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FRACTIONAL INEQUALITIES OF HERMITE-HADAMARD
TYPE FOR h-CONVEX, CO-ORDINATED h-CONVEX AND
s-CONVEX FUNCTIONS

R. HUSSAIN, A. ALI, K. RAUF*, BAREERA KEHKASHAN, A. LATIF

ABSTRACT. In this paper, a remarkable fractional integral inequality of [14]
by Sarikaya et al. is reproduced for h-convex functions, co-ordinated h-convex
functions on a rectangle from the plane R? and s-convex functions, by using
right and left Riemann-Liouville fractional integrals.

1. INTRODUCTION

A function z : I C R — R defined on the interval I of real numbers, is said to
be convex function if it fulfills the following inequality
2ire+ (1 —r)y) <rz(z)+ (1 —7r)z(y)
Va,yelandVrel01].

Let z: I C R — R be convex function and p,q € I, with p < g, the following
double inequality holds

1 q
B <p+q> < 2(2)ds < z(p) + 2(q)
q—DJp 2
this classical inequality is known as Hermite-Hadamard inequality. For different

proves, refinements and extensions of this inequality one can consult [2], [5], [6],
[10].

Y

Definition 1.1. Let z € L1[p, q|], the Riemann-Liouville integrals J;Jrz and J;Lz
of order v > 0 with p > 0 are defined by

p
Jppz(x) = F(l’y)/p (x — 7)Y 2(r)dr, x>p (1.1)
and
1 q
J_z(z) = W/z (r —z)" " tz(r)dr, x < g, (1.2)
respectively, where T'(7y) is gamma function given by T'(y) = fooo rY~le "dr.
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Let z € Ly([a,b]x[c,d]), the Riemann-Liouville integrals J);° q+,J;+5n A 6m+,fy (in_
of order 7,8 > 0 with p,m > 0 are defined by

J;+5m+ (z,y) / / z—1)" Yy —s)"tdsdr, x> p,y>m,(1.3)
J;_fn_ (z,y) / / ) (s —y)° tdsdr, x> p,y<n, (1.4)
J% i 2(T,Y) / / r—x)y —s)°"tdsdr, @ <q,y>m,(1.5)
J“’frh (z,v) T(T@) / / (r—z)" Y (s —y)° tdsdr, x<gq,y<n, (1.6)
respectively.

For details on the fractional calculus: fractional integration and fractional deriva-
tives one can consult [3], [4], [9], [12].

In [8] Latif and Alomari described the following two classes of generalized convex
functions, namely the h and co-ordinated h-convex functions.

Definition 1.2. Let h: (0,1) C J C R — R be a positive function. A function z :
I C R — R is said to be h-convex or that z is said to belong to the class SX (h,I),
if z is non-negative and ¥ x,y € I and vy € (0,1), we have
z(re + (1 —r)y) < h(r)z(z) + h(1 —7)z(y). (1.7)
If the inequality is reversed then z is said to be h-concave and we say
that z belongs to the class SV(h,I).

Definition 1.3. A function z : A — R is said to be h-convex on the co-ordinates
on I\ if the inequality
2(r+ (1= )y, se + (1= )f) < h(r)h(s)=(z,€) + h(r)h(1 — $)2(z, /)
+h(s)h(1 —r)z(y,e) + h(1 — r)h(1 — $)z(y, f) (1.8)
holds ¥ r,s € [0,1] and (z,e), (z, f), (y,e), (y, f) € A, where A is the bidimentional
interval given by A := [p,q] x [m,n].

In [I1], Orlicz introduced the following classes of s-convex functions. Interested
readers should see [I], [7] and [13], and the references therein.

Definition 1.4. A function z : Rt — R, where Rt = [0,00), is said to be
s-convex in the first sense if
z(yx +0y) < v°z(x) +0°2(y) (1.9)

YV a,y € [0,00), 7,0 > 0 with v° 4+ 6° = 1 and for some fized s € (0,1]. We denote
this class of functions by K}.

Also, a function z : Rt — R, where RT = [0,00), is said to be s-convex in the
second sense if

z(yx 4 0y) < 7°z(x) +6°2(y) (1.10)



14 R. HUSSAIN, A. ALI, K. RAUF, BAREERA KEHKASHAN, A. LATIF

YV x,y € [0,00), 7,0 > 0 with v+ 6 = 1 and for some fized s € (0,1]. We denote
this class of functions by K?2.

It is remarkable that in [I4] Sarikaya et al. first give the following interesting in-
tegral inequality of Hermit-Hadamard-type involving Riemann-Liouville fractional
integrals.

Theorem 1.5. Let z : [p,q] — R be a positive function with 0 < p < ¢ and
z € Li[p,q]. If z is a convex function on [p,q|, then the following inequalities for
fractional integrals hold

B (p+q> < P+
2 2(q —p)
Now, we obtain some new fractional inequalities of the type (1.11)) for h-convex

functions, co-ordinated h-convex functions on a rectangle from the plane R? and
s-convex functions respectively.

z(p) + z(q)
==

[Jps2(q) + Jg_z(p)] < (1.11)

2. MAIN RESULTS

Theorem 2.1. Let z : [p,q] — R be a positive function with 0 < p < ¢ and
z € L1[p,q|. If z is a h-convex function on [p,q], then the following inequalities for
fractional integrals hold

(5 < Mg g )+ <)
<P EPE D om0 @)

Proof. Since z is h-convex function, then from ,
z(re + (1 —r)y) < h(r)z(z) + h(1 —r)z(y),
let v =rmp+(1—r)g,y=1—-r)p+rgr= %>

+ 1
(Z50) < Alatrap+ (1= )+ 5((1 = ra)p-+ )l
multiplying both side by ﬂ*l and then integrating w.r.t 1 on [0, 1] we get,

1 1
- + 1 _
| (”Qq)dr1Sh<2>[ | st (@ =g
0 0

1
—I—/ rf_lz((l —7r1)p +r1q)dr],
0

1 p+q L'(v) o )
Wh(é)z< 2 >S (¢—p) py2(0) +Jq-2(p)) (2:2)

nowputm:p7y:qin,
z(rp+ (1 = 7r)q) < h(r)z(p) + (1 —r)z(q)

(L =r)p+rq) <h(l—7)z(p) + h(r)z(q).
Adding the above two inequalities, we get

2(rp+ (1 =7)g) + 2((1 = r)p+rq) < [h(r) + k(1 = r)][z(p) + 2(q)];
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multiplying both side by r7~! and by integrating w.r.t. r over [0, 1], we obtain

I'(v)
(q—p)

From ((1.2) and (1.1) we have

1
[Tpr2(0) + I z(p)] < [2(p) + Z((J)]/O P () + (1= r)]dr. (2.3)

1
/o 7 h(r)dr = T'(v)J{_h(0),

/0 P Uh(1— r)dr = T(y)Jg, h(1)

using above in
T
) + T+ 0)] < TO)E0) + @00+ b)) (2
From and we have
1 ptgq I'(v)
< T()[=p) + 2(Q[J{_h(0) + Jg h(1)] (2.5)
multiplying the above inequality by h(%)q/7 we get the inequality . O

Theorem 2.2. Let z : A C R? — R be co-ordinated h-convex on /A := [p,q] X
[m,n] in R?, with0 < p < q,<m <n. If 2 € Li(A), then the following inequalities
hold

p+q 1., T(y+1I(0+1)
< [h(=
A 2 ) =1 (2)] (g—p)'(n—m)d
[J;J’f,m+z(qa n) + J;jﬁn,z(q, m) + Jg’fs’m+z(p, n)+ J;’;{n,z(p, m)]

< [h(%)]Q[Z(p, m) + z(p,n) + 2(¢;m) + z(¢;n)]L(y + YT(0 + 1)
[JT_1(0) + JG R(DITP_h(0) + J3, h(1)]. (2.6)

Proof. In (1.8) let x =rp+ (1 —7r1)q, y = (1 —r1)p + 14,

e:slm—i—(l—sl)n,f:(l—sl)m—i—slnandr:s:%,Wehave

DAL TR < ) Pletrap + (1= ra)a,sym + (1= 1))
+z2(rip+ (1 —7r1)q, (1 — s1)m+ s1n)
+2((1 =r1)p+rig,sim+ (1 —s1)n)

+2((1 =r1)p+7r1g, (1 — s1)m + s1n)],

2(
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multiplying both side by 7 "5~ and then integrating w.r.t (r1.s1) on [0,1] x [0,1],

1 p+qg m+n

%Z(?v 5 )
//” ' Erap + (1= m)g sim o+ (1= s1)n)
+z(rip+ (1 —71)g, (1 — s1)m + syn)]dsydr
//7"1 L0 z(( = r)p + g, sim+ (1= s1)n)
(L =r1)m+riq, (1 — s1)m + syn)|dsidr]. (2.7)
Consider

/ / ry -1 ‘1; ! z(rp+ (1 —r1)g, sym + (1 — s1)n)dsydr.

Let  mp+(l—-r)g=zand sym+(1-s1)b=y,

/ / ry -1 ‘1§ ! zirip+ (1 —r1)g,sym + (1 — s1)n)dsidry

UEE // — )" (n —y)° " a(x,y)dydz, (2.8)

similarly, solving the second integral term of (2.7)) and by putting the values into

(2.7), we get

1 p+qg m+n 19 1
w5 =2 M ey
{ (¢ —2)" H(n—y)°* 2z, y)dydz

+ qg—x)"" 1(y m)‘sflz(:ﬂ,y)dydx

3\3

n

p)" M n—y)° 2z, y)dyds

_|_

3\

3

+

[
J
/pq/ Py —m)’ " z(x, y)dyda},

1 Z(p—&-q m—i—n) L(y)T(0)
(3?2 2 7 2 T (g—p)(n—m)
+ Ty 2 () + I 2(p,m)), (2.9)
now, let z=p, y=¢q, u=m and w =nin (1 71‘cg1ves

S [J;jf,m+z(q7 ) J;Jrénf (q7m)

zirp+ (1 =7)g,sm+ (1 — s)n) < h(r)h(s)z(p,m) + h(r)h(1 — s)z(p,n)
+ h(s)h(1 —7r)z(g,m) + (1 —r)h(1 — s)z(q,n)
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2(rp4+ (1 —1)q, (1 — s)m + sn) < h(r)h(1 — s)z(p, m) + h(r)h(s)z(p,n
+ h(1=35)h(1 —7)z(q,m) + h(1 — r)h(s)z(g,n),

A(L = r)p+rg,sm + (1 — $)n) < h(1 — r)h(s)2(p, 1) + h(1L  r)h(1 - 8)(p,)
+ h(s)h(r)z(q,m) + h(r)h(1 — s)z(g,n),

2(1=r)p+rq, (1 —s)m+ sn) < h(1 —r)h(1l = 8)z(p,m) + h(1 —r)h(s)z(p,n)
+ h(1 = s)h(r)z(q,m) + h(r)h(s)z(q,n).

Adding the above inequalities, we have

zirp+ (1 —=7r)g,sm~+ (1 —s)n) + z(rp+ (L —7)g, (1 — s)m + sn)
+2((L=r)p+rg,sm+ (1 —s)n)+2((1 —r)p+rq, (1 — s)m + sn)
< [A(r) + h(1 = 7)][(s) + h(1 = 8)][z(p, m) + z(p,n) + (g, m) + z(g, n)].

multiplying both side by r7~1s°~! and then integrating w.r.t (r,s) on [0, 1] x [0, 1],

/ / 7 (rp+ (L= 1)g, sm+ (1 — s)n) + 2(rp + (1 — r)g, (1 — s)m + sn)

(I=mp+rg,sm+(1—s)n)+2((1 —r)p+rgq, (1 — s)m + sn)dsdr

/ / P O () 4+ h(1 = r)][h(s) + B(1 — $)]
[2(p,m) + z(p,n) + z(qg,m) + z(¢g,n)]dsdr,

I'(»)T(0)

< [ (p,m) + 2(p,n) + Z(q7 m) + z(g, n)]

Lo s )+ = sl + A1 =, (210)

(g —p)(n—m)°

by Riemann-Liouville integral, we have

/1 $"1[h(s) + h(1 — s)]ds = T(6)[J7_h(0) + J3, h(1)],
0

similarly,
/O P17 h(s) + h(1 = s)]ds = D(y)[J7_h(0) + I3, h(1)].

Then, becomes,
L(y)L(9)
(¢ —p)'(n—m)°
< [z(p,m) + 2(p,n) + 2(q,m) + 2(g, n)]
D(Y)T(8)[J7_h(0) + Jg, h(V)I[JT_h(0) + Jo, h(1)], (2.11)

[T s z(a,n) + I _2(gym) + T z(pon) + T, _z(p,m)]
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combining (2.9) and (2.11)), we get
1 p+qg m+n L' (y)I(0)
5/ ( : ) S s
YSh(3) 2 2 (¢ —p)"(n—m)
[J;j:m+z(q, n) + J;j:n_z(q, m) + J;L‘S,m+z(p, n) + Jg;‘in_z(p, m)]
< [z(p,m) + 2(p,n) + 2(q,m) + 2(q, n)]
D(T(E)[T7_R(0) + Jg h(V)][TT_R(0) + Jg, h(1)],
multiplying the above double inequality by o [h(%)]2 we get 1] a

Theorem 2.3. Let z : [p,q] — R be a positive function with 0 < p < ¢ and
z € Lilp,q]. If z is a s-convex function in the second sense on [p,q|, then the
following inequalities for fraction integrals hold

() < O )+ 7 +l0)] < (letr) + (o)

1 s(s—1)(s—2)...(s—n)

[7+s Yy +D(y+2)...(v+n)

Proof. Since z is s-convex function in the second sense then by (1.10)),
zire + (L —=r)y) <r’z(z)+ (1 —r)°z(y).

Let z=mp+(1-r)g,y=Q0-r)p+rg,r=3in (L10),

z <p+q> =< i[,2(7“1]3 + (1 =r1)g) +2((1 =r)p +7r19)],

1
/ P (1 — )~ (D] (2.12)
0

2 - 28
multiplying both side by ﬂ*l and then integrating w.r.t r1 over [0,1],
I'(v)

2° (p+a y .,
72 ( 2 > < (q — p)’y [Jp+2(q) + Jq_Z(p)], (213)

(55 = g e+ )

The first inequality in (2.12)) is proved. To prove the second inequality
put z =p,y=qin (L.10)

2(rp+ (1 —r)g) <r°z(p) + (1 —7)°2(q),

2(L=r)p+rq) < (1 —7)°2(p) +1°2(q).
Adding the above, we get
z2(rp+ (1 —1)g) +2((L—r)p+rq) < [r* + (1 —7)°][2(p) + 2(q)]
multiplying the above inequality by r7~! and then integrating w.r.t r over [0, 1],

/o 7 e(rp+ (1 =1)q) + 2((1 = r)p + rg)ldr
< /0 7t 4+ (1= 1)%][z(p) + 2(g)]dr,

I'(v)
(q—p)

7, 2(0) + T2 2(p)] < [2(p) + 2(0)] /0 Pt 4 (1= ) Tdr. (2.14)
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Consider
1 1 1
/ T'Y_l[rs + (1 —r)%ldr= / rstr gy —|—/ 7"7_1(1 —r)*dr
0 0 0
1 1
= —|—/ N1 = r)sdr
Y+s 0

integrating the second term by parts and taking (1 — r)® as first function, we get
1 s(s=1)(s—2)...(s = n)
v+s A+ D(H+2)...(y+n)

by putting (2.14]) in (2.15) we have

(qF_(Vp))y [T} 2(q) + J]_2(p)] < [2(p) + 2(q)]

1 s(s=1)(s—2)...(s = n)
[ +

v+s (D0 +2)(v+ )
combining (2.13) and (2.16)), we get

2oy < SO e )+ ) < ) + 2(0)

1
/ P (1 — )= (2.15)
0

1
/ Pt (1 — )= dr] (2.16)
0

72 (¢—p)
1
[ 1 S(S — 1)(‘9 — 2)(3 — ’I’L) / r’y+n(1 _ T‘)s_(n+1)d7“]
T+s A+ D0 +2).(v+n) Jo
multiplying the above double inequality by (), we get (2.12)). [l
piymg q Yy by (35), g
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