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HARMONICITY OF (J, ϕ)-HOLOMORPHIC SECTIONS OF A

(SEMI-RIEMANNIAN) ALMOST PARA-HERMITIAN FIBER

BUNDLE

ARISTIDE AYIBE

Abstract. In this paper (J, ϕ)-holomorphic maps between almost para-Hermitian
manifolds are studied and a criterion for the harmonicity of such (J, ϕ)-holomorphic

maps is obtained. Also (J, ϕ)-holomorphic sections of (semi − Riemannian)

almost para-Hermitian fiber bundles are studied and a criterion for the har-
monicity of such (J, ϕ)-holomorphic sections is obtained.

1. Introduction

A semi-Riemannian manifold M is a C∞-manifold endowed with a metric tensor
g , that is, a symmetric non-degenerate (0, 2) tensor field on M with constant indices
of positivity and negativity ind+M and ind−M , respectively. The non-degeneracy
means that ind+M + ind−M = dimM (the dimension of M ).

As in the Riemannian’s case, a C2-map u : (M, g) → (N,h) between semi-
Riemannian manifolds is called harmonic when the tension field τ(u) of u vanishes,

where τ(u) is defined by τ(u) = Trace∇∗′du.

Let (N
π→ M) be a fiber bundle. A section of (N

π→ M) is a continuous map
u : M → N such that πou = Id.

Let (N,h) and (M, g) be two semi-Riemannian manifolds of index s′(0 ≤ s′ ≤
dimN) and s(0 ≤ s ≤ dimM) respectively with s ≤ s′ and (N

π→ M) a fiber
bundle.
We say that [(N,h)

π→ (M, g)] is a semi-Riemannian fiber bundle when
∀y ∈ N, du(y)|Hy

: Hy → Tπ(y)M is an isometry for the metric h(y) on Hy and

g(π(y)) on Tπ(y)M , where Hy = (Tyπ
−1(π(y)))⊥ is the orthogonal complement of

Tyπ
−1(π(y)) and the fibers, π−1(x),∀x ∈M are semi-Riemannian submanifolds of

N .
In other words a semi-Riemannian fiber bundle [(N,h)

π→ (M, g)] is a fiber
bundle, where (N,h) and (M, g) are two semi-Riemannian manifolds and π a semi-
Riemannian submersion. The submersions of semi-Riemannian manifolds have been
studied by many authors. (See e.g. [6] and [7] ). As in the Riemannian’s case
(see [4], p.160), a C2-section u : M → N of a semi-Riemannian fiber bundle is
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called harmonic when the vertical tension field τv(u) of u vanishes, where τv(u) =
Trace∇∗vdvu.

An almost para-complex manifold (M,J) is a differentiable manifold M with a
tensor J satisfying: ∀x ∈M,Jx : TxM → TxM such that : J2

x = IdTxM .
An almost para-Hermitian manifold (M, g, J) is an almost para-complex mani-

fold (M,J) with a semi-Riemannian metric g satisfying: ∀X,Y ∈ χ(M), g(JX, JY ) =
−g(X,Y ), where χ(M) is the set of vector fields on M .

An almost para-Hermitian manifold (M,J, g) is said to be:
? para-Kähler if ∇J = 0;
? nearly para-Kähler if (∇XJ)X = 0,∀X ∈ χ(M);
? almost para-Kähler if dΦ = 0 , where Φ is the para-Kähler 2-form defined by :
∀X,Y ∈ χ(M),Φ(X,Y ) = g(X, JY );
? quasi-para-Kähler if (∇XJ)Y − (∇JXJ)JY = 0,∀X,Y ∈ χ(M);
? almost semi-para-Kähler if δJ = 0, where δ denotes the codifferential in (M, g).

A C2-map u : (M, g, J)→ (N,h, ϕ) between almost para-Hermiian manifolds is
said to be (J, ϕ)-holomorphic (or para-holomorphic or almost para-complex) when
duoJ = ϕodu

In [3] Cornella-livia Bejan and Michelle Benyounes study harmonic maps between
almost para-Hermiian manifolds and give with proof the following theorem:

theorem 1 : Let (M,J, g) and (N,ϕ, h) be two almost para-Hermiian manifolds.
If (M,J, g) and (N,ϕ, h) satisfy the condition (A), then any para-holomorphic

between them is harmonic.
Where the condition (A) is defined by : ∇−

Q
W ∈ Γ(T ′M),∀W,Q ∈ Γ(T ′M), with

T ′M = {X + εJX,X ∈ T (M)} and
−
Q ∈ Γ(T ′′M), with T ′M = {X − εJX,X ∈

T (M)} and ε ∈ {−1, 1}.
A (semi−Riemannian) almost para-Hermitian fiber bundle [(N,ϕ, h)

π→ (M,J, g)]
is a semi-Riemannian fiber bundle, where (N,ϕ, h) and (M,J, g) are almost para-
Hermitian manifolds and π is (ϕ, J)-holomorphic map.

In other words a (semi − Riemannian) almost para-Hermitian fiber bundle

[(N,ϕ, h)
π→ (M,J, g)] is a fiber bundle, where (N,ϕ, h) and (M,J, g) are almost

para-Hermitian manifolds and π is an almost para-Hermitian submersion.
We recall that an almost para-Hermitian submersion is a semi-Riemannian sub-

mersion which is additionaly almost para-complex. Almost para-Hermitian sub-
mersions have been studied by Yilmaz Gunduzalp. See e.g. [8].

Andre Lichnerowicz proved that a holomorphic ( or almost complex ) map from
an almost semi Kähler manifold into a quasi Kähler manifold is harmonic. See
e.g. [1].
In [5] , Domingo Chinea gives an expression of the tension field τ(u) of a holo-
morphic map u : M → N between almost Hermitian manifolds that he used
to deduce a characterisation of its hamonicity. Namely he shows that : τ(u) =

J ′[tracgu
∗(∇′J ′) − du(δJ)], where tracgu

∗(∇′J ′) =
2m

Σ
k=1

(∇′du(ek)J
′)du(ek), with

{e1, ..., e2m} an orthonormal basis of TM . This allows him to generalize the above
result of Andre Lichnerowicz.

The aim of this work is to:
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1) Give an equivalent of the result of Domingo Chinea in the para-hermitian
case. This will allow us to:

a) Extend the above result of Cornella-livia Bejan and Michelle Benyounes, since
the condition (A) means nothing but both the domain and the target spaces are
quasi-para-Kähler manifolds (see proof below). In fact in ours case we want the
domain to only be almost semi-para-Kähler.

b) Have a version of the the above result of Andre Lichnerowicz in the para-
hermitian case.

2) Extend 1) to (J, ϕ)-holomorphic sections of a (semi − Riemannian) almost
para-Hermitian fiber bundle.
As we did it in the almost Hermitian case in [2] by extending the result of Domingo
Chinea to sections of a (Riemannian) almost Hermitian fiber bundle .
Namely we shew :

Proposition 2 : Let [(N,h, J ′)
π→ (M, g, J)] be a (Riemannian) almost Hermit-

ian fiber bundle and u : M → N be a holomorphic section of [(N,h, J ′)
π→ (M, g, J)]

.
Then we have:

τv(u) = J ′[tracg(d
vu)∗(∇vJ ′) + (dvu)(δJ) + tracg(∇vdhuJ

′)(dvu) + tracg(Adhud
huoJ)

+ tracg(Tdvud
huoJ)],

where

tracg(d
vu)∗(∇vJ ′) =

m

Σ
k=1

(∇vdvu(Xk)
J ′)

∼
(dvu(Xk)) +

m

Σ
k=1

(∇vdvu(JXk)
J ′)

∼
(dvu(JXk))

tracg(Adhud
huoJ) =

m

Σ
k=1

[Adhu(Xk)(
∼

dhuoJ(Xk)) +Adhu(JXk)(
∼

dhuoJ(JXk))]

tracg(Tdvud
huoJ) =

m

Σ
k=1

[Tdvu(Xk)(
∼

dhuoJ(Xk)) + Tdvu(JXk)(
∼

dhuoJ(JXk))]

tracg(∇vdhuJ
′)(dvu =

m

Σ
k=1

[(∇vdhu(Xk)
J ′)

∼
dvu(Xk) + (∇vdhu(JXk)

J ′)
∼

dvu(JXk),

with {X1, ..., Xm, JX1, ..., JXm} an orthonormal local J-basis of TM .

We reach our aim by giving an expression of :
First the tension field τ(u) of a C2-map u : (M, g, J)→ (N,h, ϕ) between almost

para-Hermiian manifolds.
And secondly the vertical tension field τv(u) of a (J, ϕ)- holomorphic section u of

a (semi−Riemannian) almost para-Hermitian fiber bundle, [(N,ϕ, h)
π→ (M,J, g)].

The paper is organized as follows. In section II, we recall definitions and prop-
erties which are useful for the other sections. In section III, we give the results of
the maps case. Section IV is devoted to proofs of the results of the maps case. In
section V, we give the results of the sections case. Section VI is devoted to proofs
of the results of sections case.
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2. Definitions

2.1. Vertical and horizontal fiber bundles. Let [(N,h)
π→ (M, g)] be a semi-

Riemannian fiber bundle.
We define the vertical fiber bundle W to be the vector bundle over N which fibers
are the vertical tangent spaces Tyπ

−1(π(y)),∀y ∈ N .
Also we define the horizontal fiber bundle H to be the vector bundle over N which
fibers are the horizontal tangent spaces Hy,∀y ∈ N .

2.2. Pull back bundle. Let (B
π→ N) be a vector bundle, and u : M → N

a smooth map, then there exists a unique vector bundle (u−1(B)
π′→ M) called

pull-back bundle such that ∀x ∈M,π′
−1

({x}) = Bu(x).

Let’s assume that (B
π→ N) is equipped with a semi-Riemannian metric h and a

compatible covariant derivative ∇. Then (u−1(B)
π′→ M) is equipped with a semi-

Riemannian metric a and a compatible covariant derivative ∇∗ defined respectively
by:

a : M → (u−1(B))∗ ⊗ (u−1(B))∗,

ax(Y, Z) = hu(x)(Y,Z),∀x ∈M,∀Y, Z ∈ (u−1(B))x.

And

∇∗X(wou) = ∇du(X)w,∀X ∈ χ(M),∀w ∈ Γ(B).

2.3. Harmonic section. Let u : M → N be a C2 section of a semi-Riemannian
fiber bundle [(N,h)

π→ (M, g)].
The vertical tension field of u is given by τv(u) = Trace∇∗vdvu.
If {e1, ..., e2m} is a local orthonormal frame in TM such that
g(ek, ek) = 1,∀1 ≤ k ≤ m,
g(ek, ek) = −1,∀m+ 1 ≤ k ≤ 2m,
g(ei, ej) = 0,∀i 6= j.
then

τv(u) =
m

Σ
k=1

[∇∗
v

ek
(dvu(ek))− dvu(∇ekek)]−

2m

Σ
k=m+1

[∇∗
v

ek
(dvu(ek))− dvu(∇ekek)],

where ∇ denotes the Levi-Civita covariant derivative on M , ∇v denotes the Levi-
Civita covariant derivative on W induced by the metric h and ∇∗v the pull-
back of the Levi-Civita covariant derivative ∇v on W to the pull-back bundle
(u−1(W )→M).
We recall that u is called harmonic when τv(u) = 0.



HARMONICITY OF (J, ϕ)-HOLOMORPHIC SECTIONS OF A (SEMI-RIEMANNIAN) 5

2.4. Fundamental tensors of a semi Riemannian fiber bundle.(See [7]).

Let [(N,h)
π→ (M, g)] be a semi-Riemannian fiber bundle. The two fundamental

tensors of π are defined by :

TEF = ∇hEvF v +∇vEvFh

AEF = ∇hEhF
v +∇vEhF

h

for all vectors fields E and F on N , where the superscripts h and v mean respec-
tively the projection onto the horizontal, respectively the vertical bundle.
Remark:
The tensor A = 0 if the horizontal distribution is integrable.
The tensor T = 0 if the fibers are totally geodesic.

2.5. Covariant derivative of Z ∈ Γ(u−1(TN)) linked to.
∼
Z ∈ Γ(TN).

Let (N
π→ M) be a fiber bundle. Γ(N) denotes the set of the sections of (N

π→
M).

Let Z ∈ Γ(u−1(TN)) and (Ej)1≤α≤m be an orthonormal local frame in TN
defined on a open subset V of N , then ∀x0 ∈ u−1(V ), Z(x0) = Zj(x0)Ej(u(x0)).

To Z we associate the vector field
∼
Z of N defined on V by ∀y ∈ V,

∼
Z(y) =

Zj(π(y))Ej(y).
On one hand :

∀X ∈ χ(M),∀x ∈ u−1(V ),∇∗
′

XZ(x) = ∇∗
′

X [Zj(x)Ej(u(x))]

= DX(Zj)(x)Ejou(x) + Zj(x)∇∗
′

XEj(u(x))

= DX(Zj)(x)Ejou(x) + Zj(x)∇′du(X)(x)Ej .

On the other hand with the fact that u is a section i.e. πou = IdM , one has :

∀X ∈ χ(M),∀x ∈ u−1(V ), (∇∗
′

X

∼
Zou)(x) = ∇′X [(Zjoπou)Ejou](x)

= DX(Zjoπou)(x)Ejou(x) + Zjoπou(x)(∇∗
′

XEjou)(x)

= DX(Zj)(x)Ejou(x) + Zj(x)∇′du(X)(x)Ej .

It follows that :

∀X ∈ χ(M),∇∗
′

XZ = ∇∗
′

X(
∼
Zou).

Since :

∀X ∈ χ(M),∇∗′X(
∼
Zou) = ∇′du(X)

∼
Z we get:

∀X ∈ χ(M),∇∗
′

XZ = ∇′du(X)

∼
Z, (2.1)

where ∇′ denotes the Levi-Civita covariant derivative on N and ∇∗′ the pull-back
of ∇′ to the pull-back bundle (u−1(TN)→M).
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2.6. Fundamental properties of a (semi-Riemannian) almost para-Hermitian
fiber bundle. . (See prop.3.1, prop.3.2, prop.3.3 and prop.3.5 in [8])

Let [(N,ϕ, h)
π→ (M,J, g)] be a (semi − Riemannian) almost para-Hermitian

fiber bundle, then we have the following properties:
i) The para-Kähler 2-forms Φ of N and φ of M are π-related ( ie π∗Φ = φ).
ii) The vertical and the horizontal distributions are ϕ-invariant ( ie ∀U ∈ Γ(W ), ϕU ∈
Γ(W ) and ∀Y ∈ Γ(H), ϕY ∈ Γ(H)).
iii) If X ′ and Y ′ are basic vector field π-related respectively to X and Y , then ϕX ′

is the basic vector field π-related to JX and (∇hX′ϕ)Y ′ is the basic vector field
π-related to (∇XJ)Y .

2.7. Equivalence between satisfying the condition (A) and to be quasi-
para-Kahler. Let W,Q ∈ Γ(T ′M) such that W = X+ εJX,Q = Y + εJY,X, Y ∈

χ(M), then
−
Q = Y − εJY .

∇−
Q
W = ∇Y−εJY (X + εJX) and ∇−

Q
W ∈ Γ(T ′M) ⇔ J(∇−

Q
W ) = ε∇−

Q
W, which

implies

J(∇Y−εJY (X + εJX)) = ε∇Y−εJY (X + εJX)

J{∇YX + ε∇Y JX − ε∇JYX −∇JY JX} = ε{∇YX + ε∇Y JX − ε∇JYX −∇JY JX}
J(∇YX) + εJ(∇Y JX)− εJ(∇JYX)− J(∇JY JX) = ε∇YX +∇Y JX −∇JYX − ε∇JY JX
J(∇YX)− J(∇JY JX) + ε(J(∇Y JX)− J(∇JYX)) = ∇Y JX −∇JYX + ε(∇YX −∇JY JX).

This lead to
J(∇YX)− J(∇JY JX) = ∇Y JX −∇JYX
and
J(∇Y JX)− J(∇JYX) = ∇YX −∇JY JX
But both these egalities are the same since applying J to one you get the other.
We have :

J(∇YX)− J(∇JY JX) = ∇Y JX −∇JYX
J(∇YX)−∇Y JX − J(∇JY JX) +∇JYX = 0

−(∇Y J)X − J(∇JY JX) +∇JY J(JX) = 0

−(∇Y J)X + (∇JY J)(JX) = 0

(∇Y J)X − (∇JY J)(JX) = 0,

where we used the fact that J2X = X at the third line.
We can conclude that there is equivalence between satisfying the condition (A) and
to be quasi-para-Kähler.

2.8. Trace of some 2-covariant tensors. Let u : M → N be a (J, ϕ)-holomorphic

section of a (semi−Riemannian) almost para-Hermitian fiber bundle, [(N,ϕ, h)
π→

(M,J, g)]
Let θ be a u−1(TN)-valued 2-covariant tensor on M .
As g is non-degenerate, there exists an ordered basis (e1, e2, ..., e2m) in TM such
that:
g(ei, ei) = 1,∀1 ≤ i ≤ m,
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g(ei, ei) = −1,∀m+ 1 ≤ i ≤ 2m,
g(ei, ej) = 0,∀i 6= j.
Let {(e1)∗, ..., (e2m)∗} be its dual basis.

We call trace of θ, the section tracg(θ) of u−1(TN) defined by:

tracg(θ) =
2m

Σ
i,j=1

θ(ei, ej)g((ei)
∗, (ej)

∗).

If {e1, ..., e2m} is orthonormal, then tracg(θ) =
m

Σ
i=1
θ(ei, ei)−

2m

Σ
i=m+1

θ(ei, ei)

Like above let us assume that {X1, ..., Xm, JX1, ..., JXm} is an orthonormal local
frame in TM .
The trace of the tensor (dvu)∗(∇vϕ) is given by:

tracg(d
vu)∗(∇vϕ) =

m

Σ
k=1

(∇vdvu(Xk)
ϕ)

∼
(dvu(Xk))−

m

Σ
k=1

(∇vdvu(JXk)
ϕ)

∼
(dvu(JXk)).

The trace of the tensor Adhud
huoJ is given by:

tracg(Adhud
huoJ) =

m

Σ
k=1

[Adhu(Xk)

∼
(dhuoJ(Xk))−Adhu(JXk)

∼
(dhuoJ(J(Xk)))]

The trace of the tensor Tdvud
huoJ is given by:

tracg(Tdvud
huoJ) =

m

Σ
k=1

[Tdvu(Xk)

∼
(dhuoJ(Xk))− Tdvu(JXk)

∼
(dhuoJ(J(Xk)))].

The trace of the tensor field (∇vdhuϕ)(dvu) is given by:

tracg(∇vdhuϕ)(dvu) =
m

Σ
k=1

[(∇vdhu(Xk)
ϕ)

∼
dvu(Xk)− (∇vdhu(JXk)

ϕ)
∼

dvu(JXk)].

3. Results for maps.

3.1. Proposition.

Proposition 3.1. Let (M,J, g) and (N,ϕ, h) be two almost para-Hermitian man-
ifolds and u : M → N be a (J, ϕ)- holomorphic map.
Then we have:

τ(u) = −ϕ[tracgu
∗(∇′ϕ) + du(δJ)],

where tracgu
∗(∇′ϕ) =

m

Σ
k=1

(∇′du(ek)ϕ)du(ek)−
2m

Σ
k=m+1

(∇′du(ek)ϕ)du(ek), with {e1, ..., e2m}
an orthonormal basis of TM like above.

3.2. Corollary.

Corollary 3.2. Let u : (M,J, g)→ (N,ϕ, h) be a (J, ϕ)-holomorphic map from an
almost semi-para-Kähler manifold M to a quasi para-Kähler N .
Then u is a harmonic map.

3.3. Theorem.

Theorem 3.3. Let u : (M,J, g) → (N,ϕ, h) be a (J, ϕ)-holomorphic map between
almost para-Hermitian manifolds.
Then u is a harmonic map if only if

tracgu
∗(∇′ϕ) = −du(δJ)
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4. Proof of the results

4.1. Proof of Proposition 3.1.

Proof. Let {X1, ..., Xm, JX1, ..., JXm} be an orthonormal local J-basis of M such
that g(Xk, Xk) = 1, then g(JXk, JXk) = −1. We have :

τ(u) =
m

Σ
k=1

(∇∗
′
du)(Xk, Xk)−

m

Σ
k=1

(∇∗
′
du)(JXk, JXk)

=
m

Σ
k=1

[∇∗
′

Xk
(du(Xk))−∇∗′JXk

(du(JXk))]− du[
m

Σ
k=1

(∇Xk
Xk −∇JXk

JXk)].

−δJ =
m

Σ
k=1

(∇J)(Xk, Xk)−
m

Σ
k=1

(∇J)(JXk, JXk)

=
m

Σ
k=1

[∇Xk
JXk − J(∇Xk

Xk)]−
m

Σ
k=1
∇JXk

J(JXk)− J(∇JXk
JXk)]

=
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]−
m

Σ
k=1

J(∇Xk
Xk −∇JXk

JXk),

since : J2(Z) = Z.
By applying J , we get :

J(−δJ) = J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])− J2(
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk])

As J2 = I, we have:

J(−δJ) = J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])

−
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk].

We deduce that

−
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk] = −J(δJ)− J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]).

By applying du, we get

−du(
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk]) = −duoJ(δJ)− duoJ(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]).

τ(u) becomes including the fact that duoJ = ϕodu,

τ(u) =
m

Σ
k=1

[∇∗
′

Xk
(du(Xk))−∇∗

′

JXk
(du(JXk))]

+ {−duoJ(δJ)− duoJ(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])}

=
m

Σ
k=1

[∇∗
′

Xk
(du(Xk))−∇∗

′

JXk
(du(JXk))]

− duoJ(δJ)− ϕodu(
m

Σ
k=1

[∇Xk
JXk −∇jXk

Xk])

One knows that, for any C2-map f : M → N and any vectors fields X and Y
we have
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df(∇XY −∇YX) = df [X,Y ]

= ∇∗
′

X(df(Y ))−∇∗
′

Y (df(X)).

Then

du(∇Xk
JXk −∇JXk

Xk) = ∇∗
′

Xk
(du(JXk))−∇∗

′

JXk
(du(Xk)).

This leads to

τ(u) =
m

Σ
k=1

[∇∗
′

Xk
(du(Xk))−∇∗

′

JXk
(du(JXk))]− duoJ(δJ)

− ϕ{
m

Σ
k=1

[∇∗
′

Xk
(ϕodu(Xk))−∇∗

′

JXk
(du(Xk))]}

Let us set Z, the sum of the first two elements of τ(u) ie

Z =
m

Σ
k=1

[∇∗′Xk
(du(Xk))−∇∗′JXk

(du(JXk))].

With ϕ2(Z) = Z, we have :

Z = ϕ{ϕ{
m

Σ
k=1

[∇∗
′

Xk
(du(Xk))−∇∗

′

JXk
(du(JXk))]}}

So τ(u) turns to :

τ(u) = ϕ{
m

Σ
k=1

[ϕ(∇∗
′

Xk
(du(Xk)))− ϕ(∇∗

′

JXk
(du(JXk)))]}

− duoJ(δJ)− ϕ{
m

Σ
k=1

[∇∗
′

Xk
(ϕodu(Xk))−∇∗

′

JXk
(du(Xk))]}.

By gathering we have :

τ(u) = ϕ{
m

Σ
k=1

[−∇∗
′

Xk
(ϕodu(Xk)) +∇∗

′

JXk
(du(Xk))

+ ϕ(∇∗
′

Xk
(du(Xk)))− ϕ(∇∗

′

JXk
(du(JXk)))]}

− duoJ(δJ)

Since∇∗′XV = ∇′du(X)V , where V is a C∞-section of the induced bundle u−1(TN)

τ(u) = ϕ{
m

Σ
k=1

[−∇′du(Xk)
(ϕodu(Xk)) +∇′du(JXk)

(du(Xk))

+ ϕ(∇′du(Xk)
(du(Xk)))− ϕ(∇′du(JXk)

(du(JXk)))]}
− duoJ(δJ)

Let us call the elements in the brakets Ei(i ∈ {1, ..., 4}).

E1 + E3 = −(∇′du(Xk)
ϕ)(du(Xk)) ,

Since J2(Xk) = Xk we have
∇′du(JXk)

(du(Xk)) = ∇′du(JXk)
(du(J2Xk)) = ∇′du(JXk)

(ϕ(du(JXk))).

Then
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E2+E4 = ∇′du(JXk)
(ϕ(du(JXk)))−ϕ(∇′du(JXk)

(du(JXk))) = (∇′du(JXk)
ϕ)(du(JXk)).

Putting all this together,

τ(u) = ϕ{
m

Σ
k=1

[−(∇′du(Xk)
ϕ)(du(Xk)) + (∇′du(JXk)

ϕ)(du(JXk))]}

− duoJ(δJ).

We can conclude that

τ(u) = −ϕ[tracg(du)∗(∇′ϕ) + du(δJ)]

�

4.2. Proof of Corollary 3.2.

Proof. : tracg(du)∗(∇′ϕ) = 0 if (N,ϕ, h) is quasi para-Kähler and du(δJ) = 0 if
(M,J, g) is almost semi-para-Kähler manifold and then u is a harmonic map. �

4.3. Proof of theorem 3.3.

Proof. : A C2-map u is a harmonic map if only if τ(u) = 0 which is equivalent in
virtue of proposition 3.1 to the egality tracgu

∗(∇′ϕ) = −du(δJ). �

5. Results for sections

5.1. Proposition.

Proposition 5.1. : Let [(N,ϕ, h)
π→ (M,J, g)] be a (semi−Riemannian) almost

para-Hermitian fiber bundle and u : M → N be a (J, ϕ)- holomorphic section of

[(N,ϕ, h)
π→ (M,J, g)].

Then we have:

τv(u) = −ϕ[tracg(d
vu)∗(∇vϕ) + tracg(∇vdhuϕ)(dvu) + tracg(Adhud

huoJ)

+ tracg(Tdvud
huoJ) + dvu(δJ)]

5.2. Corollary. :

Corollary 5.2. Let u : M → N be a (J, ϕ)-holomorphic section of a (semi −
Riemannian) almost para-Hermitian fiber bundle, [(N,ϕ, h)

π→ (M,J, g)].
If the fibers are quasi para-Kähler submanifolds, M is almost semi-para-Kähler
manifold and if

tracg(∇vdhuϕ)(dvu) = 0

tracg(Adhud
huoJ) = 0

tracg(Tdvud
huoJ) = 0,

then u is a harmonic section.
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5.3. Corollary. :

Corollary 5.3. Let u : M → N be a (J, ϕ)-holomorphic section of a (semi −
Riemannian) almost para-Hermitian fiber bundle, [(N,ϕ, h)

π→ (M,J, g)].
If the fibers are totally geodesic and quasi para-Kähler submanifolds, M is almost
semi-para-Kähler manifold, the horizontal distribution is integrable and (∇vY ϕ)U =
0 for all Y horizontal and U vertical, then u is a harmonic section.

6. Proof of the results

6.1. Proof of proposition 5.1.

Proof. : Let {X1, ..., Xm, JX1, ..., JXm} be an orthonormal local J-basis of M such
that g(Xk, Xk) = 1, then g(JXk, JXk) = −1. We have :

τv(u) =
m

Σ
k=1

(∇∗
v

dvu)(Xk, Xk)−
m

Σ
k=1

(∇∗
v

dvu)(JXk, JXk)

=
m

Σ
k=1

[∇∗
v

Xk
(dvu(Xk))−∇∗

v

JXk
(dvu(JXk))]− dvu[

m

Σ
k=1

(∇Xk
Xk −∇JXk

JXk)].

−δJ =
m

Σ
k=1

(∇J)(Xk, Xk)−
m

Σ
k=1

(∇J)(JXk, JXk)

=
m

Σ
k=1

[∇Xk
JXk − J(∇Xk

Xk)]−
m

Σ
k=1
∇JXk

J(JXk)− J(∇JXk
JXk)]

=
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]−
m

Σ
k=1

J(∇Xk
Xk −∇JXk

JXk),

since : J2(Z) = Z.
By applying J , we get :

J(−δJ) = J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])− J2(
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk])

As J2 = I, we have:

J(−δJ) = J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])

−
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk].

We deduce that

−
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk] = −J(δJ)− J(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]).

By applying dvu, we get

−dvu(
m

Σ
k=1

[∇Xk
Xk −∇JXk

JXk]) = −dvuoJ(δJ)− dvuoJ(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk]).

τv(u) becomes including the fact that dvuoJ = ϕodvu,
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τv(u) =
m

Σ
k=1

[∇∗
v

Xk
(dvu(Xk))−∇∗

v

JXk
(dvu(JXk))]

+ {−dvuoJ(δJ)− dvuoJ(
m

Σ
k=1

[∇Xk
JXk −∇JXk

Xk])}

=
m

Σ
k=1

[∇∗
v

Xk
(dvu(Xk))−∇∗

v

JXk
(dvu(JXk))]

− dvuoJ(δJ)− ϕodvu(
m

Σ
k=1

[∇Xk
JXk −∇jXk

Xk])

One knows that, for any C2-map f : M → N and any vectors fields X and Y
we have

df(∇XY −∇YX) = df [X,Y ]

= ∇∗
′

X(df(Y ))−∇∗
′

Y (df(X)).

Then

du(∇Xk
JXk −∇JXk

Xk) = ∇∗
′

Xk
(du(JXk))−∇∗

′

JXk
(du(Xk)).

Taking the vertical part we get:
∀k = 1, ...,m,

dvu(∇Xk
JXk −∇JXk

Xk) = ∇∗
v

Xk
(du(JXk))−∇∗

v

JXk
(du(Xk))

= ∇∗
v

Xk
(dvu(JXk) + dhu(JXk))−∇∗

v

JXk
(dvu(Xk) + dhu(Xk)).

So

dvu(∇Xk
JXk −∇JXk

Xk) = ∇∗
v

Xk
(dvu(JXk))−∇∗

v

JXk
(dvu(Xk)) +∇∗

v

Xk
(dhu(JXk))

− ∇∗
v

JXk
(dhu(Xk)).

Since u is (J, ϕ)-holomorphic section, we have:

dvu(∇Xk
JXk −∇JXk

Xk) = ∇∗
v

Xk
(ϕodvu(Xk))−∇∗

v

JXk
(dvu(Xk))

+ ∇v
∗

Xk
(dhu(JXk))−∇∗

v

JXk
(dhu(Xk)),

This leads to

τv(u) =
m

Σ
k=1

[∇∗
v

Xk
(dvu(Xk))−∇∗

v

JXk
(dvu(JXk))]− dvuoJ(δJ)

− ϕ{
m

Σ
k=1

[∇∗
v

Xk
(ϕodvu(Xk))−∇∗

v

JXk
(dvu(Xk))

+ ∇v
∗

Xk
(dhu(JXk))−∇∗

v

JXk
(dhu(Xk))]}

Let us set Z, the sum of the first two elements of τv(u) ie

Z =
m

Σ
k=1

[∇∗vXk
(dvu(Xk))−∇∗vJXk

(dvu(JXk))].

With ϕ2(Z) = Z, we have :
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Z = ϕ{ϕ{
m

Σ
k=1

[∇∗
v

Xk
(dvu(Xk))−∇∗

v

JXk
(dvu(JXk))]}}

So τv(u) turns to :

τv(u) = ϕ{
m

Σ
k=1

[ϕ(∇∗
v

Xk
(dvu(Xk)))− ϕ(∇∗

v

JXk
(dvu(JXk)))]}

− dvuoJ(δJ)− ϕ{
m

Σ
k=1

[∇∗
v

Xk
(ϕodvu(Xk))−∇∗

v

JXk
(dvu(Xk))

+ ∇∗
v

Xk
(dhu(JXk))−∇∗

v

JXk
(dhu(Xk))]}.

By gathering we have :

τv(u) = ϕ{
m

Σ
k=1

[−∇∗
v

Xk
(ϕodvu(Xk)) +∇∗

v

JXk
(dvu(Xk))−∇∗

v

Xk
(dhu(JXk))

+ ∇∗
v

JXk
(dhu(Xk)) + ϕ(∇∗

v

Xk
(dvu(Xk)))− ϕ(∇∗

v

JXk
(dvu(JXk)))]}

− dvuoJ(δJ)

From relation (2.1) we get

τv(u) = ϕ{
m

Σ
k=1

[−∇vdu(Xk)

∼
(ϕodvu(Xk)) +∇vdu(JXk)

∼
(dvu(Xk))

− ∇vdu(Xk)

∼
(dhu(JXk)) +∇vdu(JXk)

∼
(dhu(Xk))

+ ϕ(∇vdu(Xk)

∼
(dvu(Xk)))− ϕ(∇vdu(JXk)

∼
(dvu(JXk)))]}

− dvuoJ(δJ)

As du(Y ) = dvu(Y ) + dhu(Y ),

τv(u) = ϕ{
m

Σ
k=1

[−∇vdvu(Xk)

∼
(ϕodvu(Xk))−∇vdhu(Xk)

∼
(ϕodvu(Xk))

+ ∇vdvu(JXk)

∼
(dvu(Xk)) +∇vdhu(JXk)

∼
(dvu(Xk))

− ∇vdvu(Xk)

∼
(dhu(JXk))−∇vdhu(Xk)

∼
(dhu(JXk))

+ ∇vdvu(JXk)

∼
(dhu(Xk)) +∇vdhu(JXk)

∼
(dhu(Xk))

+ ϕ(∇vdvu(Xk)

∼
(dvu(Xk))) + ϕ(∇vdhu(Xk)

∼
(dvu(Xk)))

− ϕ(∇vdvu(JXk)

∼
(dvu(JXk)))− ϕ(∇vdhu(JXk)

∼
(dvu(JXk)))]}

− dvuoJ(δJ).

Let us call the elements in the brakets Ei(i ∈ {1, ..., 12}).
E1 + E9 = −(∇vdvu(Xk)

ϕ)
∼

(dvu(Xk)) ,

since ϕ is invariant on the vertical distribution also on the horizontal one.

E2 + E10 = −(∇vdhu(Xk)
ϕ)

∼
(dvu(Xk)).

Since J2(Xk) = Xk we have
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∇vdvu(JXk)

∼
(dvu(Xk)) = ∇vdvu(JXk)

∼
(dvu(J2Xk)) = ∇vdvu(JXk)

(
∼

ϕ(dvu(JXk))).

Then,

E3+E11 = ∇vdvu(JXk)
(

∼
ϕ(dvu(JXk)))−ϕ(∇vdvu(JXk)

∼
(dvu(JXk))) = (∇vdvu(JXk)

ϕ)(
∼

dvu(JXk)).

In the same way:

∇vdhu(JXk)

∼
(dvu(Xk)) = ∇vdhu(JXk)

(
∼

ϕ(dvu(JXk))).

Then,

E4+E12 = ∇vdhu(JXk)
(

∼
ϕ(dvu(JXk)))−ϕ(∇vdhu(JXk)

∼
(dvu(JXk))) = (∇vdhu(JXk)

ϕ)(
∼

dvu(JXk)).

E5 + E6 + E7 + E8 = −Tdvu(Xk)

∼
(dhu(JXk))−Adhu(Xk)

∼
(dhu(JXk))

+ Tdvu(JXk)

∼
(dhu(Xk)) +Adhu(JXk)

∼
(dhu(Xk)).

Since J2(Xk) = Xk ⇒ dhu(Xk) = dhuoJoJ(Xk),

E5 + E6 + E7 + E8 = −Tdvu(Xk)

∼
(dhuoJ(Xk)) + Tdvu(JXk)

∼
(dhuoJ(J(Xk)))

−Adhu(Xk)

∼
(dhuoJ(Xk)) +Adhu(JXk)

∼
(dhuoJ(J(Xk))).

Putting all this together,

τv(u) = ϕ{
m

Σ
k=1

[−(∇vdvu(Xk)
ϕ)

∼
(dvu(Xk)) + (∇vdvu(JXk)

ϕ)(
∼

dvu(JXk))

− (∇vdhu(Xk)
ϕ)

∼
(dvu(Xk)) + (∇vdhu(JXk)

ϕ)(
∼

dvu(JXk))

− Tdvu(Xk)

∼
(dhuoJ(Xk)) + Tdvu(JXk)

∼
(dhuoJoJ(Xk))

− Adhu(Xk)

∼
(dhuoJ(Xk)) +Adhu(JXk)

∼
(dhuoJoJ(Xk))]}

− dvuoJ(δJ).

We can conclude that

τv(u) = −ϕ[tracg(d
vu)∗(∇vϕ) + tracg(∇vdhuϕ)(dvu) + tracg(Adhud

huoJ)

+ tracg(Tdvud
huoJ) + dvu(δJ)]

�

6.2. Proof of Corollary 5.2.

Proof. :
Let u : M → N be a (J, ϕ)-holomorphic section of a (semi−Riemannian) almost

para-Hermitian fiber bundle, [(N,ϕ, h)
π→ (M,J, g)].

Assume tracg(∇vdhuϕ)(dvu) = 0, tracg(Adhud
huoJ) = 0 and tracg(Tdvud

huoJ) = 0,
then the formula in proposition 5.1 gives τv(u) = −ϕ[tracg(d

vu)∗(∇vϕ)+dvu(δJ)].
Morever if M is almost semi Kähler (ie δJ = 0) and if the fibers are quasi-para-
Kähler, which implies tracg(d

vu)∗(∇vϕ) = 0, then one gets τv(u) = 0 so u is a
harmonic section. �

6.3. Proof of Corollary 5.3.

Proof. :
Let u : M → N be a (J, ϕ)-holomorphic section of a (semi−Riemannian) almost
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para-Hermitian fiber bundle, [(N,ϕ, h)
π→ (M,J, g)].

Assume the fibers are quasi-para-Kähler submanifolds and M is almost semi-para-
Kähler, then the formula in proposition 5.1 gives τv(u) = −ϕ[tracg(∇vdhuϕ)(dvu)+

tracg(Adhud
huoJ) + tracg(Tdvud

huoJ)]. Morever if the fibers are totally geodesic
(ie T = 0), the horizontal distribution is integrable (ie A = 0) and (∇vY ϕ)U = 0 for
all Y horizontal and U vertical, then one gets τv(u) = 0 so u is a harmonic section.

�

6.4. Example. An example of (semi−Riemannian) almost para-Hermitian fiber
bundle for which the corollary 5.3 applies is a fiber bundle which projection is para-
Hermitian submersion whose total space is an almost para-Kähler manifold and
with totally geodesic fibers.

In fact:
For almost para-Hermitian submersion whose total space is almost para-Kähler,
the horizontal distribution is integrable ( ie A = 0), see theorem 3.1 in [8],
the fibers are quasi-para-Kähler submanifolds since they are almost para-Kähler
and if the fibers are totally geodesic (ie T = 0), then (∇vY ϕ)U = 0 for all Y horizon-
tal and U vertical. (see proposition below.), the base space is almost semi Kähler,
(ie δJ = 0), since it is almost para-Kähler, see proposition 3.8 in [8].

6.5. Proposition.

Proposition 6.1. Let [(N,ϕ, h)
π→ (M,J, g)] be a (semi − Riemannian) almost

para-Hermitian submersion from almost para-Kähler manifold to almost para-Hermitian
manifold.

If the fibers are totally geodesic, then
(∇vXϕ)U = 0 for all X horizontal and U vertical.

Proof.

Proof. Let W and U be vertical vector fields on N and X horizontal . Since N is
almost para-Kähler, it implies dΦ = 0

0 = dΦ(W,ϕV,X)

0 = W.Φ(ϕV,X)− ϕV.Φ(W,X) +X.Φ(W,ϕV )

− Φ([W,ϕV ], X) + Φ([W,X], ϕV )− Φ([ϕV,X],W )

0 = W.h(ϕV, ϕX)− ϕV.h(W,ϕX) +X.h(W,V )

− h([W,V ], ϕX) + h([W,X], V )− h([ϕV,X], ϕW ).

Since the dot product of a vertical and a horizontal is zero, the first two terms and
the fourth vanish. Thus one get
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0 = X.h(W,V ) + h([W,X], V )− h([ϕV,X], ϕW ).

0 = h(∇XW,V ) + h(W,∇XV ) + h(∇WX −∇XW,V )− h(∇ϕVX −∇XϕV, ϕW )

0 = h(∇XW,V ) + h(W,∇XV ) + h(∇WX,V )− h(∇XW,V )− h(∇ϕVX,ϕW ) + h(∇XϕV, ϕW )

0 = h(W,∇XV ) + h(∇XϕV, ϕW ) + h(∇WX,V )− h(∇ϕVX,ϕW )

0 = −h(ϕW,ϕ(∇XV )) + h(∇XϕV, ϕW ) + h(∇WX,V )− h(∇ϕVX,ϕW )

0 = h((∇Xϕ)V, ϕW ) + h(∇WX,V )− h(∇ϕVX,ϕW ).

Since 0 = h(X,V ) = W.h(X,V ) = h(∇WX,V ) + h(X,∇WV )⇒ h(∇WX,V ) =
−h(X,∇WV ).
And in the same way h(∇ϕVX,ϕW ) = −h(X,∇ϕV ϕW ). From these relations we
have

0 = h((∇Xϕ)V, ϕW )− h(X,∇WV ) + h(X,∇ϕV ϕW )

0 = h((∇Xϕ)V, ϕW )− h(X,TWV ) + h(X,TϕV ϕW ).

So if the fibers are totally geodesic (ieT = 0), one get h((∇Xϕ)V, ϕW ) = 0 ⇒
(∇vXϕ)V = 0

�

6.6. Example. Let [(N,ϕ, h)
π→ (M,J, g)] be a (semi−Riemannian) almost para-

Hermitian fiber bundle such that (N,ϕ, h) is a quasi-para-Kähler manifold and
(M,J, g) is an almost semi-para-Kähler manifold and let u : M → N be a section.
If u is a (J, ϕ)-holomorphic map, then u is a harmonic section.
In fact :
On one hand, a section that is a (J, ϕ)-holomorphic map is obvious a (J, ϕ)-
holomorphic section.
In fact

duoJ = ϕodu

dvuoJ = ϕvodu

dvuoJ = ϕodvu

because ∀E ∈ χ(N), ϕ(Ev) = ϕv(E) since π is an almost para-Hermitian submer-
sion.
On the other hand, since u is a (J, ϕ)-holomorphic map from a semi Kähler man-
ifold to a quasi-para-Hermitian manifold, then by virtue of corollary 3.2, u is a
harmonic map; morever one knows that a section that is harmonic map is a har-
monic section.
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