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LAGUERRE-TYPE LINEAR DYNAMICAL SYSTEMS

PIERPAOLO NATALINI, PAOLO E. RICCI

Dedicated to the great Master Hari M. Srivastava on his 75th birthday.

Abstract. We consider Laguerre-type linear dynamical systems (LDS), i.e dynamical systems

with respect to the Laguerre derivative and its iterations. The parallelism with the treatment of

classical LDS is shown, and the motivation for introducing this new kind of systems is touched

on.

1. Introduction

In recent articles (see [13], [14]), the solution of linear dynamical systems has been achieved,

both in the discrete or continuous time case, by using the so called Fk,n functions (and actually

the Lucas polynomials of second kind [12], [4]).

It is worth to note that the classical situation - relevant to the continuous case - deals with dy-

namical systems evolving in time according to exponential growths, since the solution is always

represented by an exponential matrix acting on the initial conditions. The scalar case of this situ-

ation is represented by the Malthus equation in the framework of population dynamics. However,

the exponential growth is not the only possibility acting with evolution systems. It has been shown,

in preceding articles (see e.g. [9], [3]), that by using the Laguerre derivative and its iterations, it is

possible to model lower increasing evolution cases, varying between the exponential and the linear

growth.

This approach deals with a new set of special functions called of Laguerre-type, introduced and

studied in [1], [2], [7].

In the present article we recall subsequently:

– The Laguerre-type exponentials, in connection with the Monomiality principle (Sect. 2, 3).

– The isomorphism Tx and its iterations (Sect. 4, 5).

– A short reminding of the Fk,n and their use in the representation of matrix powers (Sect. 6).

– Classical formulas for representing matrix functions (Sect. 7).
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– The second kind Lucas polynomials method for representing the solution of linear dynamical

systems (Sect. 8).

Then, we introduce the Laguerre-type extension of the classical solution and some worked examples

are given (Sect. 9).

A short conclusion given in Sect. 10.

2. The monomiality principle

Recalling the leading work of G. Dattoli [6] we put the following definition

Definition 1. The polynomial set {pn(x)}n∈N is quasi-monomial, if there exist two operators

P̂ and M̂ , called respectively derivative operator and multiplication operator, verifying (∀n ∈ N)

the identities

P̂ (pn(x)) = npn−1(x)

M̂(pn(x)) = pn+1(x) .
(2.1)

The P̂ and M̂ operators are shown to satisfy the commutation property

[P̂ , M̂ ] = P̂ M̂ − M̂P̂ = 1̂, (2.2)

and thus display a Weyl group structure.

If the considered polynomial set {pn(x)} is quasi-monomial, its properties can be easily derived

from those of the P̂ and M̂ operators. In fact

i) if P̂ and M̂ have a differential realization, then the polynomial pn(x) satisfy the differential

equation

M̂P̂ (pn(x)) = npn(x) . (2.3)

ii) Assuming here and in the following p0(x) = 1, then pn(x) can be explicitly constructed as

pn(x) = M̂n(1) . (2.4)

iii) The last identity implies that the exponential generating function of pn(x) can be cast in

the form

etM̂ (1) =

∞∑
n=0

(tM̂)n

n!
(1) =

∞∑
n=0

tn

n!
M̂n(1) =

∞∑
n=0

tn

n!
pn(x) , (2.5)

and therefore

etM̂ (1) =

∞∑
n=0

tn

n!
pn(x) . (2.6)
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3. Laguerre-type exponentials

An important role in this framework is played by the so called Laguerre derivative, defined by

DL := DxD. According to a result by O.V. Viskov [18], it turns out that for every integer m

(DxD)
m

= DmxmDm . (3.1)

Consider the first Laguerre-type exponential defined by

e1(x) :=

∞∑
k=0

xk

(k!)2
. (3.2)

The following result holds

Theorem 1. The function e1(ax) is an eigenfunction of the Laguerre derivative operator, i.e.

DL e1(ax) = ae1(ax) (3.3)

The above result can be iterated by considering the mth Laguerre-type exponential

em(x) :=

∞∑
k=0

xk

(k!)m+1
, (3.4)

and the mth Laguerre-derivative, i.e. the operator (containing m+ 1 derivatives):

DmL := Dx · · ·DxDxD =

= S(m+ 1, 1)D + S(m+ 1, 2)xD2 + · · ·+ S(m+ 1,m+ 1)xmDm+1,
(3.5)

where S(m+ 1, 1), S(m+ 1, 2), . . . , S(m+ 1,m+ 1) denote Stirling numbers of the second kind

[16]. In fact, in [8], the following theorem is proved:

Theorem 2. Let a be an arbitrary real or complex number. The mth Laguerre-type exponential

em(ax) is an eigenfunction of the operator DmL i.e.

DmL em(ax) = aem(ax). (3.6)

It is worth noting that ∀m, the mL-exponential function satisfies em(0) = 1, and is an

increasing convex function when x ≥ 0; furthermore,

ex = e0(x) > e1(x) > e2(x) > · · · > em(x) > · · · > 1 + x, ∀x > 0 .

4. The isomorphism Tx

Consider the differential isomorphism, denoted by the symbol T := Tx, acting onto the space

A := Ax of analytic functions of the x variable by means of the correspondence:

D :=
d

dx
→ D̂L := DxD; x· → D̂−1x , (4.1)

where

D̂−1x f(x) :=

∫ x

0

f(ξ)dξ, (4.2)
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D̂−nx f(x) :=
1

(n− 1)!

∫ x

0

(x− ξ)n−1f(ξ)dξ, (4.3)

so that

Tx(xn) = D̂−nx (1) :=
1

(n− 1)!

∫ x

0

(x− ξ)n−1dξ =
xn

n!
. (4.4)

Note that:

Tx(ex) =

∞∑
k=0

Tx(xk)

k!
=

∞∑
k=0

xk

(k!)2
= e1(x)

T 2
x (ex) =

∞∑
k=0

Tx(xk)

(k!)2
=

∞∑
k=0

xk

(k!)3
= e2(x),

and so on.

A straightforward computation gives:

D̂L
xn

n!
= DxD

xn

n!
= n

xn−1

(n− 1)!
,

D̂−1x
xn

n!
=

xn+1

(n+ 1)!
,

i.e. the Laguerre derivative is a “derivative” operator for the polynomial family pn(x) := xn/n!,

and the anti-derivative D̂−1x is the corresponding “multiplication” operator.

5. Recalling the Fk,n functions and matrix powers

Consider the (r+1)-terms homogeneous linear bilateral recurrence relation with (real or complex)

constant (with respect to n) coefficients uk (k = 1, 2, . . . , r) where ur 6= 0:

Xn = u1Xn−1 − u2Xn−2 + · · ·+ (−1)r−1urXn−r , (n ∈ Z) . (5.1)

Supposing the coefficients vary, its solution is given by every bilateral sequence {Xn(u1, u2, . . . , ur)}n∈Z
such that r + 1 consecutive terms satisfy equation (5.1).

A basis for the r-dimensional vectorial space Vr of solutions is given by the functions Fk,n =

Fk,n(u1, u2, . . . , ur) , (k = 1, 2, . . . , r , n ≥ −1) , defined by the initial conditions below:

F1,−1 = 0 F1,0 = 0 . . . F1,r−2 = 1,

F2,−1 = 0 F2,0 = 1 . . . F2,r−2 = 0,

. . . . . . . . . . . . . . . . . .

Fr,−1 = 1 Fr,0 = 0 . . . Fr,r−2 = 0.

(5.2)

Since ur 6= 0, the Fk,n functions can be defined even if n < −1, by means of the positions:

Fk,n(u1, . . . , ur) = Fr−k+1,−n+r−3

(
ur−1
ur

, . . . ,
u1
ur
,

1

ur

)
,

(k = 1, . . . , r; n ∈ Z) .

(5.3)
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Therefore, assuming the initial conditions Xj , Xj+1 , . . . , Xj+r−1 , the general solution of the

recurrence (5.1), ∀n ∈ Z, is given by

Xn+j+1 = XjFr,n +Xj+1Fr−1,n + · · ·+Xj+r−1F1,n . (n ∈ Z) . (5.4)

An important result, originally stated by É Lucas [12] (in the particular case r = 2), is given by

the equations 

F1,n = u1F1,n−1 + F2,n−1

F2,n = −u2F1,n−1 + F3,n−1

.............................................

Fr−1,n = (−1)r−2ur−1F1,n−1 + Fr,n−1

Fr,n = (−1)r−1urF1,n−1

(5.5)

showing that all {Fk,n}n∈Z functions are expressed throw the only bilateral sequence {F1,n}n∈Z.

Therefore, we assume the following

Definition 2. – The bilateral sequence {F1,n}n∈Z, solution of (5.1) corresponding to the initial

conditions:

F1,−1 = 0 , F1,0 = 0 , . . . , F1,r−3 = 0 , F1,r−2 = 1 , (5.6)

is called the fundamental solution of (5.1) (“fonction fondamentale” by É. Lucas [12]).

For the connection with Chebyshev polynomials of the second kind in several variables, see [5].

5.1. Matrix powers representation. In preceding articles [4], [15], the following result is proved:

Theorem 3. – Given an r × r matrix A, putting by definition u0 := 1, and denoting by

P (λ) := det(λI − A) =

r∑
j=0

(−1)jujλ
r−j (5.7)

its characteristic polynomial (or possibly its minimal polynomial, if this is known), the matrix

powers An, with integral exponent n, are given by the equation:

An = F1,n−1(u1, . . . , ur)Ar−1 + F2,n−1(u1, . . . , ur)Ar−2+

+ · · ·+ Fr,n−1(u1, . . . , ur)I ,
(5.8)

where the functions Fk,n(u1, . . . , ur) are defined in Section 5.

Moreover, if A is not singular, i.e. ur 6= 0, equation (5.8) still works for negative integers n,

assuming the definition (5.3) for the Fk,n functions.

It is worth to recall that the knowledge of eigenvalues is equivalent to that of invariants, since the

second ones are the elementary symmetric functions of the first ones.
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Remark 1. – Note that, as a consequence of the above result, the higher powers of matrix A
are always expressible in terms of the lowers ones (at most up to the dimension of A).

6. Matrix functions representation

It is well known that an analytic function f of a matrix A = Ar×r, i.e. f(A), is the matrix

polynomial obtained from the scalar polynomial interpolating the function f on the eigenvalues

of A (see e.g. the Gantmacher book [10]), however, in many books (see e.g. [11], [17]), the series

expansion

expA =

∞∑
n=0

An

n!
(6.1)

is assumed for defining (and computing) exp(A). So, apparently, the series expansion for the

exponential of a matrix is “hard to die”.

Let SA = {λ1, λ2, . . . , λr} the spectrum of A. Denoting by

Πr−1(x) = α0 + α1x+ · · ·+ αr−1x
r−1

the polynomial interpolating exp(x) on SA, i.e. such that: Πr−1(λi) = exp(λi) ,

(i = 1, 2, . . . , r), then

expA = α0I + α1A+ · · ·+ αr−1Ar−1 . (6.2)

If the eigenvalues are all distinct, Πr−1 coincides with the Lagrange interpolation polynomial and

(6.2) is the Lagrange-Sylvester formula. In case of multiple eigenvalues, Πr−1 is the Hermite inter-

polation polynomial, and (6.2) reduces to Arthur Buchheim’s formula, generalizing the preceding

one.

This avoids the use of higher powers of A in the Taylor expansion (6.1). In any case, the

possibility to write Ah, (h ≥ 2), in an easy block form, requires not only the knowledge of the

spectrum, but even the Jordan canonical form of A. It is necessary to compute the eigenvectors

and moreover the principal vectors, if A is defective. A known machinery which implies a lot of

computations.

6.1. The Riesz-Fantappiè formula. A classical result is as follows:

Theorem 4. – Under the hypotheses and definitions considered above, the resolvent matrix (λI−
A)−1 can be represented as

(λI − A)−1 =
1

P (λ)

r−1∑
h=0

r−h−1∑
j=0

(−1)jujλ
r−h−j−1

Ah . (6.3)

Then, by the Riesz-Fantappiè formula, we recover the classical result:
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Theorem 5. – If f(λ) is a holomorphic function in the domain C and denoting by D ⊂ C
(with D ⊂ C) a closed set whose boundary is a piecewise simple Jordan contour γ encompassing

the spectrum SA of A, the matrix function f(A) can be represented by:

f(A) =
1

2πi

∮
γ

f(λ)(λI − A)−1dλ =

=

r−1∑
h=0

 1

2πi

r−h−1∑
j=0

(−1)juj

∮
γ

f(λ)λr−h−j−1

P (λ)
dλ

Ah .
(6.4)

In particular, in connection with the Laguerre-type exponentials, ∀n ∈ N ,

en(A) =

r−1∑
h=0

 1

2πi

r−h−1∑
j=0

(−1)juj

∮
γ

en(λ)λr−h−j−1

P (λ)
dλ

Ah . (6.5)

Remark 2. – If the eigenvalues of A, are known, equation (6.4), by the residue theorem, gives

back the Lagrange-Sylvester representation. However, for computing the integrals appearing in

equation (6.4) it is sufficient the knowledge of a circle D, (γ := ∂D), containing the spectrum of

A (by using the Gerschgorin theorem, and then knowing only the entries of A, without computing

its eigenvalues). Therefore, this approach is computationally more convenient with respect to the

Lagrange-Sylvester formula.

7. Solution of linear dynamical systems via the Fk,n functions

As a consequence of the above recalled results, we have proved the following theorems:

Theorem 6. – Consider the Cauchy problem for the homogeneous linear differential system{
Z ′(t) = A · Z(t)

Z(0) = Z0 ,
(7.1)

where A = Ar×r is the matrix considered in Section 5.

Let

Z(t) = (Z1(t), Z2(t), . . . , Zr(t))
T ,

Z0 = Z0
0 = (Z1(0), Z2(0), . . . , Zr(0))T ,

Z ′0 = (Z ′1(0), Z ′2(0), . . . , Z ′r(0))T = A · Z0 ,

. . . . . . . . .

Zr−10 = (Zr−11 (0), Zr−12 (0), . . . , Zr−1r (0))T = A · Zr−20 ,
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denote by u1 := tr(A), u2 , . . . , ur := det(A) the invariants of A, and recall again the generalized

Lucas polynomials Fk,n(u1, . . . , ur) , (k = 1, 2, . . . , r , n ≥ −1) .

Introduce the matrix
(
Zr−10 , . . . , Z ′0, Z0

)
and define the vector function

Fn−1(u1, . . . , ur) := (F1,n−1(u1, . . . , ur), F2,n−1(u1, . . . , ur), . . . , Fr,n−1(u1, . . . , ur))
T
,

then, the solution of problem (7.1) writes

Z(t) =

∞∑
n=0

(
Zr−10 , . . . , Z ′0, Z0

)
· Fn−1(u1, . . . , ur)

tn

n!
. (7.2)

Proof – It is well known that the solution of problem (7.1) is given by

Z(t) = etAZ0 . (7.3)

From the results about matrix exponential, it follows that

etA =

∞∑
n=0

(tA)n

n!
=

∞∑
n=0

An t
n

n!
, (7.4)

where

An = F1,n−1(u1, . . . , ur)Ar−1 + F2,n−1(u1, . . . , ur)Ar−2+

+ · · ·+ Fr,n−1(u1, . . . , ur)I ,
(7.5)

so that equation (7.3) becomes

Z(t) =

∞∑
n=0

(
F1,n−1(u1, . . . , ur)Ar−1 + F2,n−1(u1, . . . , ur)Ar−2+

+ · · ·+ Fr,n−1(u1, . . . , ur)I
) tn

n!
Z0 ,

and taking into account the above positions, it follows

Z(t) =

∞∑
n=0

(
F1,n−1(u1, . . . , ur)Z

r−1
0 + F2,n−1(u1, . . . , ur)Z

r−2
0 +

+ · · ·+ Fr,n−1(u1, . . . , ur)Z0

) tn

n!
.

Then, equation (7.2) immediately follows by introducing the matrix
(
Zr−10 , . . . , Z ′0, Z0

)
and the

vector function Fn−1 defined above.

Note that the convergence of the vectorial series in any compact set K of the space (u1, . . . , ur)

is guaranteed, as the components of Fn−1 are polynomials of weight not exceeding n − 1, and

consequently are bounded in K.

Furthermore, by using the Riesz-Fantappiè it is possible to avoid the series expansion.

Theorem 7. – The solution of the Cauchy problem (7.1) can be found in the form

Z(t) = etAZ0 =

r−1∑
h=0

 1

2πi

r−h−1∑
j=0

(−1)juj(t)

∮
γ

eλλr−h−j−1

P (λ, t)
dλ

 · th Zh0 , (7.6)
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where we denoted by uj(t) = tjuj , (j = 0, 1, . . . , r) the invariants of tA and by P (λ, t) = λr −
u1(t)λr−1 + · · ·+ ur−1(t)λ+ ur(t) its characteristic polynomial.

Proof – It is a straightforward application of the Riesz-Fantappiè formula, taking into account the

definition of Zh0 , (h = 0, 1, . . . , r − 1).

Worked examples relevant to the above described procedure can be found in [14].

8. Laguerre-type linear dynamical systems and their solutions

We first prove the following

Lemma 8. – Let

Z(t) =

∞∑
n=0

αn(A)
tn

n!
, (8.1)

the solution of the Cauchy problem {
Z ′(t) = A · Z(t)

Z(0) = Z0 ,
(8.2)

where A = Ar×r is the matrix considered in Section 5, and the coefficients satisfy the recursion:

αn (A) = A αn−1(A) , α0(A) = I.
Putting Z ′(0) = Z ′0 , the solution of the Cauchy problem

Z̃ ′(t) + tZ̃ ′′(t) = A · Z̃(t)

Z̃(0) = Z0 ,

Z̃ ′(0) = Z ′0 ,

(8.3)

is given by

Z̃(t) =

∞∑
n=0

αn(A)
tn

(n!)2
. (8.4)

Proof. – By applying the isomorphism T := Tt to both members of equation (8.1), we find

T Z ′(t) = DLZ(t) = Z ′(t) + tZ ′′(t) = A · T Z(t) =

∞∑
n=0

αn+1(A)
tn

(n!)2
.

Furthermore, by equation (8.4)

Z̃ ′(t) =

∞∑
n=1

αn(A)
n tn−1

(n!)2
,

Z̃ ′′(t) =

∞∑
n=1

αn(A)
n(n− 1) tn−2

(n!)2
,

then

T Z ′(t) = Z̃ ′(t) + tZ̃ ′′(t) =

∞∑
n=1

αn(A)
n tn−1

(n!)2
+

∞∑
n=1

αn(A)
n(n− 1) tn−1

(n!)2
=

=

∞∑
n=1

αn(A)
tn−1

[(n− 1)!]2
=

∞∑
n=0

αn+1(A)
tn

(n!)2
= A · T Z(t) .
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Therefore, the problem (7.1) is transformed, under the action of T , into the problem (8.3), as the

initial conditions remain unchanged under its action.

Therefore the following results follow.

Theorem 9. – Consider the Laguerre-type Cauchy problem for the homogeneous linear differential

system 
DLZ(t) = Z ′(t) + tZ ′′(t) = A · Z(t)

Z(0) = Z0 ,

DLZ(0) = Z ′0 = A · Z0 ,

(8.5)

where A = Ar×r is a given matrix and DL := DxD denotes the Laguerre derivative.

Let

Z(t) = (Z1(t), Z2(t), . . . , Zr(t))
T ,

Z0 = Z0
0 = (Z1(0), Z2(0), . . . , Zr(0))T ,

Z ′0 = (Z ′1(0), Z ′2(0), . . . , Z ′r(0))T = A · Z0 ,

. . . . . . . . .

Zr−10 = (Zr−11 (0), Zr−12 (0), . . . , Zr−1r (0))T = A · Zr−20 ,

denote by u1 := tr(A), u2 , . . . , ur := det(A) the invariants of A, and recall again the generalized

Lucas polynomials Fk,n(u1, . . . , ur) , (k = 1, 2, . . . , r , n ≥ −1) .

Introduce the matrix
(
Zr−10 , . . . , Z ′0, Z0

)
and define the vector function

Fn−1(u1, . . . , ur) := (F1,n−1(u1, . . . , ur), F2,n−1(u1, . . . , ur), . . . , Fr,n−1(u1, . . . , ur))
T
,

then, the solution of problem (8.5) writes

Z(t) =

∞∑
n=0

(
Zr−10 , . . . , Z ′0, Z0

)
· Fn−1(u1, . . . , ur)

tn

(n!)2
. (8.6)

Proof – It is sufficient to note that, transforming the problem (7.1) into the problem (8.3) by

means of the isomorphism T , the solution of the first problem becomes the solution of the second

one.

For the convergence of the last vectorial series, the same argument recalled in the proof of Theorem

6 still works.

Furthermore, by using the Riesz-Fantappiè it is possible to avoid the series expansion.

Theorem 10. – The solution of the Laguerre-type Cauchy problem (8.5) can be found in the form

Z(t) = e1(tA)Z0 =

r−1∑
h=0

 1

2πi

r−h−1∑
j=0

(−1)juj(t)

∮
γ

e1(λ)λr−h−j−1

P (λ, t)
dλ

 · th Zh0 , (8.7)
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where e1 is the Laguerre-type exponential defined in (3.2), and we denoted by uj(t) = tjuj , (j =

0, 1, . . . , r) the invariants of tA and by P (λ, t) = λr − u1(t)λr−1 + · · · + ur−1(t)λ + ur(t) its

characteristic polynomial.

The above results can be generalized as follows:

Theorem 11. – Let m ≤ r, and consider the Laguerre-type Cauchy problem

DmLZ(t) = A · Z(t)

Z(0) = Z0 ,

DLZ(0) = Z ′0 = A · Z0 ,

. . . . . . . . .

D(m−1)LZ(0) = Zm0 = A · Zm−10

(8.8)

where A = Ar×r is a given matrix and DmL := S(m + 1, 1)D + S(m + 1, 2)xD2 + · · · + S(m +

1,m+ 1)xmDm+1 denotes the mth-iterated Laguerre derivative.

Let

Z(t) = (Z1(t), Z2(t), . . . , Zr(t))
T ,

Z0 = Z0
0 = (Z1(0), Z2(0), . . . , Zr(0))T ,

Z ′0 = (Z ′1(0), Z ′2(0), . . . , Z ′r(0))T = A · Z0 ,

. . . . . . . . .

Zr−10 = (Zr−11 (0), Zr−12 (0), . . . , Zr−1r (0))T = A · Zr−20 ,

denote by u1 := tr(A), u2 , . . . , ur := det(A) the invariants of A, and recall again the generalized

Lucas polynomials Fk,n(u1, . . . , ur) , (k = 1, 2, . . . , r , n ≥ −1) .

Introduce the matrix
(
Zr−10 , . . . , Z ′0, Z0

)
and define the vector function

Fn−1(u1, . . . , ur) := (F1,n−1(u1, . . . , ur), F2,n−1(u1, . . . , ur), . . . , Fr,n−1(u1, . . . , ur))
T
,

then, the solution of problem (8.8) writes

Z(t) =

∞∑
n=0

(
Zr−10 , . . . , Z ′0, Z0

)
· Fn−1(u1, . . . , ur)

tn

(n!)m+1
. (8.9)

Proof – The result follows by applying m-times the isomorphism T on the considered problem

(8.2), and consequently on its solution (8.1).

Furthermore, by using the Riesz-Fantappiè it is possible to avoid the series expansion.

Theorem 12. – The solution of the Laguerre-type Cauchy problem (8.8) can be found in the form

Z(t) = em(tA)Z0 =

r−1∑
h=0

 1

2πi

r−h−1∑
j=0

(−1)juj(t)

∮
γ

em(λ)λr−h−j−1

P (λ, t)
dλ

 · th Zh0 , (8.10)

where em is the Laguerre-type exponential defined in (8.8), and we denoted by uj(t) = tjuj ,

(j = 0, 1, . . . , r) the invariants of tA and by P (λ, t) = λr − u1(t)λr−1 + · · ·+ ur−1(t)λ+ ur(t) its

characteristic polynomial.
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Proof – It is sufficient to apply m-times the isomorphism T on the solution (8.7).

8.1. Worked examples. Example 1, using the Taylor expansion.

We consider the 3× 3 system
x′(t) + tx′′(t) = 4x(t)− y(t)− 2 z(t)

y′(t) + ty′′(t) = 2x(t) + y(t)− 2 z(t)

z′(t) + tz′′(t) = 5x(t)− 3 z(t) ,

(8.11)

with matrix A:

A :=


4 −1 −2

2 1 −2

5 0 −3

 .

The invariants of A are, by definition:

u1 : = tr(A) = 2,

u2 : =
1

2

[
tr(A)2 − tr(A2)

]
= 1,

u3 : = det(A) = 2.

Assuming t0 = 0, we consider the initial conditions:
x(0) = x0 = 1

y(0) = y0 = 2

z(0) = z0 = −1 .

(8.12)

then, as a consequence, we have:
DLx(0) := x′(0) = 4x0 − y0 − 2 z0 = 4,

DLy(0) := y′(0) = 2x0 + y0 − 2 z0 = 6,

DLz(0) := z′(0) = 5x0 − 3 z0 = 8,

and 
D2Lx(0) := x′′(0) = 4x′0 − y′0 − 2z′0 = −6,

D2Ly(0) := y′′(0) = 2x′0 + y′0 − 2z′0 = −2,

D2Lz(0) := z′′(0) = 5x′0 − 3z′0 = −4.
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We consider, the Cauchy problem with initial conditions:

x(0) = x0 = 1

y(0) = y0 = 2

z(0) = z0 = −1

x′(0) = x′0 = 4,

y′(0) = y′0 = 6,

z′(0) = z′0 = 8 .

(8.13)

The initial conditions of the Fk,n function are

F1,−1 = 0 F1,0 = 0 F1,1 = 1,

F2,−1 = 0 F2,0 = 1 F2,1 = 0,

F3,−1 = 1 F3,0 = 0 F3,1 = 0,

(8.14)

and by means of the recurrence relation

Fk,n−1(u1, u2, u3) = 2Fk,n−2(u1, u2, u3)− Fk,n−3(u1, u2, u3) + 2Fk,n−4(u1, u2, u3) ,

with k = 1, 2, 3 and n ≥ 0, we find the first values for the Fk,n(u1, u2, u3):

F1,2 = 2 F1,3 = 3 F1,4 = 6, F1,5 = 13, . . .

F2,2 = −1 F2,3 = 0 F2,4 = 1, F2,5 = 0, . . .

F3,2 = 2 F3,3 = 4 F3,5 = 6, F3,5 = 12, . . .

(8.15)

Here we compute an approximation of the solution of the Cauchy problem obtained by a suitable

truncation of order N of the Taylor expansion

x(t) ≈ xN (t) =

N∑
n=0

[F1,n−1 x
′′
0 + F2,n−1 x

′
0 + F3,n−1 x0]

tn

(n!)2

y(t) ≈ yN (t) =
N∑
n=0

[F1,n−1 y
′′
0 + F2,n−1 y

′
0 + F3,n−1 y0]

tn

(n!)2

z(t) ≈ zN (t) =

N∑
n=0

[F1,n−1 z
′′
0 + F2,n−1 z

′
0 + F3,n−1 z0]

tn

(n!)2

In the following table we report the values of the approximated solution computed, by using the

Mathematica c© program, for some particular values of t and for N = 100.

t = 20 t = 50 t = 80

x100(t) −3.53209257978× 104 −4.35653818873× 107 −7.73451448348× 109

y100(t) −1.91567882627× 101 −7.09932777104× 103 1.24127493317× 103

z100(t) −3.55680571016× 104 −4.35623981881× 107 −7.73460722994× 109
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From eq. (8.11), by using the following notations


ε1 = x′100(t) + tx′′100(t)− 4x100(t) + y100(t) + 2 z100(t)

ε2 = y′100(t) + ty′′100(t)− 2x100(t)− y(100t) + 2 z100(t)

ε3 = z′100(t) + tz′′100(t)− 5x100(t) + 3 z100(t) ,

we obtain the following values

t = 20 t = 50 t = 80

ε1 3.68996136533× 10−156 2.29626859511× 10−116 5.92953929979× 10−96

ε2 −8.73259878865× 10−186 −5.43430956772× 10−146 −1.40327452187× 10−125

ε3 3.68996136533× 10−156 2.29626859511× 10−116 5.92953929979× 10−96

Example 2, using the Riesz-Fantappiè formula.

Consider the problem 
Z ′(t) + tZ ′′(t) = A · Z(t)

Z(0) = Z0 = (1, 2)T ,

Z ′(0) = Z ′0 = AZ0 = (4, 5)T

with matrix

A =

(
2 1

1 2

)
, then tA =

(
2t t

t 2t

)
.

Characteristic polynomial

P (λ, t) = λ2 − 4λt+ 3t2

Matrix eigenvalues

λ1 = t, λ2 = 3t .

Matrix invariants

u0 = 1, u1 = 4t, u2 = 3t2 .

Riesz-Fantappiè formula

Z(t) = e1(tA)Z0 =

1∑
h=0

 1

2πi

1−h∑
j=0

(−1)juj

∮
γ

e1(λ)λ1−h−j

P (λ, t)
dλ

 · thZh0 .
i.e.

Z(t) = (x(t), y(t))T =

=

 1

2πi

1∑
j=0

(−1)juj

∮
γ

e1(λ)λ1−j

λ2 − 4tλ+ 3t2
dλ

Z0
0 +

[
1

2πi

∮
γ

e1(λ)

λ2 − 4tλ+ 3t2
dλ

]
· t Z ′0 ,
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Z(t) = (x(t), y(t))T =

=

[
1

2πi

∮
γ

e1(λ)(λ− 4t)

λ2 − 4tλ+ 3t2
dλ

]
· (1, 2)T +

[
1

2πi

∮
γ

e1(λ)

λ2 − 4tλ+ 3t2
dλ

]
· (4, 5)T .

Integrals computation (using the Residue Theorem).[
1

2πi

∮
γ

e1(λ)(λ− 4t)

λ2 − 4tλ+ 3t2
dλ

]
=

= lim
λ→3t

(λ− 3t)
e1(λ)(λ− 4t)

(λ− t)(λ− 3t)
+ lim
λ→t

(λ− t) e1(λ)(λ− 4t)

(λ− t)(λ− 3t)
=

= −e1(3t)

2
+

3e1(t)

2
,[

1

2πi

∮
γ

e1(λ)

λ2 − 4tλ+ 3t2
dλ

]
=

= lim
λ→3t

(λ− 3t)
e1(λ)

(λ− t)(λ− 3t)
+ lim
λ→t

(λ− t) e1(λ)

(λ− t)(λ− 3t)
=

=
e1(3t)

2t
− e1(t)

2t
.

Solution of the problem

Z(t) = (x(t), y(t))T =

(
−e1(3t)

2
+

3e1(t)

2

)
· (1, 2)T +

(
e1(3t)

2t
− e1(t)

2t

)
· t · (4, 5)T ,

i.e.

x(t) =

(
−e1(3t)

2
+

3e1(t)

2

)
+ 4

(
e1(3t)

2
− e1(t)

2

)
=

3e1(3t)− e1(t)

2
,

y(t) = 2

(
−e1(3t)

2
+

3e1(t)

2

)
+ 5

(
e1(3t)

2
− e1(t)

2

)
=

3e1(3t) + e1(t)

2
.

The result can be easily checked by using the definition of the Laguerre derivative, but it can be even

straightforwardly obtaining by applying the Isomorphism Tx to the solution of the corresponding

linear evolution problem (see [14]).

9. Conclusion

It was shown in [9] and [3] that the population growth can actually show increasing ways less

than the exponential. Since linear dynamical systems are the straightforward extension, in higher

dimensions, of the Malthus model, it is natural to consider their Laguerre-type version.

In this article we have shown that the treatment of these last ones can be obtained simply using
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the differential isomorphism Tx, and its iterations, defined in [1].

Final proclaims are presented in the Theorems from 8 to 11. A few worked examples have confirmed

our results.
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