ILIRIAS JOURNAL OF MATHEMATICS
ISSN: 2334-6574, URL: HTTP://WWW.ILIRIAS.COM
VOLUME 3 ISSUE 1(2014), PAGEs 14-20.

A NOTE ON THE RELATIVE GROWTH INDICATORS OF
DIFFERENTIAL POLYNOMIALS GENERATED BY ENTIRE
AND MEROMORPHIC FUNCTIONS

SANJIB KUMAR DATTA, TANMAY BISWAS, ANANYA KAR

ABSTRACT. In the paper we establish the relationship between the relative
L-order (relative L*-order), relative L-type (relative L*-type) and relative L-
weak type (relative L*-weak type) of a meromorphic function f with respect
to an entire function g and that of differential polynomial generated by mero-
morphic f and entire g.

1. Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be a non-
constant meromorphic function defined in the open complex plane C. Also let ng;,

k

N1j,......,nk; (K > 1) be non-negative integers such that for each j, > n;; > 1. We
i=0

call M; [f] = A; (f)" (FD)™ ... (fUN)™ where T (r,A;) = S (r, f) to be a

k
differential monomial generated by f. The numbers vy, = > ng; and I'y;, =
i=0

k
> (14 1) n;; are called respectively the degree and weight of M; [f] {[1], [7]} . The
i=0

expression P [f] = Z M; [f] is called a differential polynomial generated by f. The
j=1
numbers yp = max yy; and I'p = max 'y, are called respectively the degree
1<j<s 1<j<s
and weight of P[f] {[1l,[7]}. Also we call the numbers yp = lini<n’yMj and k
b i

(the order of the highest derivative of f ) the lower degree and the order of P [f]
respectively. If yp = vp, P[f] is called a homogeneous differential polynomial.
Throughout the paper we consider only the non-constant differential polynomials
and we denote by Py [f] a differential polynomial not containing f i.e. for which
ng; = 0 for j =1,2,...... ,8. We consider only those P [f], Py [f] singularities of
whose individual terms do not cancel each other.

The following two definitions are well known:
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Definition 1. The quantity © (a; f) of a meromorphic function f is defined as
follows

N (r,a; f)
O(a; f) =1 - limsup———-= .
D= G )

Definition 2. [6] For a € CU {oo},let n, (r,a; f) denotes the number of zeros
of f —a in |z| < rywhere a zero of multiplicity < p is counted according to its
multiplicity and a zero of multiplicity > p is counted exactly p times; and N, (r,a; f)
is defined in terms of n, (r,a; f) in the usual way. We define

NP (T7 a; f)

Op(a; f)=1— lirrisupw .

The following definitions are also well known.

Definition 3. The order p;y and lower order Ay of a meromorphic function f are
defined as

pr= limsupw and Ay = liminfw .
r—o00 ogr r—00 IOg r
Somasundaram and Thamizharasi [§] introduced the notions of L-order and
L-lower order for entire functions where L = L (r) is a positive continuous function
increasing slowly i.e.,L (ar) ~ L (r) as  — oo for every positive constant “a”. Their
definitions are as follows:

Definition 4. [§] The L-order pJI? and the L-lower order )\JE of a meromorphic
function f are defined as follows:

log T
p]Le = lim supiog (r, 1)

and A? = lim infM
r—oc log[rL (r)]

B log L (1)

The more generalised concept of L-order and L-lower order of meromorphic
functions are L*-order and L*-lower order respectively which are as follows:

Definition 5. The L*-order pJ’%* and the L*-lower order )\J}%* of a meromorphic
function f are defined by

. logT .
p]Lc = lim supw and )\f

= lim infilog T(rf)
roo log [rel(r)]

r—00 10g [reL(T)] ’
For an entire function g, the Nevanlinna’s characteristic function Ty (r) =
2m
% Ik log™ |g(rei0)| df where log™ 2 = max (0, log z) for > 0.
0

If g is non-constant then T, (r) is strictly increasing and continuous and its
inverse T, : (T, (0) ,00) — (0, 00) exists and is such that slggng_l (s) = oc.

Lahiri and Banerjee [5] introduced the definition of relative order of a mero-
morphic function with respect to an entire function which is as follows:

Definition 6. [5] Let f be meromorphic and g be entire. The relative order of f
with respect to g denoted by p, (f) is defined as

pg (f) = inf{u>0:Ty(r) <Ty(r*) for all sufficiently large r}

. log T, Ty (r)
= limsup———— .
r—00 10g r
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The definition coincides with the classical one [5] if g (2) = exp z.

Similarly one can define the relative lower order of a meromorphic function
f with respect to an entire g denoted by A, (f) in the following manner :

log T YT (v
A (f) = liming 28 Ls T2 ()
r—00 logr
Datta and Biswas [2] gave the definition of relative type and relative weak
type of a meromorphic function with respect to an entire function g which are as
follows:

Definition 7. [2] The relative type o, (f) of a meromorphic function f with respect
to an entire function g are defined as
Ty (r)
oq(f) = hmsuppi(f), where 0 < pg (f) < oo .
rPg

r—00

Similarly one can define the lower relative type g (f) in the following way

—1
o, (f) = liminfw

m inf ——rm—, where 0 < pg (f) < 00 .

Definition 8. [2] The relative weak type 14 (f) of a meromorphic function f with
respect to an entire function g with finite positive relative lower order A (f) is
defined by
Ty Ty (r)
— Viminf_9
7o (f) = Bt =

Analogously one can define the growth indicator T, (f) of a meromorphic function
| with respect to an entire function g with finite positive relative lower order Ay (f)
as
T 1Ty (r)
_ Ty
T4 (f) = hmbupirxg(f)

r—00

In order to prove our results we require the following definitions:

Definition 9. The relative L-order pl (f) and the relative L-lower order A} (f)
of a meromorphic function f with respect to an entire function g are defined as
follows:

log T, 1Ty (r) log T, 1Ty (r)
Lipy 1 9 L(fy — i 9
pg (f) = limsup= oo and Ay (f) = minf= oS

_L
Definition 10. The relative L-type o;‘ (f) and the relative L-lower type o, (f) of a
meromorphic function f with respect to an entire function g are defined as follows:

. Ty ' Ty (r) L o T T ()
agL (f)= hmsup% and o, (f) = hmmf%,
roo [rL ()] T L (r)]"

where 0 < pl (f) < co.

Definition 11. The relative L-weak type TgL (f) of a meromorphic function f with

respect to an entire function g with finite positive relative L-lower order )\5 (f) is

defined by

T ()

7'gL (f)= hmlnfgiw.
T [rL(r)]"
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_L

Similarly one can define the growth indicator T, (f) of a meromorphic function
f with respect to an entire function g with finite positive relative L-lower order
X- (/) as

_L Tﬁle (7")
7, (f) = limsup—2——"-.
’ rooe [rL (r) )

The more generalised concept of relative L-order (relative L-lower order), relative
L-type (relative L-lower type) and relative L-weak type of meromorphic function
with respect to an entire function are relative L*-order (relative L*-lower order),
relative L*-type ( relative relative L*-lower type) and relative L*-weak type respec-
tively which are as follows:

Definition 12. The L*-order pJ’%* and the L*-lower order )\]Lc* of a meromorphic
function f are defined by

. log T VT (r) . log T~ (r)
L =i —o7g “JAJ L — liminf_c-9 ~f\'"/
Py (F)= hrniigp log [rel ()] and Ay (f) = liminf log [rel()]

Definition 13. The relative L*-type agL* (f) and the relative L*-lower type 55* fH
of a meromorphic function f with respect to an entire function g are defined as
follows:

L Tﬁle (’I")

o = limsup—2——"—
g (f) r—>oop [TeL(r)]pg ()

« T-Ty (r
and & (f) :liminfgifg*),
r—00 [TeL(T)}Pg (f)

where 0 < ng* (f) < .

Definition 14. The relative L*-weak type TgL* (f) of a meromorphic function f with

respect to an entire function g with finite positive relative L*-lower order )\5* (f) is
defined by
. Ty (r
’TQL (f) = liminfgiff*) .
r=oe [, (r)]hg (f)
Similarly one can define the growth indicator ?gL* (f) of a meromorphic function
f with respect to an entire function g with finite positive relative L*-lower order
N (f) as
. T YTy (r)
_L . g f
7, (f) =limsup—F———— .
g r—00 [TL (7‘)])‘5 ()

In this paper we wish to establish the relationship between the relative L-
order (relative L*-order), relative L-type (relative L*-type) and relative L-weak
type (relative L*-weak type) of a meromorphic function f with respect to an entire
function g and that of polynomial generated by the meromorphic f and entire g. We
use the standard notations and definitions in the theory of entire and meromorphic
functions which are available in [4] and [9].

2. Lemmas

In this section we present two lemmas which will be needed in the sequel.
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Lemma 1. [3] Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = > dp(a;f) =1 ord(oco;f) = > d(a;f) =1
a

and g be an entire function with reqular growth and non zero finite order. Also let
©(00;9) = Y. dplasg) =1 ord(oo;g) = Z 0 (a;g) = 1. Then for homogeneous
aF#oo aFoo
Py [f] and Fy [g],
m log Po[g]TPo[f] (r) _
r=oo logTy Tf (r)

Lemma 2. [3] Let f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = > dp(a;f) =1 ord(co; f) = > d(a;f) =1
aF#oo a#oo

and g be an entire function with reqular growth and non zero finite type. Also let
©(00;9) = > dplasg) =1 ord(oco;9) = > 0(a;g) = 1. Then for homogeneous
aF#oo

aF#oo
Py [f] and Py lg],

-1 a1
e Colg) TRole) () (mm) g
rree Tngf (r) VP lg]

3. Theorems

In this section we present the main results of the paper.

Theorem 1. Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = > dp(a;f) =1 ord (oo f) = > d(a;f) =1
a#oo

and g be an entire function with regular growth having mon zero finite order and

©(00;9) = > 6p(a;9) =1 ord(oo;g) = > 0(a;g) = 1. Then the relative L-
a#oo aF#oo

order and relative L-lower order order of Py [f] with respect to Py [g] are same as
those of f with respect to g for homogeneous Py [f] and Py [g].

Proof. By Lemma, [I] we obtain that

log T Ty (1)
L . P [g] olf]
pPo[g] (PO [f]) - h’,r‘risip log [TL ( )]

, log T, Ty (r) logTp, 1 Tpois (1)
= limsup I
r—oo | log[rL(r)] log Ty " T (r)
) log T, le( ) log T;(f[g}TPo[f] (r)
= lim supi -
r—oc  log[rL(r)]  r=oo logTy Ty (r)
= pg(f)-1
= pg(f)
In a similar manner, A% Bolg) (Fo 1) =X (f).
This proves the theorem O

Theorem 2. Let f be a meromorphic function either of finite order or of non-zero

lower order such that © (co; f) = > dp(a;f) =1 ord(oco; f) = > d(a;f) =1
a# a#oo

and g be an entire function with regular growth having mon zero finite order and
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©(00;9) = Y. dp(a;g) =1 o0ord(oo;9) = > 6(a;9) = 1. Then the relative L*-
aF#oo aF#oo

order and relative L*-lower order of Py [f] with respect to Py [g] are same as those

of f with respect to g i.e.,

Pt (Polf]) = 0§ (£) and Xy (Polf) = X" (f)
where Py [f] and Py [g] are homogeneous.

We omit the proof of Theorem [2| because it can be carried out in the line of
Theorem [Il

Theorem 3. Let f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = >, dp(a;f) =1 ord(oo; f) = > 6(a; f) =
aF#oo aF#oo

1 and g be an entire function of regular growth having non zero finite type and
©(00;9) = Y 6p(a;9) =1 ord(oo;g) = > 0(a;g) = 1. Then the relative L-
a#oo aF#oo
1

type and relative L-lower type of Py [f] with respect to Py lg] are (M) ?9 times

TPy lg]
that of f with respect to g if pg (f) is positive finite where Py [f] and Py[g] are
homogeneous.

Proof. From Lemma [2] and Theorem [T we get that

Tot Tpip(r)
L T Py[g]* Folf]
T Polg] (Fo [f]) = h?l_ilip rL (T)]ppo[g](PO[f])

ToiaTrotn (1) T,y (r)
r—oo T, Tf (7‘) r—00 [TL (r)]pg

1
7Po[f]>p9 L
=—= o, (f) .
<7Po[g] I

Similarly EILDO[Q] (Polf]) = <M> T (f)-

TPyl

Thus the theorem is established. O

Theorem 4. Let f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = > 6p(a;f) =1 ord(oo; f) = > 6(a; f) =
aF#oo aF#oo
1 and g be an entire function of regular growth having mon zero finite type and
©(00;9) = Y. dp(a;g) =1 ord(oo;9) = > 6(a;9) = 1. Then the relative L*-
aF#oo a#oo

1

type and relative L*-lower type of Py [f] with respect to Py [g] are (M) * fimes

VPglg]
that of f with respect to g if pﬁ* (f) is positive finite when Py [f] and Py[g] are
homogeneous.

We omit the proof of Theorem [4] because it can be carried out in the line of
Theorem [3] and with the help of Theorem

Similarly one may state the following two theorems without their proofs be-
cause those can be carried out in the line of Theorem [3]and Theorem [4] respectively.
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Theorem 5. Let f be a meromorphic function either of finite order or of non-zero
lower order such that © (co; f) = > 6p(a;f) =1 ord(oo;f) = > d(a;f) =
aF#oo aF#oo

1 and g be an entire function of regular growth having non zero ﬁm'te type and
O (005 9) = ; dp (as;g) =1 or 6 (c0;9) = Z d(a;g) = 1. Then 7§ 1 (Po[f]) and

1

TPO[ 1 (Polf]) are (%ﬂ)ﬁ times that of f with respect to g i.e.,
olg

rhia (Fol) = (Z22) ™ ot (1) ana why (011D = (22) ™t 1

when )\5 (f) is positive finite and Py [f], Po 9] are homogeneous.

Theorem 6. If f be a meromorphic function either of finite order or of non-zero

lower order such that © (oco; f) = > 0p(a;f) =1 or §(o0; f) = > d(a; f) =
aF#oo aF#oo

1 and g be an entire function of regular growth having non zero ﬁm'te type and
O (005 9) = §5p(a;g):1or5(oo;g) Zé(a g) =1, thenTPH(Po[f]) and
aFxoo

1

?é,;[ ] (Po[f]) are (%) " times that of f with respect to g i.e.,

1

Tk (Rolf]) = (”"“W) E(f) and 7E L (Polf)) = (”"“m) FE)

YPslg) YPog]

when )\5* (f) is positive finite and Py [f], Py lg] are homogeneous.
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