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CYCLIC GROUPS WITH HAJÓS PROPERTY, AN

ELEMENTARY APPROACH

SÁNDOR SZABÓ

Abstract. There is a complete description of the finite abelian groups pos-

sessing the so-called Hajós property. The known proofs of this important

classification result rely on cyclotomic fields or characters even in the partic-
ular case of cyclic groups. This paper provides an elementary proof for the

cyclic case.

1. Introduction.

Let G be a finite abelian group. We will use multiplicative notation in connection
with abelian groups. Let A, B be subsets of G. The product AB is defined by
AB = {ab : a ∈ A, b ∈ B}. The product AB is direct if

a1b1 = a2b2, a1, a2 ∈ A, b1, b2 ∈ B
imply that a1 = a2, b1 = b2. If the product AB is direct and if it is equal to G, then
we say that the equation G = AB is a factorization of G. A subset A of G is called
normalized if the identity element e of G belongs to A. A factorization G = AB is
called a normalized factorization if the factors A and B are both normalized.

For a subset A of G the notation 〈A〉 stands for the smallest subgroup of G that
contains A, that is, 〈A〉 denotes the span of A in G. We say that a normalized
subset A of G is a full-rank subset of G if 〈A〉 = G. We say that a normalized
factorization G = AB is a full-rank factorization if A and B are both full-rank
subsets of G.

A subset A of G is termed periodic if there is a g ∈ G \ {e} such that gA = A.
The element g is called a period of A. It is clear that if g, h are periods of A and
gh 6= e, then gh is also a period of A. The periods of A together with the identity
element form a subgroup H of G. In fact the subset A is a union of cosets modulo
H and consequently there is a subset C of G for which the product CH is direct
and CH = A. A factorization G = AB is defined to be periodic if either A or B is
periodic. We say that the finite abelian group G has the Hajós property if either
G = {e} or G 6= {e} and each factorization of G is periodic. It turns out that if G
has the Hajós property, then so does each subgroup of G.
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Let t1, . . . , ts be not necessarily distinct prime powers with ti ≥ 2. We will
express the fact that G is a direct product of cyclic groups of orders t1, . . . , ts by
saying that the type of G is (t1, . . . , ts). There is a complete classification of the
finite abelian groups possessing the Hajós property. To describe this let us consider
the following list of group types.

(pα, q), (p2, q2), (p2, q, r), (p, q, r, s),
(p3, 2, 2), (p2, 2, 2, 2), (p, 22, 2), (p, 2, 2, 2, 2),
(p, q, 2, 2), (p, 3, 3), (32, 3), (2α, 2),

(22, 22), (p, p).

Here p, q, r, s are distinct primes and α ≥ 3. A group whose type is on the list
has the Hajós property and each group that has the Hajós property is a subgroup
of such a group. The above characterization of groups with Hajós property first
appeared in [3]. This is one of the most frequently used results of the factorization
theory of finite abelian groups. The first row of the list contains cyclic groups. This
result first appeard in [2]. The multiplicative group of the non-zero elements of a
finite field is cyclic and from this reason the classification of finite cyclic groups with
Hajós property is widely applied and it is an important result on its own right.

The known proofs of the classification result on groups with Hajós property
are relying on the theory of cyclotomic polynomials and cyclotomic fields or alter-
natively on characters of finite abelian groups. We will show that for the cyclic
case the classification can be accomplished using only elementary group theoretical
techniques.

2. Preliminaries.

The next observation is well-known. When we want to decide if a factorization
G = AB of a finite abelian group G is periodic we may focus our attention on
normalized factorizations. To see why let us choose a ∈ A, b ∈ B. Multiplying
the factorization G = AB by a−1b−1 we get the normalized factorization G =
Ga−1b−1 = (Aa−1)(Bb−1). Note that a subset A of G is periodic if and only if
(Aa−1) is periodic.

Let G be a finite abelian group whose order is devisible by a prime p. There
are unique subgroups H and K of G such that the order of H is a power of p
and the order of K is relatively prime to p further G = HK is factorization of G.
Consequently each element g ∈ G can be uniquely written as a product g = hk,
where h ∈ H and k ∈ K. In what follows we will say that h is the p-part of the
element g. Note that when G is a p-group, then H = G and K = {e} hold.

We will use the following result several times.

Lemma 2.1. Let G = AB be a normalized factorization of the finite cyclic group
G such that |A| = p is a prime. Then the factorization is periodic.

Proof. Since G is a cyclic group, it has a unique subgroup L of order p. Let A′ be
the set of the p-parts of the elements of A. It is a corollary of Proposition 3 of [4]
that in the factorization G = AB the factor A can be replaced by A′ to get the
normalized factorization G = A′B. From |G| = |A||B|, |G| = |A′||B| it follows that
|A| = |A′|. In other words the p-parts of the elements of A are pair-wise distinct.
In particular, the p-part of each element a ∈ A \ {e} is distinct from e. Therefore
p is a divisor of |a| for each a ∈ A \ {e}.
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If |a| = p for each a ∈ A \ {e}, then A = L and consequently A is periodic. Thus
we may assume that |a| 6= p for some a ∈ A \ {e}. Set C = {e, a, a2, . . . , ap−1}. By
Lemma 3 of [6], in the factorization G = AB the factor A can be replaced by C to
get the normalized factorization G = CB. From the proof of Lemma 1 of [5] we
know that ap is a period of B. �

The following result is Theorem 3 of [7]. For easier reference we state it as a
lemma.

Lemma 2.2. Let p, q be distinct primes and let G be a finite abelian group whose
p-component and q-component are cyclic. If G = AB is a normalized factorization
of G such that |A| = pαqβ, then the factorization is not full-rank.

We defined products and direct products of subsets only for two subsets. How-
ever, even if one works with factorizations involving two subsets factorizations in-
volving more factors occur inevitably. So we extend our definitions. The product
of the subsets A1, . . . , An of G is equal to

{a1 · · · an : a1 ∈ A1, . . . , an ∈ An}.

The product A1 · · ·An is direct if

a1,1 · · · a1,n = a2,1 · · · a2,n, a1,1, a2,1 ∈ A1, . . . , a1,n, a2,n ∈ An
imply a1,1 = a2,1, . . . , a1,n = a2,n. This extended version will be used only once
with n = 4.

3. Two propositions.

In this section we will show that the cyclic groups on the list in Section 1 have
the Hajós property.

Proposition 3.1. Let G be a finite abelian group of type (pα, q), where p, q are
distinct primes, α ≥ 1. Then each factorization of G is periodic.

Proof. LetG = AB be a factorization ofG. We may assume that the factorization is
normalized. We may choose the notations such that |A| = pλ, λ ≥ 1 and |B| = pµq,
µ ≥ 0.

In the α = 1 case |A| = p, |B| = q. Now Lemma 2.1 is applicable and gives that
either A or B is periodic. We may assume that α ≥ 2 and we start an induction
on |G|. By Lemma 2.2, either 〈A〉 6= G or 〈B〉 6= G.

Let us deal with the 〈B〉 6= G case first. Set H = 〈B〉. If B is periodic,
then there is nothing to prove. Thus we may assume that B is not periodic. If
B = H, then B is a subgroup distinct from {e} and so B is periodic. Thus we
may assume that B 6= H. Choose an element a ∈ A. Multiplying the factorization
G = AB by a−1 provides the normalized factorization G = Ga−1 = (Aa−1)B.
Restricting this factorization to H we get the normalized factorization H = G∩H =
(Aa−1 ∩H)B. Considering the cardinalities yields |H| = |Aa−1 ∩H||B|. It follows
that |Aa−1 ∩H| = pγ with some γ ≥ 0. As B 6= H, we get γ ≥ 1.

By the inductive assumption on |G| from the factorization H = (Aa−1∩H)B we
get that either Aa−1∩H or B is periodic. Only Aa−1∩H can be periodic. Let g be
a period of Aa−1 ∩H. As |g| divides |Aa−1 ∩H| = pγ we may assume that |g| = p.
The group G has a unique subgroup L of order p. Since Aa−1 ∩H is a normalized
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subset of H, it follows that g ∈ (Aa−1 ∩H) and so 〈g〉 = L ⊆ (Aa−1 ∩H). This
means that

L ⊆
⋂
a∈A

Aa−1.

By Lemma 3 of [1], A is periodic.
Let us turn to the 〈A〉 6= G case. If A is periodic, then there is nothing to prove

and so we may assume that A is not periodic. Set H = 〈A〉. If A = H, then A is a
subgroup of G and in particular A is periodic. Thus we may assume that A 6= H.

Let us choose an element b ∈ B. Multiplying the factorization G = AB by
b−1 we get the normalized factorization G = Gb−1 = A(Bb−1). Restricting this
factorization to H yields the normalized factorization H = G∩H = A(Bb−1 ∩H).

If q does not divide |H|, then H is a p-group and the equality |H| = |A||Bb−1∩H|
shows that q does not divide |Bb−1 ∩H|. By the inductive assumption on |G| from
the factorization H = A(Bb−1 ∩H) we can conclude that either A or Bb−1 ∩H is
periodic. Only Bb−1 ∩H can be periodic. Let g be a period of Bb−1 ∩H. We may
assume that |g| = p and as before it follows that B is periodic.

For the remaining part of the proof we may assume that q divides |H|. Let A′

be the set of the p-parts of the elements of A. It is a consequence of Proposition
3 of [4] that in the factorization H = A(Bb−1 ∩ H) the factor A can be replaced
by A′ to get the normalized factorization H = A′(Bb−1 ∩H). If A′ is not periodic,
then arguing as before we get that B is periodic. Thus we may assume that A′ is
periodic. Using that |A′| = pλ we get that L is a direct factor of A′, that is, there
is a normalized subset C of G such that the product CL is direct and CL = A′.
By the inductive assumption on |G| from the factorization H = A(Bb−1 ∩ H) it
follows that either A or Bb−1 ∩H is periodic. Only Bb−1 ∩H can be periodic. Let
g be a period of Bb−1 ∩H. We may assume that |g| = p or |g| = q.

If |g| = p, then L is a direct factor of Bb−1 ∩ H. This means that there is a
normalized subset D of G such that the product DL is direct and DL = (Bb−1∩H).
Using H = A′(Bb−1∩H) we get the normalized factorization H = (CL)(DL). This
leads to the contradiction that the product LL is direct.

Therefore we may assume that |g| = q. The group G has a unique subgroup M
of order q. From 〈g〉 = M ⊆ (Bb−1 ∩H) we get

M ⊆
⋂
b∈B

Bb−1.

By Lemma 3 of [1], B is periodic. �

Proposition 3.2. Let G be a cyclic group such that |G| is a product of four not
necessarily distinct primes. Then each factorization of G is periodic.

Proof. Let G = AB be a factorization of G. We may assume that the factorization
is normalized and |A| 6= 1, |B| 6= 1. If one of |A|, |B| is a prime, then by Lemma
2.1, either A or B is periodic. For the rest of the proof we may assume that |A|,
|B| are both products of two not necessarily distinct primes. By Lemma 2.2, either
〈A〉 6= G or 〈B〉 6= G. By symmetry we may assume that 〈A〉 6= G.

If A is periodic, then there is nothing to prove and so we may assume that A is
not periodic. Set H = 〈A〉. If A = H, then A is periodic. Therefore we assume that
A 6= H. Let us choose an element b ∈ B. Multiplying the factorization G = AB
by b−1 we get the normalized factorization G = Gb−1 = A(Bb−1). Restricting this
factorization to H gives the normalized factorization H = G ∩H = A(Bb−1 ∩H).
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From |H| = |A||Bb−1 ∩ H|, B 6= H, H 6= G it follows that |Bb−1 ∩ H| = p is a
prime.

The group G has a unique subgroup L of order p. By Lemma 2.1, from the
factorization H = A(Bb−1∩H) we get that either A or Bb−1∩H is periodic. Only
Bb−1 ∩H can be periodic. Now L = (Bb−1 ∩H). This gives that

L ⊆
⋂
b∈B

Bb−1.

By Lemma 3 of [1], B is periodic. �
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