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NONLINEAR GENERALIZED JORDAN (σ, τ)-HIGHER

DERIVATION ON TRIANGULAR ALGEBRAS

MOHAMMAD ASHRAF, AISHA JABEEN

Abstract. Let R be a commutative ring with unity, A = Tri(A,M,B) be a

triangular algebra consisting of unital algebras A,B and an (A,B)-bimodule

M which is faithful as a left A-module and also as a right B-module. In this
paper, it is shown that if ∆ is a nonlinear generalized Jordan triple (σ, τ)-higher

derivation on A, then ∆ is an additive generalized (σ, τ)-higher derivation on
A.

1. Introduction

Throughout this paper, let R be a commutative ring with identity and A be
an algebra over R. Let us recall that a mapping d : A → A is called an R-linear
mapping if d(x + y) = d(x) + d(y) and d(rx) = rd(x) for all r ∈ R and x, y ∈ A.
An R-linear mapping d : A → A is called a derivation (resp. Jordan derivation) on
A if d(xy) = d(x)y+xd(y) (resp. d(x2) = d(x)x+xd(x)) holds for all x, y ∈ A. An
R-linear mapping δ : A → A is called a generalized derivation (resp. generalized
Jordan derivation) on A associated with a derivation (resp. Jordan derivation)
d on A if δ(xy) = δ(x)y + xd(y) (resp. δ(x2) = δ(x)x + xd(x)) holds for all
x, y ∈ A. Furthermore, let σ, τ be two automorphisms on A. An R-linear mapping
d : A → A is said to be a (σ, τ)-derivation (resp. Jordan (σ, τ)-derivation) on A
if d(xy) = d(x)τ(y) + σ(x)d(y) (resp. d(x2) = d(x)τ(x) + σ(x)d(x)) holds for all
x, y ∈ A. An R-linear mapping δ : A → A is called a generalized (σ, τ)-derivation
(resp. generalized Jordan (σ, τ)-derivation) on A if there exists a (σ, τ)-derivation
(resp. Jordan (σ, τ)-derivation) d such that δ(xy) = δ(x)τ(y) + σ(x)d(y) (resp.
δ(x2) = δ(x)τ(x) + σ(x)d(x)) holds for all x, y ∈ A. If the condition of linearity
is dropped from the above definitions, then the corresponding maps are called
nonlinear (σ, τ)- derivation (resp. nonlinear Jordan (σ, τ)-derivation) and nonlinear
generalized (σ, τ)-derivation (resp. nonlinear generalized Jordan (σ, τ)-derivation)
on A.

The concept of derivation has been extended in various directions on rings and
algebras ( see references [2, 10, 9]). Let N be the set of all nonegative integers.
A family D = {dn}n∈N of R-linear mappings dn : A → A such that d0 = IA,
the identity mapping on A, is said to be a higher derivation (resp. Jordan higher
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derivation) on A if dn(xy) =
∑

i+j=n

di(x)dj(y) (resp. dn(x2) =
∑

i+j=n

di(x)dj(x))

holds for all x, y ∈ A and for each n ∈ N. Furthermore, a family ∆ = {δn}n∈N of
R-linear mappings δn : A → A such that δ0 = IA, is said to be a generalized higher
derivation (resp. generalized Jordan higher derivation) on A if there exists a higher
derivation (resp. Jordan higher derivation) D = {dn}n∈N on A such that δn(xy) =∑
i+j=n

δi(x)dj(y) (resp. δn(x2) =
∑

i+j=n

δi(x)dj(x)) holds for all x, y ∈ A and for each

n ∈ N. The notion of higher derivation has been extended to (σ, τ)-higher derivation
in rings. Following [3], a family D = {dn}n∈N of R-linear mappings dn : A → A
such that d0 = IA, is said to be a (σ, τ)-higher derivation (resp. (σ, τ)-Jordan
higher derivation) on A if dn(xy) =

∑
i+j=n

di(σ
n−i(x))dj(τ

n−j(y)) (resp. dn(x2) =∑
i+j=n

di(σ
n−i(x))dj(τ

n−j(x))) holds for all x, y ∈ A and for each n ∈ N. Also, a

family ∆ = {δn}n∈N of additive mappings δn : A → A such that δ0 = IA, is said
to be a generalized (σ, τ)-higher derivation (resp. generalized Jordan (σ, τ)-higher
derivation) on A if there exists a (σ, τ)-higher derivation (resp. Jordan (σ, τ)-higher
derivation) D = {dn}n∈N on A such that δn(xy) =

∑
i+j=n

δi(σ
n−i(x))dj(τ

n−j(y))

(resp. δn(x2) =
∑

i+j=n

δi(σ
n−i(x))dj(τ

n−j(x))) holds for all x, y ∈ A and for each

n ∈ N. If the condition of linearity is dropped from the above definitions, then the
corresponding maps are called nonlinear (σ, τ)-higher derivation (resp. nonlinear
Jordan (σ, τ)-higher derivation) and nonlinear generalized (σ, τ)-higher derivation
(resp. nonlinear generalized Jordan (σ, τ)-higher derivation) on A.

The R-algebra A = Tri(A,M,B) =

{(
a m
0 b

)
a ∈ A,m ∈ M, b ∈ B

}
under

the usual matrix operations is called a triangular algebra, where A and B are unital
algebras over R and M is an (A,B)-bimodule. In the year 2000, Cheung [5] initi-
ated the study of linear maps on triangular algebras. He described Lie derivations,
commuting maps and automorphisms of triangular algebras [6, 7]. In recent years,
Han and Wei [10] studied Jordan (σ, τ)- derivations on triangular algebras. Wei
and Xiao [15] considered higher derivations of triangular algebras and its gener-
alizations and studied Jordan higher derivations, Jordan triple higher derivations,
generalized Jordan higher derivations and generalized Jordan triple higher deriva-
tions of triangular algebras. Xue et al. [17] investigated nonlinear Jordan higher
derivations on triangular rings of characteristic not two and obtained that every
nonlinear Jordan higher derivation on triangular ring is a higher derivation. Fur-
ther, the authors together with Alkenani [1] studied nonlinear generalized Jordan
(σ, τ)-derivation on triangular algebras A and obtained that if δ : A → A is a
nonlinear generalized Jordan (σ, τ)-derivation on A, then δ is an additive general-
ized (σ, τ)-derivation on A. In the present paper, we extended the above result for
higher derivations. In fact, we obtain the condition on a triangular algebra A under
which every nonlinear generalized Jordan (σ, τ)-higher derivation on A is an addi-
tive generalized (σ, τ)-higher derivation on A. Also, we prove that every nonlinear
generalized Jordan triple (σ, τ)-higher derivation on A is an additive generalized
(σ, τ)-higher derivation on A.
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2. Preliminaries

Throughout, this paper we shall use the following notions: Let A and B be
unital algebras over R and let M be an (A,B)-bimodule which is faithful as a left
A-module, that is, for A ∈ A, AM = 0 implies A = 0 and also as a right B-module,
that is, for B ∈ B, MB = 0 implies B = 0. Suppose that A = Tri(A,M,B) a
triangular algebra consisting of A,M,B which is 2-torsion free. The center of A is

Z(A) =

{(
a 0
0 b

)
am = mb ∀ m ∈M

}
.

Define two natural projections πA : A→ A and πB : A→ B by

πA

(
a m
0 b

)
= a and πB

(
a m
0 b

)
= b.

Moreover, πA(Z(A)) ⊆ Z(A) and πB(Z(A)) ⊆ Z(B) and there exists a unique
algebra isomorphism ξ : πA(Z(A)) → πB(Z(A)) such that am = mξ(a) for all
a ∈ πA(Z(A)),m ∈M.

Let 1A (resp.1B) be the identity of the algebra A (resp.B) and let I be the

identity of triangular algebra A. p =

(
1A 0
0 0

)
, q = I − p =

(
0 0
0 1B

)
and

A11 = pAp, A12 = pAq, A22 = qAq. Thus, A = pAp + pAq + qAq = A11 +
A12 + A22 where A11 is a subalgebra of A isomorphic to A, A22 is a subalgebra
of A isomorphic to B and A12 is a (A11,A22)-bimodule isomorphic to M. Also,
πA(Z(A)) and πB(Z(A)) are isomorphic to pZ(A)p and qZ(A)q respectively. Then
there is an algebra isomorphisms ξ : pZ(A)p → qZ(A)q such that am = mξ(a) for
all m ∈ pAq.

3. Nonlinear Jordan (σ, τ)-higher derivation

Motivated by Han and Wei [10], in [1] authors together with Alkenani show
that every nonlinear Jordan (σ, τ)-derivation is an additive (σ, τ)-derivation on
triangular algebras. In the present section we extend this result for nonlinear Jordan
(σ, τ)-higher derivation on triangular algebras and prove the following result:

Theorem 3.1. Let A = Tri(A,M,B) be a triangular algebra consisting of A,B
with only trivial idempotents and a bimoduleM. Let σ and τ be two automorphisms
of A such that στ = τσ and D = {di}i∈N be a nonlinear Jordan (σ, τ)-higher
derivations on A. Then D an additive (σ, τ)-higher derivation on A.

In order to prove the theorem we start with the following known result:

Lemma 3.2. [13, Theorem 1] Let A = Tri(A,M,B) be a triangular algebra, where
A and B have only trivial idempotents. Then an R-linear map σ : A → A is said
be automorphism of A if and only if it has the form

σ

(
a m
0 b

)
=

(
θ(a) θ(a)m′ −m′η(b) + ν(m)

0 η(b)

)
,

where θ : A → A and η : B → B are automorphisms, m′ is a fixed element inM and
ν :M→M is an R-linear bijective mapping such that ν(am) = θ(a)ν(m), ν(mb) =
ν(m)η(b) for all a ∈ A, b ∈ B and m ∈M.
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Remark. From Lemma 3.2, it can be easily seen that

σn(M) ⊆M, σn(A) ⊆ A+M, σn(B) ⊆ B +M,

σn(p) = pm =

(
1 m
0 0

)
, σn(q) = q−m =

(
0 −m
0 1

)
for any n ∈ N.

Lemma 3.3. [1, Theorem 3.1] Let A = Tri(A,M,B) be a triangular algebra con-
sisting of A,B with only trivial idempotents and a bimodule M. Let σ and τ be two
automorphisms of A and d : A→ A be a nonlinear Jordan (σ, τ)- derivation on A.
Then d is an additive (σ, τ)-derivation on A.

To prove our main result, we will use induction on n. Following Lemma 3.3, it
is not difficult to see that d1 is an additive (σ, τ)-derivation satisfying following
properties:

d1(0) = 0, d1(p), d1(q), d1(m) ∈M,

d1(a) ∈ A+M, d1(b) ∈ B +M.

for all a ∈ A,m ∈M and b ∈ B. We assume that our result holds for r < n; where
n ∈ N. This implies that {di}i=ri=0 is an additive higher derivation. Thus for any
0 < r < n, we have

dr(0) = 0, dr(p), dr(q), dr(m) ∈M,

dr(a) ∈ A+M, dr(b) ∈ B +M (3.1)

for all a ∈ A,m ∈M and b ∈ B. The proof of the above theorem will be organized
in a series of lemmas.

Lemma 3.4. dn(0) = 0 and dn(p), dn(q), dn(m) ∈M for all m ∈M.

Proof. Obviously

dn(0) = dn(0)τn(0) + σn(0)dn(0) +
∑
i+j=n
i,j<n

di(σ
n−i(0))dj(τ

n−j(0))

= 0.

Now,

dn(p) = dn(p)τn(p) + σn(p)dn(p) +
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(p)).

Using (3.1), Remark 3 and putting dn(p) = p11 + p12 + p22 in the above expression,
we find that dn(p) = p12. This implies that dn(p) ∈M. Similarly, we can show that
dn(q) ∈M. Now,

dn(m) = dn(mp+ pm)
= dn(m)τn(p) + σn(m)dn(p) + dn(p)τn(m) + σn(p)dn(m)

+
∑

i+j=n
i,j<n

di(σ
n−i(m))dj(τ

n−j(p)) +
∑

i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(m)).

Again using (3.1), Remark 3 and putting dn(m) = m11 + m12 + m22 in the last
expression, we find that dn(m) = m12, which implies that dn(m) ∈M. �

Lemma 3.5. dn(a) ∈ A+M and dn(b) ∈ B +M for all a ∈ A and b ∈ B.
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Proof. For any a ∈ A, we have

0 = dn(aq + qa)
= dn(a)τn(q) + σn(a)dn(q) + dn(q)τn(a) + σn(q)dn(a)

+
∑

i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(q)) +
∑

i+j=n
i,j<n

di(σ
n−i(q))dj(τ

n−j(a)).

Assuming dn(a) = a11+a12+a22 and applying (3.1), Remark 3 and Lemma 3.4, we
have dn(a) = a11 + a12. This implies that dn(a) ∈ A +M. In the similar manner,
we have dn(b) ∈M+ B. �

Lemma 3.6. dn(a+m) ∈ A+M and dn(b+m) ∈ B +M for all a ∈ A,m ∈M
and b ∈ B.

Proof. For any a ∈ A and m ∈M, it can easily seen that

dn(m) = dn

(
(a+m)q + q(a+m)

)
= dn(a+m)τn(q) + σn(a+m)dn(q) + dn(q)τn(a+m)

+σn(q)dn(a+m) +
∑

i+j=n
i,j<n

di(σ
n−i(a+m))dj(τ

n−j(q))

+
∑

i+j=n
i,j<n

di(σ
n−i(q))dj(τ

n−j(a+m)).

Assuming dn(a+m) = a′11 + a′12 + a′22 and applying (3.1), Remark 3 and Lemma
3.4, we have dn(a+m) = a′11 + a′12, which implies that dn(a+m) ∈ A+M. In the
similar manner, we have dn(m+ b) ∈M+ B. �

Lemma 3.7. For any a ∈ A,m ∈M and b ∈ B
(i) dn(am) =

∑
i+j=n

di(σ
n−i(a))dj(τ

n−j(m)),

(ii) dn(mb) =
∑

i+j=n

di(σ
n−i(m))dj(τ

n−j(b)).

Proof. (i) For any a ∈ A and m ∈ M, using dn(m) ∈ M and dn(a) ∈ A+M, we
have

dn(am) = dn(am+ma)
= dn(a)τn(m) + σn(a)dn(m) + dn(m)τn(a) + σn(m)dn(a)

+
∑

i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(m)) +
∑

i+j=n
i,j<n

di(σ
n−i(m))dj(τ

n−j(a))

= dn(a)τn(m) + σn(a)dn(m) +
∑

i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(m))

=
∑

i+j=n

di(σ
n−i(a))dj(τ

n−j(m)).

(ii) Similar to (i). �

Lemma 3.8. For any a ∈ A,m ∈M and b ∈ B, we have

(i) dn(a+m) = dn(a) + dn(m),
(ii) dn(m+ b) = dn(m) + dn(b).
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Proof. For any a ∈ A and m,m′ ∈M applying Lemmas 3.4, 3.5 and 3.6, we have

dn(am′) = dn

(
(a+m)m′ +m′(a+m)

)
= dn(a+m)τn(m′) + σn(a+m)dn(m′)

+dn(m′)τn(a+m) + σn(m′)dn(a+m)

+
∑
i+j=n
i,j<n

di(σ
n−i(a+m))dj(τ

n−j(m′))

+
∑
i+j=n
i,j<n

di(σ
n−i(m′))dj(τ

n−j(a+m))

= dn(a+m)τn(m′) + σn(a)dn(m′)

+
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(m′)). (3.2)

On the other hand,

dn(am′) = dn(am′ +m′a)

= dn(a)τn(m′) + σn(a)dn(m′) + dn(m′)τn(a) + σn(m′)dn(a)

+
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(m′)) +
∑
i+j=n
i,j<n

di(σ
n−i(m′))dj(τ

n−j(a))

= dn(a)τn(m′) + σn(a)dn(m′) +
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(m′)). (3.3)

Combining (3.2) and (3.3), we have {dn(a + m) − dn(a)}τn(m′) = 0. Applying
Lemmas 3.5, 3.6 and Remark 3 in the last expression, we arrive at dn(a + m) −
dn(a) ∈M. Therefore,

dn(a+m)− dn(a) = σn(q){dn(a+m)− dn(a)}+ {dn(a+m)− dn(a)}τn(q)

= dn((a+m)q + q(a+m))− dn(q)τn(a+m)

−σn(a+m)dn(q)−
∑
i+j=n
i,j<n

di(σ
n−i(a+m))dj(τ

n−j(q))

−dn(aq + qa)−
∑
i+j=n
i,j<n

di(σ
n−i(q))dj(τ

n−j(a+m))

+dn(q)τn(a) +
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(q))

+σn(a)dn(q) +
∑
i+j=n
i,j<n

di(σ
n−i(q))dj(τ

n−j(a))

= dn(m)

for all m ∈M and a ∈ A. Similarly, we can show that dn(m+ b) = dn(m) + dn(b)
for all m ∈M and b ∈ B. �

Lemma 3.9. For any a1, a2 ∈ A,m1,m2 ∈M and b1, b2 ∈ B, we have
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(i) dn(m1 +m2) = dn(m1) + dn(m2),
(ii) dn(a1 + a2) = dn(a1) + dn(a2),

(iii) dn(b1 + b2) = dn(b1) + dn(b2).

Proof. (i) For all m1,m2 ∈M, we have

dn(m1 +m2) = dn
(
(p+m1)(q +m2) + (q +m2)(p+m1)

)
= dn(p+m1)τn(q +m2) + σn(p+m1)dn(q +m2)

+dn(q +m2)τn(p+m1) + σn(q +m2)dn(p+m1)
+

∑
i+j=n
i,j<n

di(σ
n−i(p+m1))dj(τ

n−j(q +m2))

+
∑

i+j=n
i,j<n

di(σ
n−i(q +m2))dj(τ

n−j(p+m1))

= dn(m1)τn(q) + σn(p)dn(m2) + dn(p)τn(q)
+σn(m)dn(q) +

∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(q))

+
∑

i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(m2))

+
∑

i+j=n
i,j<n

di(σ
n−i(m1))dj(τ

n−j(q))

= dn(m1) + dn(m2).

Also,

dn
(
(a1 + a2)m

)
= dn(a1m) + dn(a2m)

= dn(a1)τn(m) + σn(a1)dn(m) + dn(a2)τn(m)

+σn(a2)dn(m) +
∑
i+j=n
i,j<n

di(σ
n−i(a1))dj(τ

n−j(m))

+
∑
i+j=n
i,j<n

di(σ
n−i(a2))dj(τ

n−j(m)). (3.4)

On the other hand,

dn
(
(a1 + a2)m

)
= dn(a1 + a2)τn(m) + σn(a1 + a2)dn(m)

+
∑
i+j=n
i,j<n

di(σ
n−i(a1 + a2))dj(τ

n−j(m))

= dn(a1 + a2)τn(m) + σn(a1)dn(m) + σn(a2)dn(m)

+
∑
i+j=n
i,j<n

di(σ
n−i(a1 + a2))dj(τ

n−j(m)). (3.5)

On combining (3.4) and (3.5), we have

{dn(a1 + a2)− dn(a1)− dn(a2)}τn(m) = 0. (3.6)
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Again, using Lemmas 3.4 and 3.5 for all a1, a2 ∈ A and m ∈M, we obtain that

0 = dn(a1q + qa1)

= dn(a1)τn(q) + σn(a1)dn(q) + dn(q)τn(a1) + σn(q)dn(a1)

+
∑
i+j=n
i,j<n

di(σ
n−i(a1))dj(τ

n−j(q)) +
∑
i+j=n
i,j<n

di(σ
n−i(q))dj(τ

n−j(a1))

= dn(a1)τn(q) + σn(a1)dn(q) +
∑
i+j=n
i,j<n

di(σ
n−i(a1))dj(τ

n−j(q)). (3.7)

Now replace a1 in (3.7) by a2 and a1 + a2 respectively, we get

0 = dn(a2)τn(q) + σn(a2)dn(q) +
∑
i+j=n
i,j<n

di(σ
n−i(a2))dj(τ

n−j(q)). (3.8)

and

0 = dn(a1+a2)τn(q)+σn(a1+a2)dn(q)+
∑
i+j=n
i,j<n

di(σ
n−i(a1+a2))dj(τ

n−j(q)). (3.9)

From (3.7),(3.8) and (3.9), we get

{dn(a1 + a2)− dn(a1)− dn(a2)}τn(q) = 0. (3.10)

Choose dn(a1 + a2)− dn(a1)− dn(a2) = s11 + s12. Then form (3.6) and (3.10), we
have s11 = 0 = s12 which gives that dn(a1+a2) = dn(a1)+dn(a2) for all a1, a2 ∈ A.
In the similar manner, we get dn(b1 + b2) = dn(b1) + dn(b2) for all b1, b2 ∈ B. �

Lemma 3.10. For any a ∈ A,m ∈M and b ∈ B, we have

dn(a+m+ b) = dn(a) + dn(m) + dn(b).

Proof. Obviously

dn
(
(a+m)p+ p(a+m)

)
= dn

(
(a+m+ b)p+ p(a+m+ b)

)
= dn(a+m+ b)τn(p) + σn(a+m+ b)dn(p)

+dn(p)τn(a+m+ b) + σn(p)dn(a+m+ b)

+
∑
i+j=n
i,j<n

di(σ
n−i(a+m+ b))dj(τ

n−j(p))

+
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(a+m+ b))

= dn(a+m+ b)τn(p) + σn(a)dn(p)

+dn(p)τn(b) + σn(p)dn(a+m+ b)

+
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(p))

+
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(a+m+ b)). (3.11)
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Again, we have

dn
(
(a+m)p+ p(a+m)

)
= dn

(
(a+m)p+ p(a+m)

)
+ dn(bp+ pb)

= dn(a+m)τn(p) + σn(a+m)dn(p) + dn(p)τn(a+m) + σn(p)dn(a+m)

+
∑
i+j=n
i,j<n

di(σ
n−i(a+m))dj(τ

n−j(p)) +
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(a+m))

+dn(b)τn(p) + σn(b)dn(p) + dn(p)τn(b) + σn(p)dn(b)

+
∑
i+j=n
i,j<n

di(σ
n−i(b))dj(τ

n−j(p)) +
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(b))

= dn(a)τn(p) + dn(p)τn(b) + σn(a)dn(p) + dn(p)τn(b)

+σn(p)dn(m) +
∑
i+j=n
i,j<n

di(σ
n−i(a))dj(τ

n−j(p))

+σn(p)dn(a) +
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(a))

+
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(m)) +
∑
i+j=n
i,j<n

di(σ
n−i(p))dj(τ

n−j(b)). (3.12)

Combining (3.11) and (3.12), we get

σn(p){dn(a+m+ b)−dn(a)− dn(m)− dn(b)}
+ {dn(a+m+ b)− dn(a)− dn(m)− dn(b)}τn(p) = 0.

(3.13)

Similarly, we have

σn(q){dn(a+m+ b)−dn(a)− dn(m)− dn(b)}
+ {dn(a+m+ b)− dn(a)− dn(m)− dn(b)}τn(q) = 0.

(3.14)

Let us take dn(a + m + b) − dn(a) − dn(m) − dn(b) = t11 + t12 + t22. Then form
(3.13) and (3.14), we have t11 = t12 = t22 = 0, which implies that

dn(a+m+ b) = dn(a) + dn(m) + dn(b)

for all a ∈ A,m ∈M and b ∈ B. �

Lemma 3.11. For any a1, a2 ∈ A and b1, b2 ∈ B, we have

(i) dn(a1a2) =
∑

i+j=n

di(σ
n−i(a1))dj(τ

n−j(a2)),

(ii) dn(b1b2) =
∑

i+j=n

di(σ
n−i(b1))dj(τ

n−j(b2)).
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Proof. From Lemma 3.7 for all a1, a2 ∈ A and m ∈M, it follows that

dn
(
(a1a2)m

)
= dn

(
a1(a2m)

)
= dn(a1)τn(a2m) + σn(a1)dn(a2m)

+
∑
i+j=n
i,j<n

di(σ
n−i(a1))dj(τ

n−j(a2m))

= dn(a1)τn(a2m) + σn(a1)dn(a2)τn(m)

+σn(a1)σn(a2)dn(m) +
∑
i+j=n
i,j<n

di(σ
n−i(a1))dj(τ

n−j(a2m)).

But since

dn
(
(a1a2)m

)
= dn(a1a2)τn(m)+σn(a1a2)dn(m)+

∑
i+j=n
i,j<n

di(σ
n−i(a1a2))dj(τ

n−j(m)),

then above expression yields that

{dn(a1a2)− dn(a1)τn(a2)− σn(a1)dn(a2)}τn(m) = 0. (3.15)

Now replace a1 in (3.7) by a2 and a1a2 respectively, we get

0 = dn(a2)τn(q) + σn(a2)dn(q) +
∑
i+j=n
i,j<n

di(σ
n−i(a2))dj(τ

n−j(q)). (3.16)

and

0 = dn(a1a2)τn(q) + σn(a1a2)dn(q) +
∑
i+j=n
i,j<n

di(σ
n−i(a1a2))dj(τ

n−j(q)). (3.17)

Multiplying (3.16) by σn(a1) and combining with (3.17), we get

{dn(a1a2)− dn(a1)τn(a2)− σn(a1)dn(a2)}τn(q) = 0. (3.18)

Now assume dn(a1a2)− dn(a1)τn(a2)−σn(a1)dn(a2) = u11 +u12 +u22. Then form
(3.15) and (3.18), we have u11 = u12 = u22 = 0 which gives that dn(a1a2) =∑
i+j=n

di(σ
n−i(a1))dj(τ

n−j(a2)) for all a1, a2 ∈ A. In the similar manner, we get

dn(b1b2) =
∑

i+j=n

di(σ
n−i(b1))dj(τ

n−j(b2)) for all b1, b2 ∈ B. �

Proof of Theorem 3.1. Let us take x = a1 + m1 + b1 and y = a2 + m2 + b2 where
a1, a2 ∈ A,m1,m2 ∈ M and b1, b2 ∈ B. On using Lemmas 3.8, 3.9 and 3.10, we
arrive at

dn(x+ y) = dn(a1 +m1 + b1 + a2 +m2 + b2)

= dn
(
(a1 + a2) + (m1 +m2) + (b1 + b2)

)
= dn(a1 + a2) + dn(m1 +m2) + dn(b1 + b2)

= dn(a1) + dn(m1) + dn(b1) + dn(a2) + dn(m2) + dn(b2)

= dn(a1 +m1 + b1) + dn(a2 +m2 + b2)

= dn(x) + dn(y). (3.19)
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Using Lemmas 3.5, 3.10 and 3.11, we have

dn(xy) = dn((a1 +m1 + b1)(a2 +m2 + b2))

= dn(a1a2 + a1m2 +m1b2 + b1b2)

=
∑
i+j=n

di(σ
n−i(a1))dj(τ

n−j(a2)) +
∑
i+j=n

di(σ
n−i(a1))dj(τ

n−j(m2))

+
∑
i+j=n

di(σ
n−i(m1))dj(τ

n−j(b2)) +
∑
i+j=n

di(σ
n−i(b1))dj(τ

n−j(b2)).

On the other hand,∑
i+j=n

di(σ
n−i(x))dj(τ

n−j(y))

=
∑
i+j=n

di(σ
n−i(a1 +m1 + b1))dj(τ

n−j(a2 +m2 + b2))

=
∑
i+j=n

{di(σn−i(a1)) + di(σ
n−i(m1)) + di(σ

n−i(b1))}

{dj(τn−j(a2)) + dj(τ
n−j(m2)) + dj(τ

n−j(b2))}

=
∑
i+j=n

di(σ
n−i(a1))dj(τ

n−j(a2)) +
∑
i+j=n

di(σ
n−i(a1))dj(τ

n−j(m2))

+
∑
i+j=n

di(σ
n−i(m1))dj(τ

n−j(b2)) +
∑
i+j=n

di(σ
n−i(b1))dj(τ

n−j(b2)).

From the above two expressions it can be easily seen that

dn(xy) =
∑
i+j=n

di(σ
n−i(x))dj(τ

n−j(y))

which proves the required result. �

As a direct consequence of Theorem 3.1, we get the following result:

Corollary 3.12. [10, Proposition 3.2] Let A = Tri(A,M,B) be the triangular alge-
bra consisting of A,B and M. Suppose that A and B have only trivial idempotents.
Then any Jordan (σ, τ)-derivation on A is an (σ, τ)-derivation.

If σ, τ both are the identity mapping of the triangular algebra A and A,B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 3.13. [9, Theorem 3.1] Let A = Tri(A,M,B) be a triangular algebra
and let D = {dn}n∈N be a nonlinear Jordan higher derivation of A. Then D is an
additive higher derivation.

Corollary 3.14. [12, Theorem 2.1] Let N be a nest on a Banach space X, and δ
be an additive generalized Jordan derivation from AlgN into itself. If there exists
a non-trivial element in N which is complemented in X, then δ is an additive
generalized derivation.
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4. Nonlinear generalized Jordan (σ, τ)-higher derivation

In this section we extend Theorem 3.1 for generalized derivation. Actually, we
obtain the following known result:

Theorem 4.1. Let A = Tri(A,M,B) be a triangular algebra consisting of A,B
with only trivial idempotents and an (A,B)- bimodule M. Let σ and τ be two
automorphisms of A such that στ = τσ and ∆ = {δn}n∈N be a nonlinear general-
ized Jordan (σ, τ)-higher derivation associated with a nonlinear Jordan (σ, τ)-higher
derivation D = {dn}n∈N on A. Then ∆ is an additive generalized (σ, τ)-higher
derivation on A.

The proof of the above theorem will be organized in a series of lemmas. The
proof of following lemma can be seen in [1, Theorem 4.1].

Lemma 4.2. Suppose that A = Tri(A,M,B) be a triangular algebra having alge-
bras A,B with only trivial idempotents and an (A,B)-bimodule M. Let σ and τ be
two automorphisms of A and δ : A → A be a nonlinear generalized Jordan (σ, τ)-
derivation on A with associated nonlinear Jordan (σ, τ)-derivation d on A. Then δ
is an additive generalized (σ, τ)-derivation on A.

To prove the result, we will use induction on n. Following Lemma 4, it is not
difficult to see that δ1 is an additive (σ, τ)-derivation satisfying following properties:

δ1(0) = 0, δ1(m) ∈M,

δ1(p), δ1(a) ∈ A+M, δ1(q), δ1(b) ∈ B +M.

for all a ∈ A,m ∈M and b ∈ B. We assume that our result holds for r < n; where
n ∈ N. This implies that {δi}i=ri=0 is an additive higher derivation. Thus for any
0 < r < n, we have

δr(0) = 0, δr(m) ∈M,

δr(p), δr(a) ∈ A+M, δr(q), δr(b) ∈ B +M (4.1)

for all a ∈ A,m ∈M and b ∈ B.

Lemma 4.3. δn(0) = 0 and δn(p), δn(q), δn(m) ∈M for all m ∈M.

Proof. We have

δn(0) = δn(0)τn(0) + σn(0)dn(0) +
∑
i+j=n
i,j<n

δi(σ
n−i(0))dj(τ

n−j(0))

= 0.

Now,

δn(p) = δn(p)τn(p) + σn(p)dn(p) +
∑
i+j=n
i,j<n

δi(σ
n−i(p))dj(τ

n−j(p)).

Using (4.1), Remark 3 and putting δn(p) = p11 + p12 + p22 in the above expression,
we find that δn(p) = p12. This implies that δn(p) ∈M. Similarly, we can show that
δn(q) ∈M.
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Now,

δn(m) = δn(mp+ pm)
= δn(m)τn(p) + σn(m)dn(p) + δn(p)τn(m) + σn(p)dn(m)

+
∑

i+j=n
i,j<n

δi(σ
n−i(m))dj(τ

n−j(p)) +
∑

i+j=n
i,j<n

δi(σ
n−i(p))dj(τ

n−j(m)).

Again using (4.1), Remark 3 and putting δn(m) = m11 + m12 + m22 in the last
expression, we find that δn(m) = m12, which implies that δn(m) ∈M. �

Lemma 4.4. δn(a) ∈ A+M and δn(b) ∈ B +M for all a ∈ A and b ∈ B.

Proof. For any a ∈ A, we have

0 = δn(aq + qa)
= δn(a)τn(q) + σn(a)dn(q) + δn(q)τn(a) + σn(q)dn(a)

+
∑

i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(q)) +
∑

i+j=n
i,j<n

δi(σ
n−i(q))dj(τ

n−j(a)).

Assuming δn(a) = a11 + a12 + a22 and applying (4.1), Remark 3 and Lemma 4.3,
we have δn(a) = a11 + a12, that is, δn(a) ∈ A+M. In the similar manner, we find
that δn(b) ∈M+ B. �

Lemma 4.5. δn(a+m) ∈ A+M and δn(b+m) ∈ B +M for all a ∈ A,m ∈ M
and b ∈ B.

Proof. For any a ∈ A and m ∈M, it can be easily seen that

δn(m) = δn

(
(a+m)q + q(a+m)

)
= δn(a+m)τn(q) + σn(a+m)dn(q) + δn(q)τn(a+m)

+σn(q)dn(a+m) +
∑

i+j=n
i,j<n

δi(σ
n−i(a+m))dj(τ

n−j(q))

+
∑

i+j=n
i,j<n

δi(σ
n−i(q))dj(τ

n−j(a+m)).

Assuming δn(a + m) = a′11 + a′12 + a′22 and applying (4.1), Remark 3 and Lemma
4.3, we have δn(a+m) = a′11 + a′12. This implies that δn(a+m) ∈ A+M. In the
similar manner, we have δn(m+ b) ∈M+ B. �

Lemma 4.6. For any a ∈ A,m ∈M and b ∈ B

(i) δn(am) =
∑

i+j=n

δi(σ
n−i(a))dj(τ

n−j(m)),

(ii) δn(mb) =
∑

i+j=n

δi(σ
n−i(m))dj(τ

n−j(b)).
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Proof. (i) For any a ∈ A and m ∈ M, using δn(m) ∈ M and δn(a) ∈ A +M, we
have

δn(am) = δn(am+ma)
= δn(a)τn(m) + σn(a)dn(m) + δn(m)τn(a) + σn(m)dn(a)

+
∑

i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(m)) +
∑

i+j=n
i,j<n

δi(σ
n−i(m))dj(τ

n−j(a))

= δn(a)τn(m) + σn(a)dn(m) +
∑

i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(m))

=
∑

i+j=n

δi(σ
n−i(a))dj(τ

n−j(m)).

(ii) Similar to (i). �

Lemma 4.7. For any a ∈ A,m ∈M and b ∈ B, we have

(i) δn(a+m) = δn(a) + δn(m),
(ii) δn(m+ b) = δn(m) + δn(b).

Proof. For any a ∈ A and m,m′ ∈M applying Lemmas 4.3, 4.4 and 4.5, we have

δn(am′) = δn

(
(a+m)m′ +m′(a+m)

)
= δn(a+m)τn(m′) + σn(a+m)dn(m′)

+δn(m′)τn(a+m) + σn(m′)dn(a+m)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a+m))dj(τ

n−j(m′))

+
∑
i+j=n
i,j<n

δi(σ
n−i(m′))dj(τ

n−j(a+m))

= δn(a+m)τn(m′) + σn(a)dn(m′)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(m′)). (4.2)

On the other hand,

δn(am′) = δn(am′ +m′a)

= δn(a)τn(m′) + σn(a)dn(m′) + δn(m′)τn(a) + σn(m′)dn(a)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(m′)) +
∑
i+j=n
i,j<n

]δi(σ
n−i(m′))dj(τ

n−j(a))

= δn(a)τn(m′) + σn(a)dn(m′) +
∑
i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(m′)). (4.3)

Combining (4.2) and (4.3), we have {δn(a + m) − δn(a)}τn(m′) = 0. Applying
Lemmas 4.4, 4.5 and Remark 3, the last expression yields that δn(a+m)− δn(a) ∈
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M. Therefore,

δn(a+m)− δn(a) = σn(q){dn(a+m)− dn(a)}+ {δn(a+m)− δn(a)}τn(q)

= δn((a+m)q + q(a+m))− δn(q)τn(a+m)

−σn(a+m)dn(q)−
∑
i+j=n
i,j<n

δi(σ
n−i(a+m))dj(τ

n−j(q))

−δn(aq + qa)−
∑
i+j=n
i,j<n

δi(σ
n−i(q))dj(τ

n−j(a+m))

+δn(q)τn(a) +
∑
i+j=n
i,j<n

δi(σ
n−i(a))dj(τ

n−j(q))

+σn(a)dn(q) +
∑
i+j=n
i,j<n

δi(σ
n−i(q))dj(τ

n−j(a))

= δn(m).

for all m ∈ M and a ∈ A. Similarly, we can show that δn(m+ b) = δn(m) + δn(b)
for all m ∈M and b ∈ B. �

Lemma 4.8. For any a1, a2 ∈ A,m1,m2 ∈M and b1, b2 ∈ B, we have

(i) δn(m1 +m2) = δn(m1) + δn(m2),
(ii) δn(a1 + a2) = δn(a1) + δn(a2),

(iii) δn(b1 + b2) = δn(b1) + δn(b2).

Proof. (i) For all m1,m2 ∈M, we have

δn(m1 +m2) = δn
(
(p+m1)(q +m2) + (q +m2)(p+m1)

)
= δn(p+m1)τn(q +m2) + σn(p+m1)dn(q +m2)

+δn(q +m2)τn(p+m1) + σn(q +m2)dn(p+m1)
+

∑
i+j=n
i,j<n

δi(σ
n−i(p+m1))dj(τ

n−j(q +m2))

+
∑

i+j=n
i,j<n

δi(σ
n−i(q +m2))dj(τ

n−j(p+m1))

= δn(m1)τn(q) + σn(p)dn(m2) + δn(p)τn(q)
+σn(m)dn(q) +

∑
i+j=n
i,j<n

δi(σ
n−i(p))dj(τ

n−j(q))

+
∑

i+j=n
i,j<n

δi(σ
n−i(p))dj(τ

n−j(m2))

+
∑

i+j=n
i,j<n

δi(σ
n−i(m1))dj(τ

n−j(q))

= δn(m1) + δn(m2).
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Also,

δn
(
(a1 + a2)m

)
= δn(a1m) + δn(a2m)

= δn(a1)τn(m) + σn(a1)dn(m) + δn(a2)τn(m)

+σn(a2)dn(m) +
∑
i+j=n
i,j<n

δi(σ
n−i(a1))dj(τ

n−j(m))

+
∑
i+j=n
i,j<n

δi(σ
n−i(a2))dj(τ

n−j(m)).

(4.4)

On the other hand,

δn
(
(a1 + a2)m

)
= δn(a1 + a2)τn(m) + σn(a1 + a2)dn(m)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a1 + a2))dj(τ

n−j(m))

= δn(a1 + a2)τn(m) + σn(a1)dn(m) + σn(a2)dn(m)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a1 + a2))dj(τ

n−j(m)). (4.5)

On combining (4.4) and (4.5), we have

{δn(a1 + a2)− δn(a1)− δn(a2)}τn(m) = 0. (4.6)

Again, using Lemmas 4.3 and 4.4 for all a1, a2 ∈ A and m ∈M, we obtain that

0 = δn(a1q + qa1)

= δn(a1)τn(q) + σn(a1)dn(q) + δn(q)τn(a1) + σn(q)dn(a1)

+
∑
i+j=n
i,j<n

δi(σ
n−i(a1))dj(τ

n−j(q)) +
∑
i+j=n
i,j<n

δi(σ
n−i(q))dj(τ

n−j(a1))

= δn(a1)τn(q) + σn(a1)dn(q) +
∑
i+j=n
i,j<n

δi(σ
n−i(a1))dj(τ

n−j(q)). (4.7)

Now replace a1 in (4.7) by a2 and a1 + a2 respectively, to get

0 = δn(a2)τn(q) + σn(a2)dn(q) +
∑
i+j=n
i,j<n

δi(σ
n−i(a2))dj(τ

n−j(q)). (4.8)

and

0 = δn(a1+a2)τn(q)+σn(a1+a2)dn(q)+
∑
i+j=n
i,j<n

δi(σ
n−i(a1+a2))dj(τ

n−j(q)). (4.9)

From (4.7),(4.8) and (4.9), we get

{δn(a1 + a2)− δn(a1)− δn(a2)}τn(q) = 0. (4.10)

Now let δn(a1 + a2)− δn(a1)− δn(a2) = s11 + s12, Form (4.6) and (4.10), we have
s11 = 0 = s12. This gives that δn(a1 + a2) = δn(a1) + δn(a2) for all a1, a2 ∈ A. In
the similar manner, we find that δn(b1 + b2) = δn(b1) + δn(b2) for all b1, b2 ∈ B. �
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Lemma 4.9. For any a1, a2 ∈ A and b1, b2 ∈ B, we have

(i) δn(a1a2) =
∑

i+j=n

δi(σ
n−i(a1))dj(τ

n−j(a2)),

(ii) δn(b1b2) =
∑

i+j=n

δi(σ
n−i(b1))dj(τ

n−j(b2)).

Proof. From Lemma 4.6 for all a1, a2 ∈ A and m ∈M, it follows that

δn
(
(a1a2)m

)
= δn

(
a1(a2m)

)
δn(a1a2)τn(m) + σn(a1a2)d(m) = δn(a1)τn(a2m) + σn(a1)dn(a2m)

= δn(a1)τn(a2m) + σn(a1)dn(a2)τn(m)

+σn(a1)σn(a2)dn(m).

This implies that

{δn(a1a2)− δn(a1)τn(a2)− σn(a1)dn(a2)}τn(m) = 0. (4.11)

Now replace a1 in (4.7) by a2 and a1a2 respectively, we get

0 = δn(a2)τn(q) + σn(a2)dn(q) +
∑
i+j=n
i,j<n

δi(σ
n−i(a2))dj(τ

n−j(q)). (4.12)

and

0 = δn(a1a2)τn(q) + σn(a1a2)dn(q) +
∑
i+j=n
i,j<n

δi(σ
n−i(a1a2))dj(τ

n−j(q)). (4.13)

Multiplying (4.12) by σn(a1) and combining with (4.13), we get

{δn(a1a2)− δn(a1)τn(a2)− σn(a1)dn(a2)}τn(q) = 0. (4.14)

Now assume δn(a1a2)− δn(a1)τn(a2)−σn(a1)dn(a2) = u11 +u12 +u22. Then from
(4.11) and (4.14), we have u11 = u12 = u22 = 0, which gives that

δn(a1a2) =
∑
i+j=n

δi(σ
n−i(a1))dj(τ

n−j(a2))

for all a1, a2 ∈ A. In the similar manner, we get

δn(b1b2) =
∑
i+j=n

δi(σ
n−i(b1))dj(τ

n−j(b2))

for all b1, b2 ∈ B. �

Proof of Theorem 3. Let us take x = a1 + m1 + b1 and y = a2 + m2 + b2 where
a1, a2 ∈ A,m1,m2 ∈M and b1, b2 ∈ B. On using Lemmas 4.7, 4.8 and 4.9, we find
that

δn(x+ y) = δn(a1 +m1 + b1 + a2 +m2 + b2)

= δn
(
(a1 + a2) + (m1 +m2) + (b1 + b2)

)
= δn(a1 + a2) + δn(m1 +m2) + δn(b1 + b2)

= δn(a1) + δn(m1) + δn(b1) + δn(a2) + δn(m2) + δn(b2)

= δn(a1 +m1 + b1) + δn(a2 +m2 + b2)

= δn(x) + δn(y). (4.15)
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Using Lemmas 4.4, 4.8 and 4.9, we have

δn(xy) = δn((a1 +m1 + b1)(a2 +m2 + b2))

= δn(a1a2 + a1m2 +m1b2 + b1b2)

=
∑
i+j=n

δi(σ
n−i(a1))dj(τ

n−j(a2)) +
∑
i+j=n

δi(σ
n−i(a1))dj(τ

n−j(m2))

+
∑
i+j=n

δi(σ
n−i(m1))dj(τ

n−j(b2)) +
∑
i+j=n

δi(σ
n−i(b1))dj(τ

n−j(b2)).

On the other hand,∑
i+j=n

δi(σ
n−i(x))dj(τ

n−j(y))

=
∑
i+j=n

δi(σ
n−i(a1 +m1 + b1))dj(τ

n−j(a2 +m2 + b2))

=
∑
i+j=n

{δi(σn−i(a1)) + δi(σ
n−i(m1)) + δi(σ

n−i(b1))}

{dj(τn−j(a2)) + dj(τ
n−j(m2)) + dj(τ

n−j(b2))}

=
∑
i+j=n

δi(σ
n−i(a1))dj(τ

n−j(a2)) +
∑
i+j=n

δi(σ
n−i(a1))dj(τ

n−j(m2))

+
∑
i+j=n

δi(σ
n−i(m1))dj(τ

n−j(b2)) +
∑
i+j=n

δi(σ
n−i(b1))dj(τ

n−j(b2)).

From the last two expressions it can be easily seen that

δn(xy) =
∑
i+j=n

δi(σ
n−i(x))dj(τ

n−j(y))

which proves the required result. �

As a direct consequence of Theorem 3.1, we get the following:

Corollary 4.10. [10, Theorem 4.3] Let A = Tri(A,M,B) be the triangular algebra
consisting of A,B and an (A,B)-bimodule M, and let ∆ = {δn}n∈N be generalized
Jordan (σ, τ)-derivation on A. Suppose that A and B have only trivial idempotents.
Then ∆ is a generalized (σ, τ)-derivation on A.

If σ, τ both are the identity mapping of the triangular algebra A and A,B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 4.11. [15, Theorem 4.7] Let A = Tri(A,M,B) be the triangular algebra
consisting of A,B and an (A,B)-bimoduleM, and let ∆ = {δn}n∈N be a generalized
Jordan higher derivation of A. Then ∆ is a generalized higher derivation on A.

5. Some more results

Let N be the set of all nonegative integers. A family D = {dn}n∈N of R-linear
mappings dn : A → A such that d0 = IA, the identity mapping on A, is said to be
a Jordan triple (σ, τ)-higher derivation on A if

dn(xyx) =
∑

i+j+k=n

di(σ
n−i(x))dj(σ

kτ i(y))dk(τn−k(x))
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holds for all x, y ∈ A.
A family ∆ = {δn}n∈N of R-linear mappings δn : A → A is said to be a gen-

eralized Jordan triple (σ, τ)-higher derivation on A if there exists a Jordan triple
(σ, τ)-higher derivation D = {dn}n∈N such that

δn(xyx) =
∑

i+j+k=n

δi(σ
n−i(x))dj(σ

kτ i(y))dk(τn−k(x))

holds for all x, y ∈ A. If the assumption of linearity is dropped in the above defini-
tion, then the corresponding derivations are called a nonlinear Jordan triple (σ, τ)-
higher derivation and a nonlinear generalized Jordan triple (σ, τ)-higher derivation
respectively. It can be easily seen that dn(I) = 0. Now replace y by I, the identity
of A, in the last definition we find that δn(x2) =

∑
i+j=n

δi(σ
n−i(x))dj(τ

n−j(x)). This

shows that a nonlinear generalized Jordan triple (σ, τ)-higher derivation is a non-
linear generalized Jordan (σ, τ)-higher derivation on a triangular algebra. Hence
we get the following result:

Theorem 5.1. Let A = Tri(A,M,B) be a triangular algebra consisting of A,B
with only trivial idempotents and an (A,B)-bimodule M. Let σ and τ be two au-
tomorphisms of A such that στ = τσ and ∆ = {δn}n∈N be a nonlinear general-
ized Jordan triple (σ, τ)-higher derivation associated with a nonlinear Jordan triple
(σ, τ)-higher derivation D = {dn}n∈N on A. Then ∆ is an additive generalized
(σ, τ)-higher derivation on A.

If σ, τ both are the identity mapping of the triangular algebra A and A,B are
arbitrary unital algebras, then we get the following result as a corollary to our
theorem:

Corollary 5.2. Let A = Tri(A,M,B) be the triangular algebra consisting of A,B
and an (A,B)-bimoduleM, and let ∆ = {δn}n∈N be a nonlinear generalized Jordan
triple higher derivation of A. Then ∆ is an additive generalized higher derivation
on A.

One can find our result in some classical cases of triangular algebra such as nest
algebras and block upper triangular matrix algebra.

Corollary 5.3. Let X be an infinite dimensional Banach space over the real or
complex field F and let N be a nest on X which contains a nontrivial element
complemented in X and let T (N ) be a nest algebra. Then every nonlinear general-
ized Jordan triple higher derivation is an additive generalized higher derivation on
T (N ).

Corollary 5.4. Let N be a nest of a Hilbert space H dimension greater than 2 and
let T (N ) be a nontrivial nest algebra. Then every nonlinear generalized Jordan
triple higher derivation is an additive generalized higher derivation on T (N ).

If Hilbert space H is finite dimensional, then nest algebras are upper block
triangular matrix algebras [5].

Corollary 5.5. Let Bn(R) be a proper block upper triangular matrix algebra over a
commutative ring R. Then every nonlinear generalized Jordan triple higher deriva-
tion is an additive generalized higher derivation on Bn(R) .
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Corollary 5.6. [12, Corollary 2.4] Let N be a nest on a Hilbert space H, and
δ : T (N )→ T (N ) be a generalized Jordan triple derivation. Then δ is a generalized
derivation.
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