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HARMONICITY OF (J,9)-HOLOMORPHIC SECTIONS OF A
(SEMI-RIEMANNIAN) ALMOST PARA-HERMITIAN FIBER
BUNDLE

ARISTIDE AYIBE

ABSTRACT. In this paper (J, ¢)-holomorphic maps between almost para-Hermitian
manifolds are studied and a criterion for the harmonicity of such (J, ¢)-holomorphic
maps is obtained. Also (J, ¢)-holomorphic sections of (semi — Riemannian)
almost para-Hermitian fiber bundles are studied and a criterion for the har-
monicity of such (J, ¢)-holomorphic sections is obtained.

1. INTRODUCTION

A semi-Riemannian manifold M is a C'*°-manifold endowed with a metric tensor
g , that is, a symmetric non-degenerate (0, 2) tensor field on M with constant indices
of positivity and negativity ind+ M and ind_ M , respectively. The non-degeneracy
means that indy M + ind_M = dimM (the dimension of M ).

As in the Riemannian’s case, a C2-map u : (M,g) — (N,h) between semi-
Riemannian manifolds is called harmonic when the tension field 7(u) of u vanishes,
where 7(u) is defined by 7(u) = TraceV* du.

Let (N 5 M) be a fiber bundle. A section of (N = M) is a continuous map
w: M — N such that mou = Id.

Let (N, h) and (M, g) be two semi-Riemannian manifolds of index s'(0 < §' <
dimN) and s(0 < s < dimM) respectively with s < s’ and (N > M) a fiber
bundle.

We say that [(N,h) = (M, g)] is a semi-Riemannian fiber bundle when

Vy € N,du(y)|u,: Hy — TryM is an isometry for the metric h(y) on H, and
g(m(y)) on Ty, M, where H, = (T, *(n(y)))* is the orthogonal complement of
T,m ' (n(y)) and the fibers, 7~!(z),Vz € M are semi-Riemannian submanifolds of
N.

In other words a semi-Riemannian fiber bundle [(N,h) = (M,g)] is a fiber
bundle, where (N, h) and (M, g) are two semi-Riemannian manifolds and 7 a semi-
Riemannian submersion. The submersions of semi-Riemannian manifolds have been
studied by many authors. (See e.g. [6] and [7] ). As in the Riemannian’s case
(see [4], p.160), a C?-section u : M — N of a semi-Riemannian fiber bundle is
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called harmonic when the vertical tension field 7%(u) of w vanishes, where 7% (u) =
TraceV*' du.

An almost para-complex manifold (M, J) is a differentiable manifold M with a
tensor J satisfying: Vo € M, J, : T, M — T, M such that : J:f = Idg .

An almost para-Hermitian manifold (M, g, J) is an almost para-complex mani-
fold (M, J) with a semi-Riemannian metric g satisfying: VX,Y € x(M), g(JX,JY) =
—g(X,Y), where x(M) is the set of vector fields on M.

An almost para-Hermitian manifold (M, J, g) is said to be:

* para-Kahler if VJ = 0;

* nearly para-Kahler if (VxJ)X =0,VX € x(M);

* almost para-Kahler if d® = 0 , where ® is the para-Kahler 2-form defined by :
VXY € x(M),®(X,Y) = g(X, JY);

* quasi-para-Kahler if (VxJ)Y — (VyxJ)JY =0,VX,Y € x(M);

* almost semi-para-Kdhler if 6J = 0, where 6 denotes the codifferential in (M, g).

A C?map u: (M,g,J) — (N, h,p) between almost para-Hermiian manifolds is
said to be (J, ¢)-holomorphic (or para-holomorphic or almost para-complex) when
duoJ = podu

In [3] Cornella-livia Bejan and Michelle Benyounes study harmonic maps between
almost para-Hermiian manifolds and give with proof the following theorem:

theorem 1 : Let (M, J, g) and (N, ¢, h) be two almost para-Hermiian manifolds.

If (M, J,g) and (N, ¢, h) satisfy the condition (A), then any para-holomorphic
between them is harmonic.

Where the condition (A) is defined by : VéW e D(T'M),VW,Q € T'(T' M), with

TM={X+eJX,X e T(M)} and Q € T(T"M), with T'M = {X —eJX, X €
T(M)} and e € {—1,1}.

A (semi— Riemannian) almost para-Hermitian fiber bundle [(N, , h) = (M, J, )]
is a semi-Riemannian fiber bundle, where (N, ¢, h) and (M, J, g) are almost para-
Hermitian manifolds and = is (¢, J)-holomorphic map.

In other words a (semi — Riemannian) almost para-Hermitian fiber bundle
[(N,¢,h) = (M, J,g)] is a fiber bundle, where (N, ¢,h) and (M, J,g) are almost
para-Hermitian manifolds and 7 is an almost para-Hermitian submersion.

We recall that an almost para-Hermitian submersion is a semi-Riemannian sub-
mersion which is additionaly almost para-complex. Almost para-Hermitian sub-
mersions have been studied by Yilmaz Gunduzalp. See e.g. [8].

Andre Lichnerowicz proved that a holomorphic ( or almost complex ) map from

an almost semi Kdhler manifold into a quasi Kdhler manifold is harmonic. See
e.g. [1].
In [5] , Domingo Chinea gives an expression of the tension field 7(u) of a holo-
morphic map u : M — N between almost Hermitian manifolds that he used
to deduce a characterisation of its hamonicity. Namely he shows that : 7(u) =
J'tracgu* (V' J") — du(dJ)], where tracyu*(V'J'") = :g(vgu(ek)tf’)du(ek), with
{e1, ..., €am } an orthonormal basis of T M. This allows him to generalize the above
result of Andre Lichnerowicz.

The aim of this work is to:
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1) Give an equivalent of the result of Domingo Chinea in the para-hermitian
case. This will allow us to:

a) Extend the above result of Cornella-livia Bejan and Michelle Benyounes, since
the condition (A) means nothing but both the domain and the target spaces are
quasi-para- K dhler manifolds (see proof below). In fact in ours case we want the
domain to only be almost semi-para-Kdahler.

b) Have a version of the the above result of Andre Lichnerowicz in the para-
hermitian case.

2) Extend 1) to (J, ¢)-holomorphic sections of a (semi — Riemannian) almost
para-Hermitian fiber bundle.
As we did it in the almost Hermitian case in [2] by extending the result of Domingo
Chinea to sections of a (Riemannian) almost Hermitian fiber bundle .
Namely we shew :

Proposition 2 : Let [(N, h,J') = (M, g, J)] be a (Riemannian) almost Hermit-
ian fiber bundle and u : M — N be a holomorphic section of [(N, h, J') = (M, g, J)]

Then we have:

(u) = J[tracy(d°u)*(V°J') + (d"u)(6J) + tracy,(Vi,,J")(d"u) + tracy(Agn,d"uoJ)
4+ tracy(Tgvud uolJ)),

where
m ~ m ~
tracy(du) (V') = (Vi) 7 )@ 0(X0) + 3 (Vi7" (@ (I X))
tracy(Agn,d"uoJ) = kgl[Adhu(Xk) (d"uod (X1)) + Agnu(rx,)(d"uo (JXy))]
tracy(Tgv,d"uoJ) = 2 [Taux (d"uoJ (Xk)) + Tivu(rxy) (d"uod (JX))]
tracg( Z’lu']/)(dvu - kgl[(vghu(Xk)J/)dvu(Xk) + (vghu(JXk)J/)dvu(JXk)’

with {X1, ..., Xpn, J X1, ..., JX;n} an orthonormal local J-basis of TM.

We reach our aim by giving an expression of :

First the tension field 7(u) of a C?-map u : (M, g,J) — (N, h, ) between almost
para-Hermiian manifolds.

And secondly the vertical tension field 7% (u) of a (J, ¢)- holomorphic section u of
a (semi— Riemannian) almost para-Hermitian fiber bundle, [(N, ¢, h) = (M, J, g)].

The paper is organized as follows. In section II, we recall definitions and prop-
erties which are useful for the other sections. In section III, we give the results of
the maps case. Section IV is devoted to proofs of the results of the maps case. In
section V, we give the results of the sections case. Section VI is devoted to proofs
of the results of sections case.



4 ARISTIDE AYIBE

2. DEFINITIONS

2.1. Vertical and horizontal fiber bundles. Let [(N,h) = (M, g)] be a semi-
Riemannian fiber bundle.

We define the vertical fiber bundle W to be the vector bundle over N which fibers
are the vertical tangent spaces T, 7~ *(r(y)),Vy € N.

Also we define the horizontal fiber bundle H to be the vector bundle over N which
fibers are the horizontal tangent spaces H,,Vy € N.

2.2. Pull back bundle. Let (B = N) be a vector bundle, and u : M — N
a smooth map, then there exists a unique vector bundle (u='(B) = M) called
pull-back bundle such that Vo € M, 7' ({x}) = Buy(a)-

Let’s assume that (B = N) is equipped with a semi-Riemannian metric h and a
compatible covariant derivative V. Then (u~!(B) & M) is equipped with a semi-

Riemannian metric a and a compatible covariant derivative V* defined respectively
by:

a: M — (uY(B)*® W (B)",

a;(Y,Z) = hyw(Y,2),Yo € M,VY,Z € (u'(B)),.

9

And

Vi(wou) = Vagxyw,VX € x(M),Vw € T'(B).

2.3. Harmonic section. Let u : M — N be a C? section of a semi-Riemannian
fiber bundle [(N,h) = (M, g)].

The vertical tension field of u is given by 7(u) = TraceV*" d"u.

If {ey,...,eam } is a local orthonormal frame in TM such that

glex,ex) = 1,V1 < k <m,

glex,ex) = —1,Vm+1 <k < 2m,

g(eivej) =0,Vi #j.

then

7 (u) =

I M3

Vi (@ u(er) — du(Veyer)] = 3 [V (du(er)) — du(Ve,en)]

k k=m+1

where V denotes the Levi-Civita covariant derivative on M, V" denotes the Levi-
Civita covariant derivative on W induced by the metric A and V*' the pull-
back of the Levi-Civita covariant derivative V¥ on W to the pull-back bundle
(u=Y (W) — M).

We recall that u is called harmonic when 7% (u) = 0.
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2.4. Fundamental tensors of a semi Riemannian fiber bundle.(See [7]).
Let [(N,h) & (M, g)] be a semi-Riemannian fiber bundle. The two fundamental
tensors of 7 are defined by :

TpF = V. F'+ Vg F"

ApF = VL. F"+Vy,F"
for all vectors fields E and F' on N, where the superscripts h and v mean respec-
tively the projection onto the horizontal, respectively the vertical bundle.
Remark:

The tensor A = 0 if the horizontal distribution is integrable.
The tensor T' = 0 if the fibers are totally geodesic.

2.5. Covariant derivative of Z € I'(u=!(TN)) linked to. Ze T(TN).

Let (N 5 M) be a fiber bundle. T'(V) denotes the set of the sections of (N =
Let Z € I'(u™*(TN)) and (E;)i1<a<m be an orthonormal local frame in TN
defined on a open subset V' of N, then on eu V), Z(zo) = Z%(x0) E;(u(xo)).

To Z we associate the vector field Z of N defined on V' by Yy € V, %( ) =
27 (m(y)) E; (y)-
On one hand :
VX € x(M),Vz e u" (V),ViZ(z) = VilZ/(x)E;j(u(x))]
= Dx(Z7)(z)E;ou(z) + Zj(ac)VﬁéEj(u(x))
= Dx(Z7)(z)Ejou(x) + Zj(m)V&u(X)(m)Ej.

On the other hand with the fact that u is a section i.e. mou = Idjs, one has :

VX € x(M),Vx € u=*(V), (V}lgou)(m) V'x [(Z7 omou) E;ou(x)
Dx (Z7omou)(z)E;ou(z) + ZjOﬂ'ou(x)(VﬁéEjou) (x)

= Dx(Z%)(w)Bjou(z) + 27 (2)Vju(x) (a) Ei-

It follows that :
VX € x(M),ViZ = Vi (Zou).

Since : N
VX € x(M), V¥ (Zou) = Vi Z we get:

VX € X(M),VXZ = VixZ: (2.1)

where V’ denotes the Levi-Civita covariant derivative on N and V* the pull-back
of V’ to the pull-back bundle (u=Y(T'N) — M).
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2.6. Fundamental properties of a (semi-Riemannian) almost para-Hermitian
fiber bundle. . (See prop.3.1, prop.3.2, prop.3.3 and prop.3.5 in [8])

Let [(N,¢,h) = (M, J,g)] be a (semi — Riemannian) almost para-Hermitian
fiber bundle, then we have the following properties:
i) The para-Kdhler 2-forms ® of N and ¢ of M are w-related ( ie 7*® = ¢).
ii) The vertical and the horizontal distributions are ¢-invariant (ie VU € T'(W), U €
(W) and VY € T'(H), Y € I'(H)).
iii) If X’ and Y are basic vector field m-related respectively to X and Y, then ¢ X’
is the basic vector field m-related to JX and (V%,¢)Y” is the basic vector field
m-related to (VxJ)Y.

2.7. Equivalence between satisfying the condition (A) and to be quasi-
para-Kahler. Let W,Q € T'(T'M) such that W = X +eJX,Q =Y +eJY, X, Y €
X(M), then Q =Y — eJY.
VEQW = Vy_ay (X + eJX) and VéW eN(T'M) & J(VEQW) = eVéW which
implies
J(Vyfejy(X + EJX)) = GVY,EJy(X + GJX)
J{VyX +eVyJX —eVyv X — VJyJX} = E{VyX +eVyJX —eVyv X — VJyJX}
J(VyX) + GJ(VyJX) — CJ(VJYX) — J(VJyJX) EVYX + VyJX - VJYX — EVJyJX
J(VyX)=J Vv JX)+e(J(VyJX)—J(VvX)) VyJX — Vi X +eVyX — Vi JX).
This lead to
J(VyX)—J(VyyJX)=VyJX - Vv X
and
J(VyJX)—J(ViyX)=VyX -V yJX
But both these egalities are the same since applying J to one you get the other.
We have :

T(VyX) = J(VoyJX) = VyJX —VypX
J(VyX) = VyJX — J(Vyy JX) + Vyy X =
(Vy D)X — J(Vyy JX) + Yy J(JX) =
~(Vy )X +(Vy J)(JX) =
(Vy )X = (Vay I)(JX)
where we used the fact that J2X = X at the third line.

We can conclude that there is equivalence between satisfying the condition (A) and
to be quasi-para-Kahler.

o O O©O O

2.8. Trace of some 2-covariant tensors. Let u : M — N be a (J, ¢)-holomorphic
section of a (semi— Riemannian) almost para-Hermitian fiber bundle, [(N, ¢, h) =
(M, J, g)]

Let 6 be a u~!(T'N)-valued 2-covariant tensor on M.

As g is non-degenerate, there exists an ordered basis (e1, e, ..., €2,,) in TM such
that:

glei,e;) =1,V1 <i<m,
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gles, ;) =—1,Ym+1<i<2m,
g(eiaej) = OaVZ 7é ]
Let {(e1)*, ..., (e2m)*} be its dual basis.
We call trace of 6, the section trac, () of u='(T'N) defined by:

tracy() = JZ_ O(ei,e;)g((ei)”, (e5)").
m 2m
If {e1, ..., e, } is orthonormal, then trac,(0) = 2319(61‘,61') — ‘_EHG(ei, ei)

Like above let us assume that {X7, ..., X;,,, J X1, ..., JX,,,} is an orthonormal local
frame in TM.

The trace of the tensor (d¥u)*(V?y) is given by:

tracy(@u) (V°9) = B (V0 @)@ u(X0) = E (Vi @)@ u(TX1).
The trace of the tensor A, d"uoJ is given by:

m ~ ~
tracg(Agnyd"uod) = 3 [Agu(x,)(d"u0d (Xi)) = Agrusx,) (@ uo (J(X5)))]
The trace of the tensor Ty, d"uoJ is given by:

~

tracy(Tyv,d"uod) = kgl[Tduu(Xk)(dhqu(Xk)) — Tgou(rx) (A w0 (J(X)))]-
The trace of the tensor field (VY »)(d"u) is given by:

tracy(Vip,@)(d'u) = (Vi (0 @)d u(Xe) = (Vi @)d ul(TX)]

3. RESULTS FOR MAPS.
3.1. Proposition.

Proposition 3.1. Let (M, J, g) and (N, @, h) be two almost para-Hermitian man-
ifolds and uw: M — N be a (J,¢)- holomorphic map.
Then we have:

7(u) = —pltrac,u* (V'e) + du(6.J)],

2m

where tracyu* (V') = E (Vdu(ek)go)du(ek) 7E+1(Vfiu(ek)<p)du(ek), with {eq, ..., e2m }

an orthonormal basis of TM like above.

3.2. Corollary.

Corollary 3.2. Let u: (M, J,g) — (N, p, h) be a (J,p)-holomorphic map from an
almost semi-para-Kahler manifold M to a quasi para-Kahler N.
Then u is a harmonic map.

3.3. Theorem.

Theorem 3.3. Let u: (M, J,g) = (N,p,h) be a (J,)-holomorphic map between
almost para-Hermitian manifolds.
Then w is a harmonic map if only if

tracyu* (V') = —du(dJ)
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4. PROOF OF THE RESULTS

4.1. Proof of Proposition 3.1.

Proof. Let {X1,..., X;n, JX1, ..., JX;n} be an orthonormal local J-basis of M such
that g(Xk,Xk) =1, then ¢g(J X}, JX) = —1. We have :

Tw) = T (V¥ du) (X, X3) — 2 (V7 du)(IX, TXi)

3 IV, (du(X4)) = Vi, (du(X0)] - dul 3 (Vi X = Vox, JX)]

6] = é(m)(xk, X)) — kgl(VJ)(JXk, JXy)
= 3 [V JXe — IV, X0)] = 3 Vo J(IX0) = T(V g, TX3)
= 8 [Vad Xe = Vo, Xl = 8 (Vs X = Vo, TXe),

since : J2(Z) = Z.
By applying J, we get :

3

J(=00) = J( X [Vx,J X = Vx, Xx]) - (

HMS

As J? = I, we have:

J(=8T) = J(E [V, I Xp = Vx, X))
— 3 Vi Xk - VxS
We deduce that
= 5 Vo Xi = Vox JXe] = —J(60) = J( 5 [V, T Xk = Vyx, X))
By applying du, we get
—du( 8 [Vx, Xy = Vo, JXel) = —duo (6)) = duod ( 5 [V, J Xy = V., X)),

7(u) becomes including the fact that duoJ = podu,

[V, (du(Xy)) = Vi, (du(T X))

T(u) =

[SE

+ {—duoJ(8J) — dqu(kgl[VXk TXk — Vx, X))}

I
Ttas

[V, (du(Xy)) = Vi, (du(TX4))]
~ duoJ(8]) — goodu(kgl[vxk JX — Vix, Xi))

One knows that, for any C?-map f : M — N and any vectors fields X and Y
we have
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df(VxY —VyX) = df[X,Y]
= Vi(df(Y)) — Vi (df (X))
Then

du(Vx, J Xy — Vi, Xp) = Vi (du(JXy)) — Vi, (du(Xy)).
This leads to
() = %[V, (du(Xp) = Vi, (du(JX;)] — duo] (5.7)

— {2 Vi, (podu(Xy)) = Vi, (du(X)]}
Let us set Z, the sum of the first two elements of 7(u) ie
7= % [V, ([du(Xe) - Vi, (du(IX0)))

With ¢?(Z) = Z, we have :

Z = plel [V, (du(X0) - Vi, (du(I X))}

So 7(u) turns to :

) = of £ [p(VX, [du(Xk) — $(Vix, (du(I Xe)]}
— duoJ(87) — ¢{ [V, (podu(Xy)) — V7, (du(Xp)]}-

By gathering we have :

() = o{ £ [V, (podu(Xp)) + Vi, (du(Xp))
+ o(Vi, (du(Xp)) = o(Vix, (du(T X))}
— duoJ(dJ)

9

Since V4V = Vfiu(X)V, where V is a C*°-section of the induced bundle u = (T N)

(W) = ol 5 [~V (Podu(Xe) + Vi rx,) (du(X4))
(Vi [A0(X0) = (Vi (dulT X))
— duoJ(8J)

Let us call the elements in the brakets E;(i € {1,...,4}).

Er+ Ey = —(Vi,x09)([du(Xk))
Since J?(Xj) = X, we have
(

V;u(JXk)(du X)) = V;u(JXk)(du(JQXk)) = V&u(Jxk)(w(du(JXk))).
Then
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EytEx = Vi ((du(T X)) =0V (T X0))) = (Vi 0) (T X)),

Putting all this together,

) = {8 (Vi @)@u(X0) + (T @) (du(I X))}
— duoJ(dJ).

‘We can conclude that

T(u) = —pltracy(du)* (V') + du(8J)]

4.2. Proof of Corollary 3.2.

Proof. : tracy(du)*(V'¢) = 0 if (N, ¢, h) is quasi para-Kdahler and du(dJ) = 0 if
(M, J,g) is almost semi-para-Kdhler manifold and then u is a harmonic map. [

4.3. Proof of theorem 3.3.

Proof. : A C?-map u is a harmonic map if only if 7(u) = 0 which is equivalent in
virtue of proposition 3.1 to the egality tracyu®(V'¢) = —du(6J). O

5. RESULTS FOR SECTIONS

5.1. Proposition.

Proposition 5.1. : Let [(N, p, h) = (M, J,g)] be a (semi — Riemannian) almost
para-Hermitian fiber bundle and v : M — N be a (J,p)- holomorphic section of
[(N, ¢, h) = (M, J,g)].

Then we have:

(u) = —pltracy(dPu)*(VVe) + tracy(Vi,e)(d u) + trac,(Agn,d"uoJ)
+  tracy(Tyvud"uoJ) + d°u(8.J)]

5.2. Corollary. :

Corollary 5.2. Let u : M — N be a (J,¢)-holomorphic section of a (semi —
Riemannian) almost para-Hermitian fiber bundle, [(N,p,h) = (M, J, g)].
If the fibers are quasi para-Kahler submanifolds, M is almost semi-para-Kahler
manifold and if

tracg(Vin,p)(d'u) =

tracy(Agn,d"uoJ) =

tracy(Typoud"uoJ) = 0,

then u is a harmonic section.
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5.3. Corollary. :

Corollary 5.3. Let u : M — N be a (J,p)-holomorphic section of a (semi —

Riemannian) almost para-Hermitian fiber bundle, [(N, o, h) = (M, J, g)].

If the fibers are totally geodesic and quasi para-Kdhler submanifolds, M is almost
semi-para-K dahler manifold, the horizontal distribution is integrable and (V¥ @)U =
0 for all Y horizontal and U wvertical, then u is a harmonic section.

6. PROOF OF THE RESULTS

6.1. Proof of proposition 5.1.

Proof. : Let {X1, ..., X, JX1, ..., J X, } be an orthonormal local J-basis of M such
that g(Xg, Xi) =1, then g(J Xy, JXi) = —1. We have :

() = ¥ S (V' d'u )(Xk,Xk)—]El(v*vd”u)(JXkJXk)

20

= X [V, (d"u(Xy)) = Vi, (du(J X)) - dul X (Vi Xy = VxS X))

—0J (VJ)(Xkan) - 2 (VJ)(JXkaJXk)

[V, JX0 = T(Vx, Xi)] — kglv Ix  J(TX0) = J(Vyx, JX0)]

I
Ttas Tras Tras

[VXkJXk — VJXka} — kglj(VXka — VJXkJXk),

since : J3(Z) = Z.
By applying J, we get :

J(=00) = J( Z [Vx,. T Xk = Vix Xa]) = JX( 2 Ve X = Vi, JXi])

As J? =1, we have:

J(=dJ) = J(]El[vXkJXk_vJXka])
— ;EJVX’CX" Vix,JXk]
We deduce that
- Y [V, Xk = Vyx, JXr] = —=J(J)—J( E Vx,J Xk — Vix, Xi])

k=1

By applying d’u, we get

—d”u(él Vo, X — Vox JXi]) = —d"uoJ(8.]) — d”qu(él[VXk TXk — Vx, X))

7V (u) becomes including the fact that d"uoJ = pod’u,
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) = 8V, (X)) - Vi, (@u(I X))

m

+ {—=d"uoJ(6J) — d”qu(kE Vx,J Xk — Vix, Xi])}

=1

I
a
[E!

1[V§J,€(dUU(Xk))* x (A u( X))
— dUuoJ(8J) — wod”u(kgl[vxk TXk — V%, Xx])

One knows that, for any C?-map f : M — N and any vectors fields X and Y
we have

df(VxY —VyX) = df[X,Y]
= Vi(df(Y)) = Vi (df(X)).
Then
du(Vx, J Xy — Vi, Xip) = Vi (du(JXy)) — Vi, (du(Xy)).
Taking the vertical part we get:
Vk=1,...,m,
d"w(Vx, J Xk — Vix,Xr) = Vi, (du(JXy)) - Vi, (du(Xy))
= Vi, (d"u(JXp) + d"uw(JXk)) — Vix, (d°u(Xy) + d"u(Xy)).
So
du(Vx, J Xk — Vix,Xp) = Vi (du(JXy)) — Vi, (d"uw(Xp)) + Vi, (d"u(JXy))

— Vi, (d"u(Xy)).
Since u is (J, ¢)-holomorphic section, we have:

(Vi J X = Ve Xe) = Vi, (pod"u(Xy)) = Vi, (d"u(Xk)
+ VY (@I X)) — Vi, (dhu( X)),
This leads to

() = kgl[ngk(d”u(Xk))—V*J}k(d”u(JXk))]—d”qu(éJ)

= {2 [V, (pod"u(Xy)) = Vix, (d"u(Xy)
+ V(@ u(TXE) = Vi, (d"u(X0))]}
Let us set Z, the sum of the first two elements of 7% (u) ie

7= 3 [95, ([@"u(Xe)) = Vi, (@"u(I X))

With ¢?(Z) = Z, we have :
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Z = ool £ [V, (u(X0) - Vi, (" u(I X))

So 7¥(u) turns to :

W) = ol 3 [T, [@u(X0) — oV, ([ u(T X))}
— w0l (67) - ¢{ 5 [VX, (pod"u(Xy)) — Vi, (du(Xp))

+ Vi (AT X)) — Vi, (dhu(Xk))]}
By gathering we have :

) = ol S TR, (pod u(X0) + Vi, (@ u(X0) - Vi, (@ u(J X))
TV @ (X)) + o(V, (u(X0)) — (T, (@ u(TX0)]}
— d’uoJ(0J)

From relation (2.1) we get

m(w) = o [~Vaux (pod"u(Xk)) + Vaux,) (d7u(X))

~ ~

+ (Vi) (du(Xk)) = o(Vaux,) (d"u(J Xk)))]}
— d"uoJ(8J)
As du(Y) = d°u(Y) + d"u(Y),

m

) = ol 3 [~ Vi (00d u(X8) = Vi x, ) (0d"u(X1))

1)+ Vanurx,) (d"u(Xr))

+  Vieuxy (@'
hu

(X
dou(x) (A" (T XE)) = Vi x, ) (@ u(T X))

+ Visu(rxn (@ u(Xk)) + Vi, (" u( X))
+ PV (@ u(Xk))) + o (Vgny x, ) (d7u(X)))

~ ~

= P(Varuxy (@ u(T X)) = (Vanyx,) ([ u(JXk)))]}
— d"uoJ(8J).
Let us call the elements in the brakets E;(i € {1,...,12}).
E\+ Ey = _(stu(xk)@)(dvu(Xk)) )
since ¢ is invariant on the vertical distribution also on the horizontal one.
Since J?(X}x) = X, we have



14 ARISTIDE AYIBE

vgvu(JXk)(dvu(Xk)) = ngu(JXk)(dvu(ﬂXk)) = VZUu(Jxk)(w(d”U(JXk)))-

Then,

Es+ Bt = Vi (0@ 0T X0) =0V sy (@7 0(TXR)) = (Vi ©) (7 u(TX)).
In the same way:

~

vghu(JXk)(dvu(Xk)) = VZhU(JXk)(gD(d”u(JXk))).
Then,

EitEra = Vi sy (@7 u(T X))~ (Vi ey (4°u(TX0)) = (Vi (@ u(T X)),

~ ~

Es + Es + Er + Eg = —Taou(x,) (d"u(J Xk)) = Agno(x, (A" u(J X))

+ Tavu(rx,) (@ u(Xg)) + Agra(rx,) (@ u(Xy)).
Since J2(Xy) = Xi, = dMu(Xy) = d"uoJoJ(Xy),

FEs+ Eg+ E;+ Eg = —Tdvu(Xk)(dh’LLOJ(Xk)) + Td”u(JXk)(thOJ(J(Xk‘)))

- Adhu(Xk) (thOJ(Xk)) + Adhu(JX;c) (thOJ(J(Xk)))
Putting all this together,

W) = ol S (Vo) @) (@ u(X0) + (Vi @)@ u(T X))

~ ~

= (Varux) @@ u(Xe)) + (Vanysx,) 0)(d u(J X))
— Tavu(x) ("0 (X1)) + Tyou(sx,) (d"uoJoJ (Xy))

- Adhu(Xk) (thOJ(Xk)) + Adhu(JXk) (thOJOJ(Xk))]}
— d’uoJ(d8J).

We can conclude that

™(u) = —gltracy(dPu)*(VVe) + tracy (Vi) (d u) + trac,(Agn,d"uoJ)
+  tracy(Tgvud"uoJ) + d*u(6.J)]

6.2. Proof of Corollary 5.2.

Proof. :

Let w: M — N be a (J, ¢)-holomorphic section of a (semi — Riemannian) almost
para-Hermitian fiber bundle, [(N, ¢, h) = (M, J, g)].

Assume tracy(V¥,, ) (d"u) = 0, tracg(Agn,d"uoJ) = 0 and tracy(Tyeud"uoJ) =0,
then the formula in proposition 5.1 gives 79 (u) = —p[tracy(d"u)* (VV¢) +d u(dJ)].
Morever if M is almost semi Kdahler (ie dJ = 0) and if the fibers are quasi-para-
Kihler, which implies tracy(d”u)*(VV¢) = 0, then one gets 7¥(u) = 0 so u is a
harmonic section. g

6.3. Proof of Corollary 5.3.

Proof. :
Let w: M — N be a (J, p)-holomorphic section of a (semi — Riemannian) almost
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para-Hermitian fiber bundle, [(N, ¢, h) = (M, J, g)].

Assume the fibers are quasi-para-Kdhler submanifolds and M is almost semi-para-

Kahler, then the formula in proposition 5.1 gives 7% (u) = —p[tracy (V5 @) (d"uw)+

tracy(Agnyduod) + tracy(Tys,d"uoJ)]. Morever if the fibers are totally geodesic

(ie T = 0), the horizontal distribution is integrable (ie A = 0) and (V¥¢)U = 0 for

all Y horizontal and U vertical, then one gets 7¥(u) = 0 so u is a harmonic section.
(]

6.4. Example. An example of (semi — Riemannian) almost para-Hermitian fiber
bundle for which the corollary 5.3 applies is a fiber bundle which projection is para-
Hermitian submersion whose total space is an almost para-Kdhler manifold and
with totally geodesic fibers.

In fact:
For almost para-Hermitian submersion whose total space is almost para-Kdahler,
the horizontal distribution is integrable ( ie A = 0), see theorem 3.1 in [8],
the fibers are quasi-para-K dhler submanifolds since they are almost para-Kdahler
and if the fibers are totally geodesic (ie T' = 0), then (VY ¢)U = 0 for all Y horizon-
tal and U vertical. (see proposition below.), the base space is almost semi Kdhler,
(ie .J = 0), since it is almost para-Kdhler, see proposition 3.8 in [8].

6.5. Proposition.

Proposition 6.1. Let [(N,p,h) = (M, J,g)] be a (semi — Riemannian) almost
para-Hermitian submersion from almost para-Kahler manifold to almost para-Hermitian
manifold.

If the fibers are totally geodesic, then
(V%)U =0 for all X horizontal and U vertical.

Proof.

Proof. Let W and U be vertical vector fields on N and X horizontal . Since N is
almost para-Kahler, it implies d® = 0

do(W, oV, X)
W.B(oV, X) — oV.O(W, X) + X.B(W, oV)
— (W, V], X) + (W, X], pV) — 2([pV, X], W)
0 = Wh(pV,pX) = pV.h(W,pX) + X.h(W,V)
(W, V], 0X) + h([W, X], V) — h([¢V, X], oW).

Since the dot product of a vertical and a horizontal is zero, the first two terms and
the fourth vanish. Thus one get
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XAW, V) +h((W, X],V) = h([pV, X], oW).
MVxW, V) +h(W,VxV)+ (VX —VxW, V) — h(Vyor X — VxV, W)
MV W, V) +h(W,VxV)+h(VwX,V) = h(VxW,V) = h(Vov X, W) + h(Vx eV, W)
= h(W,VxV)+h(VxeV,oW)+h(Vw X, V) = (Vv X, W)
= W, p(VxV)) + h(VxeV,oW) + H(Viw X, V) = i(Vov X, W)
= h((Vxo)V,oW) 4+ h(Vw X, V) = h(Vov X, oW).
Since 0 = h(X,V) = WA(X,V) = i(Vw X, V) + h(X, Vi V) = h(Vi X, V) =
—h(X, Vi V).
And in the same way h(V,v X, W) = —h(X, Vv eW). From these relations we
have

o o o o o o
I

0 = h((Vxp)V,pW) = h(X,VwV) + h(X,V,yeW)
0 = h((Vxe)V, W) — (X, TwV) + h(X, T,y eW).

So if the fibers are totally geodesic (ieT' = 0), one get h(Vxp)V, W) = 0 =

(Vkp)V =0
O

6.6. Example. Let [(N,¢,h) = (M, J,g)] be a (semi— Riemannian) almost para-
Hermitian fiber bundle such that (N, p,h) is a quasi-para-Kahler manifold and
(M, J,g) is an almost semi-para- K ahler manifold and let u : M — N be a section.
If u is a (J, p)-holomorphic map, then w is a harmonic section.

In fact :

On one hand, a section that is a (J,)-holomorphic map is obvious a (J,y)-
holomorphic section.

In fact
duoJ = podu
d°uod = ¢'odu
d’uod = wod’u

because VE € x(N), p(EV) = ¢¥(E) since 7 is an almost para-Hermitian submer-
sion.

On the other hand, since u is a (J, ¢)-holomorphic map from a semi Kahler man-
ifold to a quasi-para-Hermitian manifold, then by virtue of corollary 3.2, w is a
harmonic map; morever one knows that a section that is harmonic map is a har-
monic section.
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