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CHIHARA-ROSENBLUM POLYNOMIALS

AND UMBRAL METHODS

G. DATTOLI, B. GERMANO, M.R. MARTINELLI, P.E. RICCI

Abstract. In this paper we deal with a symbolic reformulation of the the-

ory of Chihara polynomials, we consider in particular a redefinition due to

Rosenblum. We show that the umbral method we propose provides a very
convenient tool to study the relevant properties and to frame the associated

theory within a more general framework.

1. Introduction

The use of symbolic methods of umbral nature has opened new avenues for the
study of special functions and polynomials [3]. The advantages offered by such a
technique are a by-product of the inherent simplicity of the underlying rules, which
reduce the involved computational steps to elementary algebraic calculus. A further
simplification adopted e.g. in refs. [4], [1] yields new tools, which once used along
with the Ramanujan master theorem [5] allows a tremendous simplification of the
study of Bessel functions and in the framing of special polynomials within a more
general context [5]. Albeit the rigorous formulation of the method we are going
to discuss requires the use of the formalism of the Borel transform, we present its
essential features following a heuristic but effective procedure.

We introduce indeed a symbolic operator ĉ , used as an ordinary algebraic quan-
tity and specified by the following properties:

ĉα ĉβ = ĉα+β (1.1)

and acting on a space ϕ0 defined, with a language borrowed from Physics, “vac-
uum”, in such a way that:

ĉαϕ0 =
1

Γ(α+ 1)
. (1.2)
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According to such a definition, the associated Laguerre polynomials [1], read 1 can
be cast in the form

L(α)
n (x, y) =

Γ(n+ α+ 1)

n!
Λ(α)
n (x, y) , (1.3)

with

Λ(α)
n (x, y) = ĉα(y − ĉ x)nϕ0 = n!

n∑
r=0

(−x)ryn−r

r! Γ(r + α+ 1) (n− r)!
. (1.4)

Leaving for a while the operational formalism, we remind that the Hermite poly-
nomials are expressible in terms of the associated Laguerre polynomials, according
to the well-known identities [1]:

H2n(x) = (−1)n 22n n!L
(−1/2)
n (x2) = (−1)n 22n Γ

(
n+

1

2

)
ĉ−1/2(1− ĉ x2)nϕ0 ,

H2n+1(x) = (−1)n 22n+1 n!xL
(1/2)
n (x2) =

= (−1)n 22n+1 Γ

(
n+

3

2

)
ĉ1/2 x (1− ĉ x2)nϕ0 ,

Hn(x) = n!

[n/2]∑
r=0

(−1)r(2x)n−2r

r! (n− 2r)!
.

(1.5)

A natural consequence of the above formulae is provided by derivation of the fol-
lowing generating functions

∞∑
n=0

(
−t
4

)n
H2n(x)

n! Γ
(
n+ 1

2

) = ĉ−1/2et(1−ĉx
2)ϕ0 = et C−1/2(x2t) ,

∞∑
n=0

(
−t
4

)n
H2n+1(x)

n! Γ
(
n+ 3

2

) = 2x ĉ1/2et(1−ĉx
2)ϕ0 = 2x et C1/2(x2t) ,

(1.6)

with

Cν(x) =

∞∑
r=0

(−x)r

r! Γ(r + ν + 1)
. (1.7)

Furthermore, the differential equation satisfied by the Hermite polynomials can be
obtained by noting that the associated Laguerre polynomials satisfy the differential
equation [

x

(
d

dx

)2

+ (α+ 1− x)
d

dx

]
L(α)
n (x) = −nL(α)

n (x) . (1.8)

Let

∆̂(x, α) =

[
x

(
d

dx

)2

+ (α+ 1− x)
d

dx

]
,

1 Strictly speaking Laguerre polynomials are single-variable polynomials and are defined as

L
(α)
n (x) = L

(α)
n (x, 1). It is also easily checked that L

(α)
n (x, y) = yn L

(α)
n (x/y). We will use

two-variable forms for future convenience.



CHIHARA-ROSENBLUM POLYNOMIALS AND UMBRAL METHODS 3

since

L
(−1/2)
n (x2) = (−1)n

H2n(x)

n! 22n
,

L
(1/2)
n (x2) = (−1)n x−1

H2n+1(x)

n! 22n+1
,

(1.9)

we find that

∆̂(x2,−1/2)H2n(x) = −nH2n(x) ,

∆̂(x2, 1/2)x−1H2n+1(x) = −nx−1H2n+1(x) .

(1.10)

The two separate equations (1.10), for odd or even indices, can be comprised into
the single equation [(

d

dx

)2

− 2x
d

dx
+ 2n

]
Hn(x) = 0 . (1.11)

The natural entanglement between Hermite and Laguerre polynomials has been
studied in [8] where we introduced the associated Hermite forms. In this paper we
will show that the same procedure can be conveniently extended to other families
of Hermite like polynomials and that significant simplifications are provided by the
umbral formalism we have envisaged.

2. The Chihara-Rosenblum polynomials

In the following we will deal with the family of polynomials [11]

Hµ
2m(x) = (−1)m

(2m)!

m!

m∑
k=0

(−1)k
(
m

k

)
Γ(µ+ 1/2)

Γ(k + µ+ 1/2)
x2k ,

Hµ
2m+1(x) = (−1)m

(2m+ 1)!

m!

m∑
k=0

(−1)k
(
m

k

)
Γ(µ+ 1/2)

Γ(k + µ+ 3/2)
x2k+1 ,

(2.1)

besides, by putting

α(m) =
1− (−1)m

2
,

the two separate expressions (2.1), for odd or even indices, can be comprised into
the single definition

Hµ
m(x) = (−1)[

m
2 ] m!

[m2 ]!

[m2 ]∑
k=0

(−1)k
(

[m2 ]

k

)
Γ(µ+ 1/2)

Γ(k + µ+ α(m) + 1/2)
x2k+α(m) .

They have been introduced by Rosenblum, have a direct relationship to the Chihara
polynomials [6] and are referred as generalized Hermite polynomials.
In this article, to avoid confusion with the plethora of existing generalized Hermite
forms, we will refer to them as C-R (Chihara- Rosenblum) polynomials.
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The use of eqs. (1.4) allows to cast (2.1) in the form

Hµ
2m(x) = (−1)m

(2m)!

m!
Γ(µ+ 1/2) Λ(µ−1/2)

m (x2, 1) ,

Hµ
2m+1(x) = (−1)m

(2m+ 1)!

m!
Γ(µ+ 1/2)xΛ(µ+1/2)

m (x2, 1) .

(2.2a)

or, equivalently,

Hµ
m(x) = (−1)[

m
2 ] m!

[m2 ]!
Γ(µ+ 1/2)xα(m) Λ

(µ+α(m)−1/2)
[m2 ] (x2, 1) . (2.2b)

A fairly straightforward consequence of the quoted umbral restyling is the derivation
of the generating functions

∞∑
m=0

(−t)m Hµ
2m(x)

(2m)!
= Γ

(
µ+

1

2

)
ĉµ−1/2et(1−ĉx

2)ϕ0 = Γ

(
µ+

1

2

)
et Cµ−1/2(x2t) ,

∞∑
m=0

(−t)m
Hµ

2m+1(x)

(2m+ 1)!
= Γ

(
µ+

1

2

)
ĉµ+1/2et(1−ĉx

2)ϕ0 = Γ

(
µ+

1

2

)
x et Cµ+1/2(x2t) .

(2.3)

Moreover it can be easily noted that the Λ-polynomials satisfy the identity

d

dx
Λ(α)
n (x2, 1) = −2xn ĉα+1(1− ĉx2)n−1ϕ0 = −2nxΛ

(α+1)
n−1 (x2, 1) , (2.4)

along with the recurrence relation

Λ
(α)
n+1(x, y) = ĉα (y − ĉx)n+1ϕ0 = yΛ(α)

n (x, y)− xΛ(α+1)
n (x, y) . (2.5)

Furthermore they satisfy the same differential equation of the associated Laguerre[
x2
(

d

d(x2)

)2

+ (α+ 2− x2)
d

d(x2)
+ n

]
Λ(α+1)
n (x2, 1) = 0 . (2.6)

From the recurrence relation (2.5), those of C-R polynomials can be obtained in
quite a straightforward way, namely

Hµ
2(m+1)(x) = 2xHµ

2m+1(x)− 2(2m+ 1)Hµ
2m(x) ,

and

Hµ
2m+3(x)

[
µ+

1

2

]
= 2x2 (2m+ 3)Hµ+1

2m+1(x)− 2(2m+ 3)

[
µ+

1

2

]
Hµ

2m+1(x) .

By following the same logic used to prove (1.1), and by letting

αD̂x = x2
(

d

d(x2)

)2

+ (α− x2)
d

d(x2)
, (2.7)

we end up with [
µ−1/2D̂x +m

]
Hµ

2m(x) = 0 ,

[
µ+1/2D̂x +m

](Hµ
2m+1(x)

x

)
= 0 .
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that is to say[
1

2

(
d

dx

)2

+
(µ
x
− x
) d

dx
+ 2m

]
Hµ

2m(x) = 0 ,

[
1

2

(
d

dx

)2

+
(µ
x
− x
) d

dx
− µ

x2
+ 2m+ 1

]
Hµ

2m+1(x) = 0 .

(2.8)

The (2.8) can be unified in[
1

2

(
d

dx

)2

+
(µ
x
− x
) d

dx
− α(n)

µ

x2
+ n

]
Hµ
n (x) = 0 .

The use of the symbolic notation can be an efficient tool in simplifying the derivation
of the properties of the Hµ

m(x) polynomials.
For future convenience, we introduce the following auxiliary families

∆µ
m(x) =

(
ĉµ+α(m)−1/2xα(m)

)
(1− ĉx2)

m−α(m)
2 ϕ0 , (2.9)

where the operator ĉ has been defined in (1.2).
Accordingly we obtain

∆µ
m(x) =

m−α(m)
2∑

k=0

(−1)k
(m−α(m)

2

k

)
x2k+α(m)

Γ(k + µ+ α(m) + 1/2)
. (2.10)

The C-R polynomials, including the relevant normalization factor can therefore be
defined as

Hµ
m(x) = Γ

(
µ+

1

2

)
βm ∆µ

m(x) ,

βm = (−1)
m−α(m)

2
m!

Γ

(
m− α(m)

2
+ 1

) .
(2.11)

We have described so far a procedure based on symbolic algebraic techniques al-
lowing a unified point of view yielding a fairly naturally embedding of Laguerre,
Hermite and C-R polynomials. In the forthcoming section we will devise an al-
ternative treatment based on an umbral extension of Hermite Kampé de Fériet
(H-K.d.F.) polynomials.

3. The Chihara-Rosenblum polynomials as umbral image of the
Hermite Kampé de Fériet family

The many variable H-K.d.F. polynomials provide a powerful tool encompassing
different forms of special polynomials, including also the so called heat polyno-
mials introduced as natural solutions of the heat equation. It has recently been
shown [8] that a convenient form to define and study their properties is an umbral
representation, allowing their treatment as the image of the power of a binomial,
namely

Hn(x, y) = (x+ ĥy)nλ0 ,

ĥny λ0 =
n!

Γ(n2 + 1)
yn/2

∣∣∣cos
(
n
π

2

)∣∣∣ ,



6 G. DATTOLI, B. GERMANO, M.R. MARTINELLI, P.E. RICCI

Hn(x, y) = n!

[n/2]∑
r=0

xn−2ryr

r! (n− 2r)!
.

In a passing note, the following link between C-R, H-K.d.F and standard Hermite
polynomials is worth to be mentioned

H(0)
n (x) := Hn(x) = Hn(2x,−1) . (3.1)

Although purely academic for the moment we note that the definition (2.11) can
be extended to the complex field as

cHn(x, y) = (x+c ĥy)nλ0 ,

cĥ
n
y λ0 =

n!

Γ(n2 + 1)
yn/2

(∣∣∣cos
(
n
π

2

)∣∣∣+ i
∣∣∣sin(nπ

2

)∣∣∣) . (3.2a)

Thus identifying the real and imaginary parts as

<e |cHn(x, y)| = Hn(x, y) ,

=m |cHn(x, y)| = n!

[(n−1)/2]∑
r=0

xn−2r−1yr+1/2

Γ(r + 3/2) (n− 2r − 1)!
.

(3.2b)

In a forthcoming paper we will use such a point of view as the starting point for a
geometrical interpretation of Hermite polynomials.
Coming back to the C-R family we note that they can be realized be realized as
umbral images of the H-K.d.F. according to

Hµ
n (x) = (−1)[n/2] Γ(µ+ 1/2) d̂µ+α(n)+1/2xn+α(n)Hn(X̂, Ŷ )λ0 ϕ0 ,

X̂ := γ̂ x−1 , Ŷ := −d̂ ,

γ̂ r λ0 =
r!

Γ ([ r/2 ]+1)
,

d̂ ν ϕ0 :=
1

Γ(ν + 1)
.

(3.3)

Within such a framework we obtain

Hµ
n (x) =

= (−1)[n/2] Γ(µ+ 1/2)n!

[n/2]∑
r=0

(−1)rx2r+α(n)

r! (n− 2r)!
(γ̂n−2r ϕ0)

(
d̂µ+r+α(n)+1/2 λ0

)
.

(3.4)
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We can take advantage from the previous point of view by inferring the generating
function of C-R from that of the H-K.d.F., provided by

∞∑
n=0

tn

n!
Hn(x, y) = eyt

2

ext ,

∞∑
n=0

t2n

(2n)!
H2n(x, y) = eyt

2

cosh(xt) ,

∞∑
n=0

t2n+1

(2n+ 1)!
H2n+1(x, y) = eyt

2

sinh(xt) ,

(3.5)

which yield for the C-R

∞∑
n=0

t2n

(2n)!
Hµ

2n(x) = Γ(µ+ 1/2) c(t)Cµ−1/2(−(tx)2) ,

∞∑
n=0

t2n+1

(2n+ 1)!
Hµ

2n+1(x) = Γ(µ+ 1/2)
x s(t)

i
Cµ+1/2(−(tx)2) ,

(3.6)

where

Cµ−1/2 := d̂µ−1/2 ed̂ x ϕ0 , Cµ+1/2 := d̂µ+1/2 ed̂ x ϕ0 ,

c(x) :=
e(ix) + e(−ix)

2
= e−x

2

,

s(x) :=
e(ix)− e(−ix)

2
= ix e−x

2

,

e(x) := eγ̂x ϕ0 =

∞∑
r=0

xr

Γ([r/2] + 1)
= (1 + x)ex

2

.

The sum into odd and even terms can be comprised into a single expression which
reads
∞∑
n=0

tn

n!
Hµ
n (x) = Γ(µ+ 1/2)

[
Cµ−1/2(−(tx)2) + txCµ+1/2(−(tx)2)

]
e−t

2

. (3.7)

The previous result, albeit in a different form, is the same given by Rosenblum in
[11]. The analogy with the generating function formula for the ordinary Hermite
polynomials

∞∑
n=0

tn

n!
Hn(x) = e−t

2

e2xt
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becomes more transparent by the use of the transforms of Hermite polynomials and
exponential function respectively

Hµ
n (x) =

1

B( 1
2 , µ)

∫ 1

−1
Hn(xt)(1− t)µ−1(1 + t)µ dt , (3.8a)

and of

eµ(x) =
1

B( 1
2 , µ)

∫ 1

−1
exσ(1− σ)µ−1(1 + σ)µ dσ . (3.8b)

The relevant introduction allows to write (3.7) as
∞∑
n=0

tn

n!
Hµ
n (x) = eµ(2xt) e−t

2

. (3.9)

In a forthcoming investigation we will show how merging the point of view developed
in this paper, and that of ref. [11], allows the introduction of further generalized
forms of C-R polynomials.

4. µ-transform and two variables C-R polynomials

The integral transform (3.8) (which henceforth will be defined µ-transform) if
applied to a generic function f(xσ) reads

fµ(x) =
1

B( 1
2 , µ)

∫ 1

−1
f(xσ)(1− σ)µ−1(1 + σ)µ dσ , (4.1)

the polynomials Hµ
n (x) are, accordingly, the µ-transform of the ordinary case

Hµ
n (x) =

1

B( 1
2 , µ)

∫ 1

−1
Hn(xσ)(1− σ)µ−1(1 + σ)µ dσ . (4.2)

This representation can usefully be exploited, along with the identity
∞∑
n=0

tn

n!
Hµ
n+`(x, y) = ext+yt

2

H`(x+ 2yt, y) , (4.3)

to derive the generating function, which in terms of µ-transform reads
∞∑
n=0

tn

n!
Hµ
n+`(x) = e−t

2

h
(µ)
` (x, t) ,

h
(µ)
` (x, t) =

1

B( 1
2 , µ)

∫ 1

−1
H`(2xσ − 2t,−1)e2xσt(1− σ)µ−1(1 + σ)µ dσ .

(4.4)

In this paper we have reconsidered the C-R polynomials by following a different
point of view, we believe however that the formalism can be pushed even further
to get the possibility of extending either the results obtained so far and those
discussed by Rosenblum. For this reason we reconsider the notion of “µ-derivative”
introduced in ref. [11], by defining the operator

µ∂x = ∂x +
µ

x

(
1− (−1)x∂x

)
. (4.5)
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The properties of this operator are easily understood from its definition. On account
of the identity [7]

tx∂xf(x) = f(tx) , (4.6)

we obtain

µ∂x[g(x)] = g′(x) +
µ

x
[g(x)− g(−x)] . (4.7)

If g(x) is an even entire function, ordinary and µ-derivative coincide. The action
of µ∂x on a monomial is provided by

µ∂x(xn) = (n+ 2α(n)µ)xn−1 , (4.8)

and by keeping successive µ-derivatives we get

[µ∂x]k(xn) =
[µn]!

[µ(n− k)]!
xn−k , (4.9)

We have denoted by [µn]! the µ-factorial 2, defined as

[µn]! =

n−1∏
r=0

(n− r + 2µα(n− r)) =

= n!

Γ

(
n+ α(n) + 1

2
+ µ

)
Γ

(
1

2

)
Γ

(
µ+

1

2

)
Γ

(
n+ α(n) + 1

2

) =
1

B( 1
2 , µ)

∫ 1

−1
tn (1− t)µ−1(1 + t)µ dt .

(4.10)

The properties of [µn]! are analogous to those of the ordinary factorial and indeed
we find

[µn]! = (n+ 2α(n)µ)[µ(n− 1)]! . (4.11)

Moreover, the series

eµ(x) =

∞∑
r=0

xr

[µr]!
. (4.12)

playing the role of the exponential function, is easily shown to satisfy the following
property under µ-derivative

µ∂x (eµ(λx)) = λ eµ(λx) . (4.13)

2In ref. [5], [10], the same quantity has been denoted by γµ(n); we prefer however the notation

of eq. (4.10), because reminiscent of the ordinary factorial and such that [0n]! = n!. It
is worth stressing that if f(x) =

∑∞
n=0(anxn)/n! its µ-transform is simply given by f(x) =∑∞

n=0(anxn)/[µn]! .
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Within the present framework we can make a step further and introduce the

αH
µ
n (x, y) polynomials as solutions of the “µ-heat” equation

α∂y [αH
µ
n (x, y)] = µ∂

2
x [αH

µ
n (x, y)] ,

F (x, 0) = xn .
(4.14)

Which yields

αH
µ
n (x, y) = eα(y µ∂

2
x) (xn) = [µn]!

[n/2]∑
r=0

xn−2ryr

[µ(n− 2r)]! [αr]!
. (4.15)

They are also easily shown to satisfy the recurrence

µ∂x [αH
µ
n (x, y)] = (n+ 2α(n)µ) αH

µ
n−1(x, y) ,

α∂y [αH
µ
n (x, y)] = (n+ 2α(n)µ) (n− 1 + 2α(n− 1)µ) αH

µ
n−2(x, y) .

(4.16)

and the generating function
∞∑
n=0

tn

[µn]!
[αH

µ
n (x, y)] = eα(y µ∂

2
x) eµ(xt) = eα(yt2) eµ(xt) . (4.17)

Further properties and the relevant applications will be discussed elsewhere.

References

[1] L.C. Andrews, Special functions for Engineers and Applied Mathematicians, MacMillan, New
York, 1985.

[2] D. Babusci and G. Dattoli, arXiv: 1103.3947 [math-ph].

[3] D. Babusci, G. Dattoli, G.H.E. Duchamp, K. Górsca and A. Penson, Definite Integrals and
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