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FRACTIONAL INEQUALITIES OF HERMITE-HADAMARD

TYPE FOR h-CONVEX, CO-ORDINATED h-CONVEX AND

s-CONVEX FUNCTIONS

R. HUSSAIN, A. ALI, K. RAUF*, BAREERA KEHKASHAN, A. LATIF

Abstract. In this paper, a remarkable fractional integral inequality of [14]

by Sarikaya et al. is reproduced for h-convex functions, co-ordinated h-convex
functions on a rectangle from the plane R2 and s-convex functions, by using

right and left Riemann-Liouville fractional integrals.

1. Introduction

A function z : I ⊂ R → R defined on the interval I of real numbers, is said to
be convex function if it fulfills the following inequality

z(rx+ (1− r)y) ≤ rz(x) + (1− r)z(y)

∀ x, y ∈ I and ∀ r ∈ [0, 1].

Let z : I ⊆ R −→ R be convex function and p, q ∈ I, with p < q, the following
double inequality holds

z

(
p+ q

2

)
≤ 1

q − p

∫ q

p

z(x)dx ≤ z(p) + z(q)

2
,

this classical inequality is known as Hermite-Hadamard inequality. For different
proves, refinements and extensions of this inequality one can consult [2], [5], [6],
[10].

Definition 1.1. Let z ∈ L1[p, q], the Riemann-Liouville integrals Jγp+z and Jγq−z
of order γ > 0 with p ≥ 0 are defined by

Jγp+z(x) =
1

Γ(γ)

∫ x

p

(x− r)γ−1z(r)dr, x > p (1.1)

and

Jγq−z(x) =
1

Γ(γ)

∫ q

x

(r − x)γ−1z(r)dr, x < q, (1.2)

respectively, where Γ(γ) is gamma function given by Γ(γ) =
∫∞
0
rγ−1e−rdr.
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Let z ∈ L1([a, b]×[c, d]), the Riemann-Liouville integrals Jγ,δp+,q+,Jγ,δp+,n−,Jγ,δq−,m+,Jγ,δq−,n−
of order γ, δ > 0 with p,m ≥ 0 are defined by

Jγ,δp+,m+z(x, y) =
1

Γ(γ)Γ(δ)

∫ x

p

∫ y

m

(x− r)γ−1(y − s)δ−1dsdr, x > p, y > m, (1.3)

Jγ,δp+,n−z(x, y) =
1

Γ(γ)Γ(δ)

∫ x

p

∫ n

y

(x− r)γ−1(s− y)δ−1dsdr, x > p, y < n, (1.4)

Jγ,δq−,m+z(x, y) =
1

Γ(γ)Γ(δ)

∫ q

x

∫ y

m

(r − x)γ−1(y − s)δ−1dsdr, x < q, y > m, (1.5)

Jγ,δq−,n−z(x, y) =
1

Γ(γ)Γ(δ)

∫ q

x

∫ n

y

(r − x)γ−1(s− y)δ−1dsdr, x < q, y < n, (1.6)

respectively.

For details on the fractional calculus: fractional integration and fractional deriva-
tives one can consult [3], [4], [9], [12].

In [8] Latif and Alomari described the following two classes of generalized convex
functions, namely the h and co-ordinated h-convex functions.

Definition 1.2. Let h : (0, 1) ⊆ J ⊆ R→ R be a positive function. A function z :
I ⊆ R −→ R is said to be h-convex or that z is said to belong to the class SX(h, I),
if z is non-negative and ∀ x, y ∈ I and γ ∈ (0, 1), we have

z(rx+ (1− r)y) ≤ h(r)z(x) + h(1− r)z(y). (1.7)

If the inequality (1.7) is reversed then z is said to be h-concave and we say
that z belongs to the class SV(h,I).

Definition 1.3. A function z : 4 −→ R is said to be h-convex on the co-ordinates
on 4 if the inequality

z(rx+ (1− r)y, se+ (1− s)f) ≤ h(r)h(s)z(x, e) + h(r)h(1− s)z(x, f)

+h(s)h(1− r)z(y, e) + h(1− r)h(1− s)z(y, f) (1.8)

holds ∀ r, s ∈ [0, 1] and (x, e), (x, f), (y, e), (y, f) ∈ 4, where 4 is the bidimentional
interval given by 4 := [p, q]× [m,n].

In [11], Orlicz introduced the following classes of s-convex functions. Interested
readers should see [1], [7] and [13], and the references therein.

Definition 1.4. A function z : R+ −→ R, where R+ = [0,∞), is said to be
s-convex in the first sense if

z(γx+ δy) ≤ γsz(x) + δsz(y) (1.9)

∀ x, y ∈ [0,∞), γ, δ ≥ 0 with γs + δs = 1 and for some fixed s ∈ (0, 1]. We denote
this class of functions by K1

s .
Also, a function z : R+ −→ R, where R+ = [0,∞), is said to be s-convex in the

second sense if

z(γx+ δy) ≤ γsz(x) + δsz(y) (1.10)
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∀ x, y ∈ [0,∞), γ, δ ≥ 0 with γ + δ = 1 and for some fixed s ∈ (0, 1]. We denote
this class of functions by K2

s .

It is remarkable that in [14] Sarikaya et al. first give the following interesting in-
tegral inequality of Hermit-Hadamard-type involving Riemann-Liouville fractional
integrals.

Theorem 1.5. Let z : [p, q] −→ R be a positive function with 0 ≤ p < q and
z ∈ L1[p, q]. If z is a convex function on [p, q], then the following inequalities for
fractional integrals hold

z

(
p+ q

2

)
≤ Γ(γ + 1)

2(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤

z(p) + z(q)

2
. (1.11)

Now, we obtain some new fractional inequalities of the type (1.11) for h-convex
functions, co-ordinated h-convex functions on a rectangle from the plane R2 and
s-convex functions respectively.

2. Main Results

Theorem 2.1. Let z : [p, q] −→ R be a positive function with 0 ≤ p < q and
z ∈ L1[p, q]. If z is a h-convex function on [p, q], then the following inequalities for
fractional integrals hold

z

(
p+q

2

)
≤ h(

1

2
)

Γ(γ+1)

2(q−p)γ
[Jγp+z(q)+Jγq−z(p)]

≤ h(
1

2
)Γ(γ+1)[

z(p)+z(q)

2
][Jγ1−h(0)+Jγ0+h(1)]. (2.1)

Proof. Since z is h-convex function, then from (1.7),

z(rx+ (1− r)y) ≤ h(r)z(x) + h(1− r)z(y),

let x = r1p+ (1− r1)q, y = (1− r1)p+ r1q, r = 1
2 ,

z

(
p+ q

2

)
≤ h(

1

2
)[z(r1p+ (1− r1)q) + z((1− r1)p+ r1q)],

multiplying both side by rγ−11 and then integrating w.r.t r1 on [0, 1] we get,∫ 1

0

rγ−11 z

(
p+ q

2

)
dr1 ≤ h(

1

2
)[

∫ 1

0

rγ−11 z(r1p+ (1− r1)q)dr1

+

∫ 1

0

rγ−11 z((1− r1)p+ r1q)dr1],

1

γh( 1
2 )
z

(
p+ q

2

)
≤ Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)], (2.2)

now put x = p, y = q in (1.7),

z(rp+ (1− r)q) ≤ h(r)z(p) + h(1− r)z(q)

z((1− r)p+ rq) ≤ h(1− r)z(p) + h(r)z(q).

Adding the above two inequalities, we get

z(rp+ (1− r)q) + z((1− r)p+ rq) ≤ [h(r) + h(1− r)][z(p) + z(q)],
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multiplying both side by rγ−1 and by integrating w.r.t. r over [0, 1], we obtain

Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤ [z(p) + z(q)]

∫ 1

0

rγ−1[h(r) + h(1− r)]dr. (2.3)

From (1.2) and (1.1) we have∫ 1

0

rγ−1h(r)dr = Γ(γ)Jγ1−h(0),

∫ 1

0

rγ−1h(1− r)dr = Γ(γ)Jγ0+h(1)

using above in (2.3)

Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤ Γ(γ)[z(p) + z(q)][Jγ1−h(0) + Jγ0+h(1)]. (2.4)

From (2.2) and (2.4) we have

1

γh( 1
2 )
z(
p+ q

2
) ≤ Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)]

≤ Γ(γ)[z(p) + z(q)][Jγ1−h(0) + Jγ0+h(1)] (2.5)

multiplying the above inequality by h( 1
2 )γ, we get the inequality (2.1). �

Theorem 2.2. Let z : 4 ⊆ R2 −→ R be co-ordinated h-convex on 4 := [p, q] ×
[m,n] in R2, with 0 ≤ p < q,≤ m < n. If z ∈ L1(4), then the following inequalities
hold

z(
p+ q

2
) ≤ [h(

1

2
)]2

Γ(γ + 1)Γ(δ + 1)

(q − p)γ(n−m)δ

[Jγ,δp+,m+z(q, n) + Jγ,δp+,n−z(q,m) + Jγ,δq−,m+z(p, n) + Jγ,δq−,n−z(p,m)]

≤ [h(
1

2
)]2[z(p,m) + z(p, n) + z(q,m) + z(q, n)]Γ(γ + 1)Γ(δ + 1)

[Jγ1−h(0) + Jγ0+h(1)][Jδ1−h(0) + Jδ0+h(1)]. (2.6)

Proof. In (1.8) let x = r1p+ (1− r1)q, y = (1− r1)p+ r1q,
e = s1m+ (1− s1)n, f = (1− s1)m+ s1n and r = s = 1

2 , we have

z(
p+ q

2
,
m+ n

2
) ≤ [h(

1

2
)]2[z(r1p+ (1− r1)q, s1m+ (1− s1)n)

+ z(r1p+ (1− r1)q, (1− s1)m+ s1n)

+ z((1− r1)p+ r1q, s1m+ (1− s1)n)

+ z((1− r1)p+ r1q, (1− s1)m+ s1n)],
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multiplying both side by rγ−11 sδ−11 and then integrating w.r.t (r1.s1) on [0, 1]× [0, 1],

1

γδ
z(
p+ q

2
,
m+ n

2
)

≤ [h(
1

2
)]2[

∫ 1

0

∫ 1

0

tγ−11 sδ−11 [z(r1p+ (1− r1)q, s1m+ (1− s1)n)

+ z(r1p+ (1− r1)q, (1− s1)m+ s1n)]ds1dr1

+

∫ 1

0

∫ 1

0

rγ−11 sδ−11 [z((1− r1)p+ r1q, s1m+ (1− s1)n)

+ z((1− r1)m+ r1q, (1− s1)m+ s1n)]ds1dr1]. (2.7)

Consider ∫ 1

0

∫ 1

0

rγ−11 sδ−11 z(r1p+ (1− r1)q, s1m+ (1− s1)n)ds1dr1.

Let r1p+ (1− r1)q = x and s1m+ (1− s1)b = y,

∫ 1

0

∫ 1

0

rγ−11 sδ−11 z(r1p+ (1− r1)q, s1m+ (1− s1)n)ds1dr1

=
1

(q − p)γ(n−m)δ

∫ q

p

∫ n

m

(q − x)γ−1(n− y)δ−1z(x, y)dydx, (2.8)

similarly, solving the second integral term of (2.7) and by putting the values into
(2.7), we get

1

γδ
z(
p+ q

2
,
m+ n

2
) ≤ [h(

1

2
)]2

1

(q − p)γ(n−m)δ

{
∫ q

p

∫ n

m

(q − x)γ−1(n− y)δ−1z(x, y)dydx

+

∫ q

p

∫ n

m

(q − x)γ−1(y −m)δ−1z(x, y)dydx

+

∫ q

p

∫ n

m

(x− p)γ−1(n− y)δ−1z(x, y)dydx

+

∫ q

p

∫ n

m

(x− p)γ−1(y −m)δ−1z(x, y)dydx},

1

γδh( 1
2 )2

z(
p+ q

2
,
m+ n

2
) ≤ Γ(γ)Γ(δ)

(q − p)γ(n−m)δ
[Jγ,δp+,m+z(q, n) + Jγ,δp+,n−z(q,m)

+ Jγ,δq−,m+z(p, n) + Jγ,δq−,n−z(p,m)], (2.9)

now, let x = p, y = q, u = m and w = n in (1.8), it gives

z(rp+ (1− r)q, sm+ (1− s)n) ≤ h(r)h(s)z(p,m) + h(r)h(1− s)z(p, n)

+ h(s)h(1− r)z(q,m) + h(1− r)h(1− s)z(q, n)
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z(rp+ (1− r)q, (1− s)m+ sn) ≤ h(r)h(1− s)z(p,m) + h(r)h(s)z(p, n)

+ h(1− s)h(1− r)z(q,m) + h(1− r)h(s)z(q, n),

z((1− r)p+ rq, sm+ (1− s)n) ≤ h(1− r)h(s)z(p,m) + h(1− r)h(1− s)z(p, n)

+ h(s)h(r)z(q,m) + h(r)h(1− s)z(q, n),

z((1− r)p+ rq, (1− s)m+ sn) ≤ h(1− r)h(1− s)z(p,m) + h(1− r)h(s)z(p, n)

+ h(1− s)h(r)z(q,m) + h(r)h(s)z(q, n).

Adding the above inequalities, we have

z(rp+ (1− r)q, sm+ (1− s)n) + z(rp+ (1− r)q, (1− s)m+ sn)

+z((1− r)p+ rq, sm+ (1− s)n) + z((1− r)p+ rq, (1− s)m+ sn)

≤ [h(r) + h(1− r)][h(s) + h(1− s)][z(p,m) + z(p, n) + z(q,m) + z(q, n)].

multiplying both side by rγ−1sδ−1 and then integrating w.r.t (r, s) on [0, 1] × [0, 1],

∫ 1

0

∫ 1

0

rγ−1sδ−1z(rp+ (1− r)q, sm+ (1− s)n) + z(rp+ (1− r)q, (1− s)m+ sn)

+z((1− r)p+ rq, sm+ (1− s)n) + z((1− r)p+ rq, (1− s)m+ sn)dsdr

≤
∫ 1

0

∫ 1

0

rγ−1sδ−1[h(r) + h(1− r)][h(s) + h(1− s)]

[z(p,m) + z(p, n) + z(q,m) + z(q, n)]dsdr,

Γ(γ)Γ(δ)

(q − p)γ(n−m)δ
[Jγ,δp+,m+z(b, d) + Jγ,δp+,n−z(q,m) + Jγ,δq−,m+z(p, n) + Jγ,δq−,n−z(p,m)]

≤ [z(p,m) + z(p, n) + z(q,m) + z(q, n)]∫ 1

0

rγ−1[

∫ 1

0

sδ−1[h(s) + h(1− s)]ds][h(r) + h(1− r)]dr, (2.10)

by Riemann-Liouville integral, we have∫ 1

0

sδ−1[h(s) + h(1− s)]ds = Γ(δ)[Jδ1−h(0) + Jδ0+h(1)],

similarly, ∫ 1

0

rγ−1[h(s) + h(1− s)]ds = Γ(γ)[Jγ1−h(0) + Jγ0+h(1)].

Then, (2.10) becomes,

Γ(γ)Γ(δ)

(q − p)γ(n−m)δ
[Jγ,δp+,m+z(q, n) + Jγ,δp+,n−z(q,m) + Jγ,δq−,m+z(p, n) + Jγ,δq−,n−z(p,m)]

≤ [z(p,m) + z(p, n) + z(q,m) + z(q, n)]

Γ(γ)Γ(δ)[Jγ1−h(0) + Jγ0+h(1)][Jδ1−h(0) + Jδ0+h(1)], (2.11)
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combining (2.9) and (2.11), we get

1

γδh( 1
2 )2

f(
p+ q

2
,
m+ n

2
) ≤ Γ(γ)Γ(δ)

(q − p)γ(n−m)δ

[Jγ,δp+,m+z(q, n) + Jγ,δp+,n−z(q,m) + Jγ,δq−,m+z(p, n) + Jγ,δq−,n−z(p,m)]

≤ [z(p,m) + z(p, n) + z(q,m) + z(q, n)]

Γ(γ)Γ(δ)[Jγ1−h(0) + Jγ0+h(1)][Jδ1−h(0) + Jδ0+h(1)],

multiplying the above double inequality by γδ[h( 1
2 )]2 we get (2.6). �

Theorem 2.3. Let z : [p, q] −→ R be a positive function with 0 ≤ p < q and
z ∈ L1[p, q]. If z is a s-convex function in the second sense on [p, q], then the
following inequalities for fraction integrals hold

z

(
p+ q

2

)
≤ Γ(γ + 1)

2s(q − p)γ
[
Jγp+z(q) + Jγq−z(p)

]
≤ (

γ

2s
)[z(p) + z(q)]

[
1

γ + s
+

s(s− 1)(s− 2)...(s− n)

γ(γ + 1)(γ + 2)...(γ + n)

∫ 1

0

rγ+n(1− r)s−(n+1)dr]. (2.12)

Proof. Since z is s-convex function in the second sense then by (1.10),

z(rx+ (1− r)y) ≤ rsz(x) + (1− r)sz(y).

Let x = r1p+ (1− r1)q , y = (1− r1)p+ r1q , r = 1
2 in (1.10),

z

(
p+ q

2

)
≤ 1

2s
[z(r1p+ (1− r1)q) + z((1− r1)p+ r1q)],

multiplying both side by rγ−11 and then integrating w.r.t r1 over [0,1],

2s

γ
z

(
p+ q

2

)
≤ Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)], (2.13)

z

(
p+ q

2

)
≤ Γ(γ + 1)

2s(q − p)γ
[Jγp+z(q) + Jγq−z(p)].

The first inequality in (2.12) is proved. To prove the second inequality
put x = p , y = q in (1.10)

z(rp+ (1− r)q) ≤ rsz(p) + (1− r)sz(q),

z((1− r)p+ rq) ≤ (1− r)sz(p) + rsz(q).

Adding the above, we get

z(rp+ (1− r)q) + z((1− r)p+ rq) ≤ [rs + (1− r)s][z(p) + z(q)]

multiplying the above inequality by rγ−1 and then integrating w.r.t r over [0, 1],∫ 1

0

rγ−1[z(rp+ (1− r)q) + z((1− r)p+ rq)]dr

≤
∫ 1

0

rγ−1[rs + (1− r)s][z(p) + z(q)]dr,

Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤ [z(p) + z(q)]

∫ 1

0

rγ−1[rs + (1− r)s]dr. (2.14)
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Consider∫ 1

0

rγ−1[rs + (1− r)s]dr =

∫ 1

0

rs+γ−1dr +

∫ 1

0

rγ−1(1− r)sdr

=
1

γ + s
+

∫ 1

0

rγ−1(1− r)sdr

integrating the second term by parts and taking (1− r)s as first function, we get

=
1

γ + s
+

s(s− 1)(s− 2)...(s− n)

γ(γ + 1)(γ + 2)...(γ + n)

∫ 1

0

rγ+n(1− r)s−(n+1)dr (2.15)

by putting (2.14) in (2.15) we have

Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤ [z(p) + z(q)]

[
1

γ + s
+

s(s− 1)(s− 2)...(s− n)

γ(γ + 1)(γ + 2)...(γ + n)

∫ 1

0

rγ+n(1− r)s−(n+1)dr] (2.16)

combining (2.13) and (2.16), we get

2s

γ
z(
p+ q

2
) ≤ Γ(γ)

(q − p)γ
[Jγp+z(q) + Jγq−z(p)] ≤ [z(p) + z(q)]

[
1

γ + s
+

s(s− 1)(s− 2)...(s− n)

γ(γ + 1)(γ + 2)...(γ + n)

∫ 1

0

rγ+n(1− r)s−(n+1)dr]

multiplying the above double inequality by ( γ2s ), we get (2.12). �
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