<n

- <> <p> (D)7 <b>+a”<a>d<>+d<p>7”(b)
P)da(m) + 3 dilo™ (@))d; (7" ()

i+j=n
i,7<n
0" (p)dula) + Y dilo" (p))ds (7" (a)
i+j=n
i,7<n
+ Y di(@" T )T (m) + Y di(o" D). (3.12)
H»_j:n i+j=n
1,J<n i,j<n

Combining (3.11) and (3.12)), we get

o™ (p){dn(a+m+b)—d,(a) —d,(m) —d,(b)}
+{dn(a+m+b) —dn(a) —dn(m) —d,(b)}7"(p) =

Similarly, we have

" (g){dn(a +m +b)=dn(a) — dn(m) — dn(b)}
+ {dn(a+m+b) — dn(a) — dn(m) — dn(b)}7"(q) = 0.

Let us take d,(a + m +b) — dp(a) — dn(m) — d,(b) = t11 + t12 + t22. Then form
(3-13) and (3.14), we have t11 = t13 = too = 0, which implies that

dp(a+m+b) =d,(a) + dn(m) + d,(b)

forallae A,m e M and b € B. O

Lemma 3.11. For any a1,a2 € A and by,bs € B, we have

(1) dn(araz) = Z di(o" ™ (ar))d; (7" (a2)),

i+j=n

(ii) dn(bib2) = 30 di(0" ™" (b1))d;(v" 7 (b2)).

1+j=n
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Proof. From Lemma [3.7] for all a1,as € A and m € M, it follows that
dn((a1a2)m) = dy(a1(azm))
= dy(a1)1"(agm) + o™ (a1)d,(azm)
+ Y di(0" 7 (@1))d; (7" (azm)
H—j:n
,)<n
= dy(a1)7"(agm) + o™ (a1)d,(a2)7"(m)
+0™(a1)0™ (ag)dn(m) + Y di(0™ " (a1))d; (7" (agm)).

i+j=n

ij<n
But since
dy ((araz)m) = dy(aras) ™" (m)+0"(ara2)dn(m)+ Y di(o" " (araz))d; (7" (m)),
i
then above expression yields that
{dn(a1a2) — dp(a1)7™(a2) — 0™ (a1)dn(a2)}7"(m) = 0. (3.15)
Now replace a; in by as and ajas respectively, we get
0 = dp(az)7"(q) + 0™(az)dn(@) + Y di(0"*(a2))d;(7" 7 (q)). (3.16)
e
and
0 = dy(a1a2)7"(q) + 0™ (@raz)dn(q) + Y di(0" *(araz))d; (7" (q)).  (3.17)
e
Multiplying by ¢™(a1) and combining with , we get
{dn(a1a2) — dn(a1)7"(az) — 0™ (a1)dn(az)}7"(q) = 0. (3.18)

Now assume d,(a1a2) — dp(a1)7"(a2) — 0™ (a1)d,(az) = w11 + w12 + uge. Then form

(3.15) and (3.18), we have ui;; = uiz = uss = 0 which gives that d,(ajas) =
> di(0™(a1))d; (7" (az)) for all aj,az € A. In the similar manner, we get
i+j=n
dn(blbg) = Z di( n— Z(bl))d ( n- ‘](bQ)) for all bl,bg S B O
i+j=n

Proof of Theorem[3.1 Let us take x = ay +my + by and y = as + ma + by where
ai,az € A,mi,me € M and by,by € B. On using Lemmas [3.8] [3.9] and 310, we
arrive at

do(z+y) = dn(ar +my+ b1+ ag +my + bo)
dn( (a1 + az) + (mq +ma) + (by + bg))
dp(ay + (12) + dp(m1 +msg) + dn (b + b2)
= du(a1) +dp(m1) + dn(b1) + dn(a2) + dn(ma) + dy(be)
dp (a1 +my +b1) + dp(as + ma + bo)
dn (%) + dn(y). (3.19)

n
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Using Lemmas [3.5] 3:10] and [3.11] we have

dn(.’Ey) = dn((al +m1 +b1)(a2+m2+bg))
dp(aras + ayma + m1b2 + ble)

S dilo™ (an))ds + 30 dilo" (@))dy (7 (m))

i+j=n i+j=n
+ ) di(0™ T (ma))d (T (b)) + D di(0™ T (be))d (77 (b2).
i+j=n i+j=n

On the other hand,
> di(o" (@))di (T (y))
i+j=n
= Z di(O'nii(CLl +mq + bl))d] (Tnij (CLQ + mo + bg))
i+j=n

= Y A{di(0" @) + (0" (ma)) + di(0™ (b))}

i+j=n
{dj (7" (a2)) + d; (7777 (m2)) + dj (7" 7 (b2)) }
= Y di0" @))di(r" (@) + Y di(e" (ar))d; (7" (mo))

i+j=n 1+j=n
+ ) die" T (ma))di (7 (b)) + Y dio" T (ba))d; (77 (b))
i+j=n i+j=n

From the above two expressions it can be easily seen that

= D di(e" T (@)d; (T (y))

i+j=n

which proves the required result. O

As a direct consequence of Theorem we get the following result:

Corollary 3.12. [0l Proposition 3.2] Let 2 = Tri(A, M, B) be the triangular alge-
bra consisting of A, B and M. Suppose that A and B have only trivial idempotents.
Then any Jordan (o, T)-derivation on 2 is an (o, T)-derivation.

If 0,7 both are the identity mapping of the triangular algebra 2 and A, B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 3.13. [9, Theorem 3.1] Let %A = Tri(A, M, B) be a triangular algebra
and let D = {d, }nen be a nonlinear Jordan higher derivation of A. Then D is an
additive higher derivation.

Corollary 3.14. [12] Theorem 2.1] Let N be a nest on a Banach space X, and §
be an additive generalized Jordan derivation from AlgN into itself. If there exists
a non-trivial element in N which is complemented in X, then § is an additive
generalized derivation.
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4. NONLINEAR GENERALIZED JORDAN (0, 7)-HIGHER DERIVATION

In this section we extend Theorem for generalized derivation. Actually, we
obtain the following known result:

Theorem 4.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B
with only trivial idempotents and an (A, B)- bimodule M. Let o and T be two
automorphisms of A such that o = 7o and A = {0, }nen be a nonlinear general-
ized Jordan (o, T)-higher derivation associated with a nonlinear Jordan (o, T)-higher
derivation D = {dp}nen on A. Then A is an additive generalized (o, T)-higher
derivation on 2.

The proof of the above theorem will be organized in a series of lemmas. The
proof of following lemma can be seen in [I, Theorem 4.1].

Lemma 4.2. Suppose that A = Tri(A, M, B) be a triangular algebra having alge-
bras A, B with only trivial idempotents and an (A, B)-bimodule M. Let o and T be
two automorphisms of A and § : A — A be a nonlinear generalized Jordan (o, T)-
derivation on A with associated nonlinear Jordan (o, T)-derivation d on A. Then &
is an additive generalized (o, T)-deriwation on 2.

To prove the result, we will use induction on n. Following Lemma [4] it is not
difficult to see that ¢; is an additive (o, 7)-derivation satisfying following properties:

51(0) =0,  8y(m)e M,
61(p),61(a) € A+ M, 61(q),01(b) € B+ M.

foralla e A,me M and b € B. We assume that our result holds for r < n; where
n € N. This implies that {0;}:=( is an additive higher derivation. Thus for any
0 < r < n, we have

5,(0)=0,  &,.(m)eM,
5,(p),0r(a) € A+ M, 6,(q),0.(b) € B+ M (4.1)

forallae A,me M and b € B.
Lemma 4.3. 6,(0) =0 and 6,,(p), 0n(q), 6n(m) € M for all m € M.
Proof. We have

6,(0) = 6,(0)7"(0) + 0" (0)d(0) + D di(0” 7 (0))ddy(r" 7 (0))

= o0
Now,
n(p) = Su(@)T"(0) + 0" (P)dn(p) + D (0" (p))d; (7" (p)).
i

Using ([4.1), Remark [3| and putting &, (p) = p11 + p12 + p22 in the above expression,
we find that d,,(p) = p12. This implies that d,(p) € M. Similarly, we can show that
0n(q) € M.
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Now,
on(m) = d,(mp+ pm)
= On(m)7"(p) + 0™ (M)dn(p) + dn(p)7" (m )+0 (p)dn(m)
+i+;=n51(o”ﬂ(m))d](7 ())+Z+§:n5( {(p))d; (77 (m)).

Again using (4.1]), Remark [3| and putting é,(m) = mi1 + mi2 + may in the last
expression, we find that 6, (m) = my2, which implies that d,(m) € M. O

Lemma 4.4. §,(a) € A+ M and 6,(b) € B+ M for alla e A andb € B.

Proof. For any a € A, we have

0 = dp(aq+qa)
= 9n(Q)7(g) + 0" (a)dn(q) + 0n(q)7"(a) + " ()dn () ,
+2+§?n5( ~H(a)d; (7" (g ))+Z+§?n5( '(9))d; (r" (a)).

Assuming 6, (a) = a1 + a1 + ase and applying (4.1)), Remark [3| and Lemma
we have d,,(a) = a11 + a12, that is, d,(a) € A+ M. In the similar manner, we find
that 6, (b) € M + B. O

Lemma 4.5. d,(a+m) € A+ M and §,(b+m) € B+ M for alla € A,m € M
and b € B.

Proof. For any a € A and m € M, it can be easily seen that

sulmn) = 0 (@t mig+ ot m)

= n(atm)r"(q) + 0" (a +m)dn(q )+5n(q)7"(a+m)
+o™(@)dn(a+m) + 32 6i(0" " (a+m))d;(7"(q))

=)
+ 22 00" @)d;(t" (a4 m)).
i+j=n
i,5<n

Assuming 0,,(a +m) = aj; + al5 + ab, and applying (4.1), Remark [3] and Lemma
we have 0, (a + m) = a}; + a},. This implies that é,(a +m) € A+ M. In the
similar manner, we have d,(m + b) € M + B. O

Lemma 4.6. For anya € A,me M andbe B

(1) dn(am) = Z 8i(0" ™ (a))d; ("7 (m)),

i+j=n

(ii) On(mb) = 37 0i(0""(m))d;(7"77(b)).

i+j=n
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Proof. (i) For any a € A and m € M, using 6,(m) € M and d,(a) € A+ M, we
have

Oon(am) = d,(am + ma)
= Op(a)m™(m) + o™(a)d, m)‘+ On(m)T™(a) + o™(m)d,(a)
+1+§::n di(0" " (a))d; (T (m)) +1+%::n6 (a" " (m))d;(r" ™ (a))
Sy (m) + 0" (@) () + Py 510" (@))d; (73 ()
=S sl @y m).
1+j=n
(44) Similar to (7). O

Lemma 4.7. For anya € A,m € M and b € B, we have

(1) dn(a+m) =dp(a)+ dn(m),
(17) On(m +b) = dp(m) + 0,(b).

Proof. For any a € A and m, m’ € M applying Lemmas and we have

Sn(am’) = 0, ((a +m)m’ +m'(a+ m))

dnla+m)t™(m’) + o™ (a + m)d,(m’)
+0n(m) 7" (a +m) + 0" (m')dn(a +m)
+ ) 80" (a+ m))d; (v (m))

i+j=n
i,j<n

+ Y Sl m)dy (7" (a + m))
o

— Gulatm)r"(m ’>+a"< ) ()
+ 37 Sl @)d; (7 (). (4.2)

i+j=n
7,j<n

On the other hand,

Sp(am’) = 6,(am’ +m'a)
= On(a)7"(m") + 0" (a)dn(m") + 0n(m) 7" (a) + " (m/)dn(a)
+ Y (0" @)di () + Y 160" (m))dy (7 ()

itj=n itj=n
,7<n i,7<n
= bu(a)T"(m') + o"( + > 80" (a)d;(r" I (m)). (4.3)
zf:] =n
2,J<n

Combining (4.2) and (4.3), we have {0,(a + m) — d,(a)}7"(m') = 0. Applying
Lemmas and Remark [3] the last expression yields that é,(a +m) —d,(a) €
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M. Therefore,

dn(a+m)—=dn(a) = o"(@){dn(a+m)—d,(a)}+ {on(a+m)—d.(a)}"(q)
= On((a+m)g+qla+m))—d,(q)7"(a +m)

—o"(a+m)dn(g) = Y Gi(0" (a+m))d; (T (q))
iz
n(ag + qa) — Z §:(0™ " (q))dj (7" (a + m))
i
+oa(@)T" (@) + D Si(0" T (a)d; (7" ()
i
o (@) + Y 50" @)y a)

i+j=n
i,j<n

= 0,(m).

for all m € M and a € A. Similarly, we can show that J,,(m + b) = d,(m) + 5, (b)
for all m € M and b € B. O

Lemma 4.8. For any ay,as € A,mi,mo € M and by, bs € B, we have

(i) On(m1 +ma) = 6,(m1) + 0n(m2),
(4i) dn(a1 + az) = dn(a1) + dn(az),
(ZZZ) 6n(b1 + bg) = 6n(b1) + (Sn(bz)

Proof. (i) For all mi, ms € M, we have

on(mi+mz) = 0u((p+ma)(q+ma)+ (q+ma)(p+mi))
n(p +m1)7"(q +m2) + o™ (p + m1)dn(q + m2)
+6n(q+m2) "(p+m1) +0o™(q+ ma2)d,(p+ mi)

+ 2 Gi(o" “p 4+ ma))d; (7" (q + m2))

= 0u(ma)™"(q) + 0" (p)dn (m 2) + 0(p)7"(9)
o (m)dn(q) + 32 (0" (p))di (7" (q))

1+j=n
) 1,j<n )
£ B @) ma)
Zi,j]<_r? ) )
+}+Z 6i(0" " (ma))d; (7" (q))
i+j=n
7,7<n

= 6n(m1) + 5n(m2)
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Also,
6n((a1 +az)m) = 6,(a1m) + 6, (azm)
= On (al) "( )+0”( 1)dn(m) + 6 (az)7" (m)
+o" + Y 80" (an))d; (7" (m))

14+:7 =n
7,J<n
+ D 6i(0" (a2))ds (" (m).
2,J<n
(4.4)
On the other hand,
6n((ar +az)m) = by(ar + az)m"(m) + 0" (a1 + az)dy, (m)
+ 2 Gilo" (@ + a2))d; (7" (m)
i,7<n

= dplar + a2)7™(m) + o™ (a1)d,(m) + o™ (az)d, (m)
+ 7 610" (a1 + az))dy (7" (). (4.5)

prd
On combining (4.4) and (4.5, we have
{6n(a1 +az) — dp(ar) — 0p(az)}r"(m) = 0. (4.6)
Again, using Lemmas [4-3] and [£-4] for all a;, as € A and m € M, we obtain that

0 = dn(arg+qar)
= Op(a1)7"(q) + 0" (a )d (q )+5 ( )7"(a1) + 0" (q)dn(a1)

+ 37 G0 () + D0 G0 (@)d; (7 (@)

i+j=n i+j=n
4,j<n i,j<n
= du(a)7"(q) +0"(a + ) Si(0" (@) (7" (). (47)
i+j=n
1,7<n

Now replace ap in (4.7) by a2 and a1 + ag respectively, to get

0= 0,(az2)7"(q) + o"( + > 60" (a2))d; (7" (q)). (4.8)

H_,J =n
2,J<n
and
0= 0n(ar+a2)7"(q)+0™ (a1 +a2)dn(q)+ D (0" *(a1+az))d; ("7 (q)). (4.9)
i+j=n
i,5<n

From , and , we get
{0n(a1 + a2) — 6p(a1) — dn(az) }7"(q ) =0. (4.10)

Now let 0, (a1 4+ a2) — dn(a1) — 0n(az) = s11 + S12, Form and -, we have
s11 = 0 = s12. This gives that d, (a1 + a2) = 0,(a1) + Jy, (ag) for all a,a2 € A. In
the similar manner, we find that 6,,(b1 +b2) = 6, (b1) + 6, (be) for all by,b2 € B. O
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Lemma 4.9. For any ay,as € A and by, bs € B, we have

() dn(araz) = 37 6i(0" " (a1))d; ("7 (az)),

i+j=n

(ii) On(biba) = 35 8i(0™ 7" (b1))d;(v" 7 (b2)).

i+j=n

Proof. From Lemma [L.6] for all a1,as € A and m € M, it follows that

6n((araz)m) = 6, (ai(azm))
On(a1a2)T™(m) + 0" (araz)d(m) = dp(ar)m"(aam) + o™ (a1)dy,(aam)
= p(a1)t™(aam) 4+ o™ (a1)dyp(az2)m™(m)
+0"(a1)0" (az)dn(m).

This implies that
{0n(ar1az) — 0, (a1)1™(az) — c™(a1)dy(az) }r"™(m) = 0. (4.11)
Now replace a; in (4.7) by a2 and ajas respectively, we get

0 = 6, (az)™(q) + o™( + > 60" (a2))d; (7" (q)). (4.12)

i+j=n
i,j<n
and
0= dn(ara2)7"(q) + 0™ (araz)d Z 30" (ara2))d; (7" (q)).  (4.13)
H—g =n
i,7<n
Multiplying (4.12)) by ¢™(a;) and combining with (4.13)), we get
{on(a1a2) — 0y (ar)7" (a2) — 0" (a1)dn(az) 7" (q) = 0. (4.14)

Now assume 8, (ajas) — 0, (a1)7"™(az) — 0™(a1)d,(ag) = w11 + u12 + uge. Then from
(4.11)) and (4.14]), we have u11 = w1z = uge = 0, which gives that

dara2) = 3 80" a1)dy (7 (@)
i+j=n
for all a1, as € A. In the similar manner, we get
W1b) = 3 80" (b)) (7 (b))
i+j=n
for all b1,b € B. [l

Proof of Theorem @ Let us take x = a1 + my1 + by and y = as + mo + by where
ar,as € A;mi,my € M and by, bs € B. On using Lemmas [1.7} and we find
that

on(z+y) = 5n(al+m1+b1+a2+m2+b2)
5n( a1+ az) + (m1 +ma) + (b1 + bg))
= 5n(a1+a2)+5 (my + ma) + 0,(by + b2)
n(a1) + 6n(ma) + 05 (b1) + dn(az) + 6n(m2) + 05 (b2)
On (a1 +m1+b1)+6 (az +ma + ba)
5a(@) + G (y). (4.15)

n



NONLINEAR GENERALIZED JORDAN (o, 7)-HIGHER DERIVATION 33

Using Lemmas [£.4] [4.§ and [£.9] we have
on(zy) = n((ar +m1+b1)(az +ma + b2))
= 0y (a1a2+a1m2+m1b2+b1b2)

= 30 A" ) @) + 3T Ao () (77 (ma)

1+j=n 1+j=n
+ ) G0 (m)) + > 60" (be))d; (7" (b2)).
1+j=n 1+j=n

On the other hand,
> 60" @)di (7 (y))
1+j=n

= D (0" (ar +ma +b1)d; (7" (az +ma + b2))
i+j=n

= ) {8i(0" (1)) + (0" (m1)) + 8i(0™ 7 (b))}
i+j=n
{dj (1" (a2)) + dj (7" (m2)) + d;j (7" (b2))}

= > 80" @)d (7 (a) + D S0 (a)ds (7 (ma))

i+j=n i+j=n
+ Y 80" (ma))d; + Y S0 (b)), (77 (o).
i+j=n i+j=n

From the last two expressions it can be easily seen that
wy) = Y (0" (2))d; (7" (1)
i+j=n
which proves the required result. O

As a direct consequence of Theorem we get the following:

Corollary 4.10. [I0, Theorem 4.3] Let A = Tri(A, M, B) be the triangular algebra
consisting of A, B and an (A, B)-bimodule M, and let A = {6, }nen be generalized
Jordan (o, T)-derivation on 2. Suppose that A and B have only trivial idempotents.
Then A is a generalized (o, T)-derivation on 2.

If 0,7 both are the identity mapping of the triangular algebra 2 and A, B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 4.11. [I5, Theorem 4.7] Let A = Tri(A, M, B) be the triangular algebra
consisting of A, B and an (A, B)-bimodule M, and let A = {§,, }nen be a generalized
Jordan higher derivation of A. Then A is a generalized higher derivation on 2.

5. SOME MORE RESULTS

Let N be the set of all nonegative integers. A family D = {d,, }nen of R-linear
mappings d,, : A — A such that dy = I 4, the identity mapping on A, is said to be
a Jordan triple (a 7)-higher derivation on A if

wlaye) = Y di(0" 7 (@) d; (0" T (y))di (7" F ()

i+j+k=n
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holds for all x,y € A.

A family A = {d,,}nen of R-linear mappings d, : A — A is said to be a gen-
eralized Jordan triple (o, 7)-higher derivation on A if there exists a Jordan triple
(o, 7)-higher derivation D = {d, }nen such that

Suleyz) = Y 6i(0" T (2))d; (0P T (y)du(r" (@)

i+j+k=n

holds for all z,y € A. If the assumption of linearity is dropped in the above defini-
tion, then the corresponding derivations are called a nonlinear Jordan triple (o, 7)-
higher derivation and a nonlinear generalized Jordan triple (o, 7)-higher derivation
respectively. It can be easily seen that d,,(I) = 0. Now replace y by I, the identity
of A, in the last definition we find that 6,(z?) = Y &;(¢" *(z))d;(7" 7 (x)). This
i+j=n

shows that a nonlinear generalized Jordan triple (o, 7)-higher derivation is a non-
linear generalized Jordan (o, 7)-higher derivation on a triangular algebra. Hence
we get the following result:

Theorem 5.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B
with only trivial idempotents and an (A, B)-bimodule M. Let o and 7 be two au-
tomorphisms of A such that o7 = 10 and A = {0, }nen be a nonlinear general-
ized Jordan triple (o, T)-higher derivation associated with a nonlinear Jordan triple
(o, 7)-higher derivation D = {dn}nen on A. Then A is an additive generalized
(o, T)-higher derivation on 2.

If 0,7 both are the identity mapping of the triangular algebra 2 and A, B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 5.2. Let A = Tri(A, M, B) be the triangular algebra consisting of A, B
and an (A, B)-bimodule M, and let A = {0, }nen be a nonlinear generalized Jordan
triple higher derivation of A. Then A is an additive generalized higher derivation
on 2.

One can find our result in some classical cases of triangular algebra such as nest
algebras and block upper triangular matrix algebra.

Corollary 5.3. Let X be an infinite dimensional Banach space over the real or
complex field F and let N be a nest on X which contains a nontrivial element
complemented in X and let T(N) be a nest algebra. Then every nonlinear general-
ized Jordan triple higher derivation is an additive generalized higher derivation on

TN).

Corollary 5.4. Let N be a nest of a Hilbert space H dimension greater than 2 and
let T(N) be a nontrivial nest algebra. Then every nonlinear generalized Jordan
triple higher derivation is an additive generalized higher derivation on T (N).

If Hilbert space H is finite dimensional, then nest algebras are upper block
triangular matrix algebras [5].

Corollary 5.5. Let B,,(R) be a proper block upper triangular matriz algebra over a
commutative ring R. Then every nonlinear generalized Jordan triple higher deriva-
tion is an additive generalized higher derivation on B,(R) .
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Corollary 5.6. [12| Corollary 2.4] Let N' be a nest on a Hilbert space H, and

0: TWN) = T(WN) be a generalized Jordan triple derivation. Then § is a generalized
derivation.
REFERENCES
[1] A. N. Alkenani, M. Ashraf and A. Jabeen, Nonlinear generalized Jordan (o, T)-derivations
on triangular algebras, Special Matrices (to appear).
[2] M. Ashraf, A. Ali and S. Ali, On Lie ideals and generalized Jordan (0, ¢)-derivations in prime
rings, Commun. Algebra, 32 (2004), 2977-2985.
[3] M. Ashraf and A. Khan, Generalized (o, T)-higher derivations in prime rings, Springer Plus,
1:32 (2012), 1-9.
[4] S. U. Chase, A generalization of the ring of triangular matrices, Nagoya Math. J., 18 (1961),
13-25.
[5] W. S. Cheung, Maps on triangular algebras, Ph.D. Dissertation, University of Victoria, 2000.
[6] W. S. Cheung, Commuting maps of triangular algebras, J. Lond. Math. Soc., 63 (2001),
117-127.
[7] W. S. Cheung, Lie derivation of triangular algebras, Linear Multilinear Algebra, 51 (2003),
299-310.
[8] M. N. Daif, When is a multiplicative derivation additive?, Internat. J. Math. Math. Sci.,
14(3) (1991), 615-618.
[9] W. Fu and Z. Xiao , Nonlinear Jordan higher derivations of triangular algebras, Commun.
Math. Res., 31(2) (2015), 119-130.
[10] D. Han and F. Wei, Jordan (a, 8)-derivations on triangular algebras and related mappings,
Linear Algebra Appl., 434(1) (2011), 259-284.
[11] I. N. Herstein, Jordan derivations of prime rings, Proc. Amer. Math. Soc., 8 (1957), 1104-
1110.
[12] J. Hou and X. Qi, Generalized Jordan derivation on mest algebras, Linear Algebra Appl.,
430 (2009), 1479-1485.
[13] R. Khazal, S. Dascalescu and L. V. Wyk, Isomorphism of generalized triangular matriz rings
and recovery of tiles, Int. J. Math. Math. Sci., 9 (2003), 533-538.
[14] W. S. Martindale III, When are multiplicative mappings additive?, Proc. Amer. Math. Soc.,
21 (1969), 695-698.
[15] F. Wei and Z. Xiao , Higher derivations of triangular algebras and its generalizations, Linear
Algebra Appl., 435 (2011), 1034-1054.
[16] Z. Xiao and F. Wei, Higher derivations of triangular algebras and its generalizations, Linear
Algebra Appl., 432 (2010), 2615-2622.
[17] C. Xue, R. An and H. Zhang, Nonlinear Jordan higher derivations on triangular rings,
International Electronic Journal of Algebra, 15 (2014), 56-65.
[18] W. Y. Yu and J. H. Zhang, Nonlinear Lie derivations of triangular algebras, Linear Algebra
Appl., 432 (2010), 2953-2960.
[19] J. H. Zhang, B. W. Wu and H. X. Cao, Lie triple derivations of nest algebras, Linear Algebra
Appl., 416(2-3) (2006), 559-567.
[20] J. H. Zhang and W. Y. Yu, Jordan derivations of triangular algebras, Linear Algebra Appl.,

419 (2006), 251-255.

DEPARTMENT OF MATHEMATICS, ALIGARH MUSLIM UNIVERSITY, ALIGARH,202002, INDIA
E-mail address: mashraf80@hotmail.com,ajabeen3290gmail.com



