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SHARP BOUNDS FOR SZ, PI AND GA2 INDICES IN TERMS

OF THE NUMBER OF TRIANGLES

I. N. CANGUL, A. S. CEVIK, V. LOKESHA, P. S. RANJINI

Abstract. In a graph G, the term nu(e|G) denotes the number of vertices
lying closer to the vertex u than to the vertex v. In this paper, by taking into

account nu(e|G), we study distance based graph invariants and present some

new better bounds for the special topological indices, namely Szeged index,
Edge Szeged index, Edge-Vertex Szeged index and PI index. Additionally, we

express new bounds for the Second Geometric-Arithmetic index in terms of

the number of triangles of the related graph.

Dedicated to Professor Hari M. Srivastava on his 75th Birth

Anniversary.

1. Introduction and Preliminaries

A topological index is actually a number related to a graph which is structural
invariant and fixed under graph automorphism. In the literature, there exist so
many different types of such indices which capture different aspects of the molecu-
lar graph associated with molecules considered (cf. [16]). Graph theory provides an
important tool to describe the structure of the molecule. Arguably, the best known
of these indices is Wiener index [12]. There also exits the Szeged index which is
closely related to Wiener index (cf. [19]) and is vertex multiplicative type that
takes into account how the vertices of a given molecular graph are distributed and
coindices with the Wiener index on trees. The Szeged index was first introduced
by Ivan Gutman in [6]. We may refer to [1, 2, 5] for some properties over this
topological index. By [15], since the Szeged index measures how the vertices are
distributed, it is natural to introduce an index that considers the distribution of
edges. So, we should further mention that the PI index which is a unique topolog-
ical index related to parallelism of edges. In [13], authors have presented some new
bounds for Szeged and PI indices.

Let G be a connected graph with vertex and edge sets V (G) and E(G), respec-
tively. As usual way, the distance between two arbitrary vertices x and y of G
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is denoted by d(x, y) and is defined as the number of edges in the minimal path
connecting the vertices x and y. Also the diameter of G is the greatest distance
between two vertices. For an edge e = uv of G, the term nu(e|G) denotes the
number of vertices lying closer to the vertex u than to the vertex v, and is defined
by the set

nu(e) = nu(e|G) =| {a ∈ V (G) | d(u, a) < d(v, a)} | .
Similarly one can define the quantity

nv(e) = nv(e|G) =| {a ∈ V (G) | d(u, a) > d(v, a)} |

which basically denotes the number of vertices lying closer to the vertex v than to
the vertex u. As a special case, n0(e) represents the number of vertices which are
equidistant to the end vertices u and v of the edge e. In the same way, we also have
the quantities mu(e) and mv(e) that are defined to be the number of edges whose
distance to u is smaller than the distance to the vetex v and the number of edges
whose distance to v is smaller than the distance to the vetex u, respectively. As a
special case, m0(e) denotes the number of edges equidistant from u and v.

Considering the quantities nu(e), nv(e), mu(e) and mv(e), one can define the
vertex PI index as

PIv(G) =
∑

uv∈E(G)

[nu(e) + nv(e)] (1.1)

while the edge PI index as

PIe(G) =
∑

uv∈E(G)

[mu(e) + mv(e)] . (1.2)

Furthermore, according to the [8], the Szeged, edge Szeged, edge-vertex Szeged,
vertex-edge Szeged, revised Szeged and edge revised Szeged indices are defined by

SZv(G) =
∑

uv∈E(G)

[nu(e).nv(e)] , (1.3)

SZe(G) =
∑

uv∈E(G)

[mu(e).mv(e)] , (1.4)

SZev(G) =
1

2

 ∑
uv∈E(G)

[mu(e).nv(e) + mv(e).nu(e)]

 , (1.5)

SZve(G) =
1

2

 ∑
uv∈E(G)

[mu(e).nu(e) + mv(e).nv(e)]

 ,

SZ∗(G) =
1

2

 ∑
uv∈E(G)

[
nu(e) +

n0(e)

2

]
.

[
nv(e) +

n0(e)

2

] , (1.6)

and

SZ∗e (G) =
1

2

 ∑
uv∈E(G)

[
mu(e) +

m0(e)

2

]
.

[
mv(e) +

m0(e)

2

] ,

respectively. We should note that, among these indices, the revised Szeged index
given in Eq.(1.6) was introduced by Milan Randic in [10] as a modification of
classical Wiener index.
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In addition to above indices, we can also remind the second geometric-arithmetic
index GA2 (cf. [17, 18]). In fact

GA2 = GA2(G) =
∑

e=uv∈E(G)

√
nu(e)nv(e)

1
2 (nu(e) + nv(e))

, (1.7)

where the summation goes over all edges of G.
Another molecular-structure-descriptor is the Zagreb index (see, for instance,

[3, 4, 11, 14]). More precisely, the first and the second Zagreb indices are defined
by

M1(G) =
∑

v∈V (G)

[d(v)2] and M2(G) =
∑

uv∈E(G)

[d(u).d(v)] , (1.8)

respectively, where d(.) represents the degree of the related vertex. Obviously, the
Zagreb indices can be viewed as the contributions of pairs of adjacent vertices.

The paper is organized as follows. Forthcoming section consists of new inequal-
ities on the various Szeged type indices and some new inequalities in terms of the
number of triangles presented in the graph G. The final section deals with some
interesting inequalities with respect to the GA2 index. Throughout this paper the
notation n and m will always denote the number of vertices and the number of
edges, respectively, in the graph G.

2. Sharp bounds for Szeged type and PI indices

The main goal of this section is to state and prove some bounds as inequalities
on SZ∗(G) and PIv(G) indices. The following lemma (see [7]) will be needed in
some of our results that are given in Sections 2 and 3.

Lemma 2.1 ([7]). Let G be a simple graph of order n possessing t(G) triangles.
Then ∑

e=uv∈E(G)

|Nu

⋂
Nv| = 3t(G) ,

where |Nu

⋂
Nv| is the number of common neighbors of u and v.

Theorem 2.2. The upper bound for the revised Szeged index of a connected graph
G in terms of Szeged index is

SZ∗(G) ≤ 1

2

[
SZv(G) +

(
n + 1

2

)2

3t(G)

]
,

where t(G) denotes the number of triangles in the related graph G and n denotes
the number of edges in graph G.

Proof. Suppose that E(T (G)) denotes the edge set (as a subgraph) of the triangle
parts in the graph G. Also, let us consider the definition of SZ∗(G) in Eq.(1.6)
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again. We can re-write this equality as

SZ∗(G) =
1

2

 ∑
uv/∈E(T (G))

[nu(e) +
n0(e)

2
].[nv(e) +

n0(e)

2
]



+
1

2

 ∑
uv∈E(T (G))

[nu(e) +
n0(e)

2
].[nv(e) +

n0(e)

2
]



=
1

2
nu(e)nv(e) +

1

2

 ∑
uv∈E(T (G))

[nu(e) +
n0(e)

2
].[nv(e) +

n0(e)

2
]

 .

Then, by Eq.(1.3), we clearly obtain

SZ∗(G) =
1

2
SZv(G) +

1

2

 ∑
uv∈E(T (G))

[nu(e) +
n0(e)

2
].[nv(e) +

n0(e)

2
]

 .

For any vertex u in G, since nu(e) ≤ n
2 , we then have

SZ∗(G) ≤ 1

2

SZv(G) +
∑

uv∈E(T (G))

(
n

2
+

1

2

)
.

(
n

2
+

1

2

) =
1

2

[
SZv(G) +

(
n + 1

2

)2

3t(G)

]
,

as required. �

Theorem 2.3. The bound for the edge-vertex Szeged (as defined in Eq.(1.5)) index
in terms of the edge PI index (as defined in Eq.(1.2)) is defined by

SZev(G) ≤ 1

4
nPIe(G) .

Proof. Consider the definition of edge vertex Szeged index in Eq.(1.5). Since
nu(e) ≤ n

2 , we obtain

SZev(G) ≤ 1

2

 ∑
e=uv∈E(G)

(
mu(e).

n

2
+ mv(e).

n

2

)
=

1

4
n

 ∑
e=uv∈E(G)

(mu(e) + mv(e))


=

1

4
nPIe(G) .

�

The following easy lemma is about the vertex PI index (see Eq.(1.1)) which will
be useful for some of the results in below.

Lemma 2.4. The vertex PI index for the path Pn of length n− 1 is

PIv(Pn) = n(n− 1) .
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Proof. Adapting the definition of the vertex PI index to Pn, we have

PIv(Pn) =
∑

[nu(e) + nv(e)] = 1 + n− 1 + 2 + n− 2 + ... + n− 1 + 1 = n(n− 1) ,

as required. �

Theorem 2.5. For a connected graph G, assume that diam(G) = s− 1. Then the
lower bound for the vertex PI index of G is

PIv(G) ≥ s(s− 3) + 2(m + 1) .

Proof. Since diam(G) = s − 1, Ps will be the longest path in G of length s − 1.
Then, by Lemma 2.4, the index PIv for the path Ps is

PIv(Ps) = s(s− 1) . (2.1)

On the other hand, for an edge uv ∈ E(G), since the vertex u will always be in
the related set of nu(e), it gives us nu(e) ≥ 1 and so nu(e) + nv(e) ≥ 2. Therefore
equality Eq.(1.1) can be written as

PIv(G) =
∑

uv∈E(Ps)

[nu(e) + nv(e)] +
∑

uv/∈E(Ps)

[nu(e) + nv(e)] .

In addition, for any vertex u ∈ V (G), there exists the fact nu(e) ≥ 1. Hence by
this fact and considering Eq.(2.1), we obtain

PIv(G) ≥ s(s− 1) + 2(m− s + 1) = s(s− 3) + 2(m + 1) .

Hence the result. �

The next result states another bound for the vertex PI index in terms of the
number of triangles t(G).

Theorem 2.6. There exists

PIv(G) ≤ nm− 3t(G) .

Proof. We know that | Nu

⋂
Nv | represents the number of common neighbors of the

vertices u and v, in other words it is the number of vertices which are equidistant
to u and v. On the other hand, the vertices which are equidistant are not all
considered according to the the definition of PIv(G) (see Eq.(1.1)). Additionally,
we also know that the vertices be in the set of nu(e) will not be in the set nv(e).
After all, it is easy to observe that equality in Eq.(1.1) has an upper bound

PIv(G) ≤
∑

uv∈E(G)

[nu(e) + (n− | Nu

⋂
Nv | −nu(e))]

= nm− 3t(G) by Lemma 2.1 ,

as required. �

The following theorem deals with the upper bounds of the vertex PI and Szeged
indices respect to the first and second Zagrep indices (in Eq.(1.8)).
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Theorem 2.7. For a graph G with n vertices and m edges, the upper bounds are

PIv(G) ≤ m(n + 1)2 − (n + 1)M1(G) + M2(G)

and

SZv(G) ≤ 2m(n + 1)−M1(G) ,

respectively.

Proof. For an edge e = uv ∈ E(G), since the vertex u and all its adjacent vertices
(which gives the degree of u) are in the related set of nu(e), we can obtain the
inequality nu(e) ≤ n− (d(u)− 1) = n− d(u) + 1. Now, if we apply this inequality
into the equality in Eq.(1.1), then we get

PIv(G) ≤
∑

u,v∈V (G)

[n + 1− d(u)].[n + 1− d(v)]

≤
∑

u,v∈V (G)

{[n + 1]2 − (n + 1)(d(u) + d(v)) + d(u).d(v)}

≤
∑

u,v∈V (G)

[n + 1]2 −
∑

u,v∈V (G)

(n + 1)[(d(u) + d(v)] +
∑

u,v∈V (G)

d(u).d(v)

≤ m[n + 1]2 − (n + 1)M1(G) + M2(G) ,

as required.
Again by applying the inequality nu(e) ≤ n−d(u)+1 into the equality Eq.(1.3),

we get

SZv(G) ≤
∑

u,v∈V (G)

{[n + 1− d(u)] + [n + 1− d(v)]}

≤ 2m(n + 1)−
∑

u,v∈V (G)

[d(u) + d(v)]

≤ 2m(n + 1)−M1(G) .

Hence the result. �

3. Sharp bounds for GA2 index

This section mainly concerns about some bounds for the second Geometric Arith-
metic index of any connected graph G and also a path Pn.

Theorem 3.1. For a path Pn having length n− 1, we have

2(n− 1)3/2

n
≤ GA2(Pn) ≤ (n− 1)3/2(n + 1)1/2

n
.

Proof. Let us consider the definition of the second Geometric Arithmetic index
given in Eq.(1.7). Now if we adapt this definition to the path Pn with the lenght
n− 1, then we obtain

GA2(Pn) ≥
∑

uv∈E(G)

2

√
1.(n− 1)

n

≥ 2(n− 1)

√
n− 1

n
=

2(n− 1)3/2

n
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and

GA2(Pn) ≤
∑

uv∈E(G)

2

√
(n−1

2 ).(n+1
2 )

n

≤ (n− 1)

√
n2 − 1

n
=

(n− 1)3/2(n + 1)1/2

n

Combining these above inequalities, we get the result. �

Theorem 3.2. For a connected graph G with m edges, assume that diam(G) =
s− 1. Then the lower bound for the second Geometric-Arithmetic index of G is

GA2(G) ≥ 2(s− 1)3/2

s
+ m− s + 1 .

Proof. We need to first observe that since diam(G) = s−1, the path Ps will be the
longest in G. We will apply a similar approximation as in the proof of Theorem
2.5. To do that let us consider the equality in Eq.(1.8). In fact Eq.(1.8) can be
written as a separation

GA2(G) =
∑

uv∈E(Ps)

2
√

nu(e).nv(e)

nu(e) + nv(e)
+

∑
uv/∈E(Ps)

2
√
nu(e).nv(e)

nu(e) + nv(e)
.

Now by the fact nu(e), nv(e) ≥ 1 and using Theorem 3.1, we get the result as
required. �

Theorem 3.3. The complete graph Kn has the least GA2 index.

Proof. For a complete graph Kn and for each edge e = uv ∈ E(Kn), since u is
the one and only one vertex that in the set corresponds to the related set of nu(e),

we then get nu(e) = 1 which implies that
2
√

nu(e).nv(e)

nu(e)+nv(e)
= 1. In other words,

2
√

nu(e).nv(e)

nu(e)+nv(e)
is the same number as the number of edges of Kn.

Hence, for a complete graph Kn,

GA2(Kn) =
n(n− 1)

2
.

�

For a graph G with n vertices and m edges, in [17], the authors presented a
lower bound for the second geometric-arithmetic index in terms of n and m. In the
following result, we will obtain much sensitive bound for the same index in terms
of n, m and the number of triangles t(G).

Theorem 3.4. Let G be a connected graph with n vertices and m edges. Then

GA2(G) ≥
nm− 2

√
3t(G)

n− t(G)
.

Proof. To do that, let us consider the definition of GA2 as given in Eq.(2.1). Now,
as in the proof of Theorem 2.6, the quantity nv(e) can be expressed as the form
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n− | Nu

⋂
Nv | −nu(e), where | Nu

⋂
Nv | is the number of common neighbors of

u and v. Hence the second geometric-arithmetic index can be written by

GA2(G) =
∑

uv∈E(G)

2
√
nu(e). (n− |Nu

⋂
Nv| − nu(e))

n− |Nu

⋂
Nv|

.

From this, one can write

GA2(G) =
∑

uv∈E(G)

2

√
nu(e).[n− nu(e)]− nu(e)|Nu

⋂
Nv|

n− |Nu

⋂
Nv|

.

Since nu(e) ≤ n
2 , we clearly have

GA2(G) ≤
∑

uv∈E(G)

2

√
n2

4 − nu(e)|Nu

⋂
Nv|

n− |Nu

⋂
Nv|

. (3.1)

However, by the fact that
√
t− k >

√
t−
√
k for all positive values, from Eq.(3.1)

we get

GA2(G) ≥ 2
∑

uv∈E(G)

√
n2

4 −
√
nu(e)|Nu

⋂
Nv|

n− |Nu

⋂
Nv|

≥ 2

nm
2 −

∑
uv∈E(G)

√
nu(e)|Nu

⋂
Nv|


n− t(G)

since nu(e) ≥ 1 and

for any function f, it is true that
√∑

f ≤
∑√

f .

Therefore, by Lemma 2.1,

GA2(G) ≥
nm− 2

√
3t(G)

n− t(G)
.

Hence the result. �
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