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ON LACUNARY STRONG (A, u,∆m)-CONVERGENT SEQUENCES

WITH RESPECT TO A SEQUENCE OF MODULUS FUNCTIONS

N. L. BRAHA1,3, AYHAN ESI2 AND VALDETE LOKU3

Abstract. The purpose of this paper is to define and study the spaces Nθ(A,F, u,∆m)
and N0

θ (A,F, u,∆m) of lacunary strong (A, u,∆m)-convergent sequences with

respect to a sequence of modulus functions, where A = (aik) is an infinite

matrix of complex numbers. This sequence spaces are generalization of that
give in [2], [3] and [21]. We also study some inclusion relations between lacu-

nary strong (A, u,∆m)-convergence and lacunary (A, u,∆m)-statistical con-

vergence. In the last section are shown the relationship between the above
spaces and spaces defined by Cesaro summability methods Nc

θ (A,F, u,∆m)

and Nc0
θ (A,F, u,∆m).

1. Introduction

The spaces of lacunary strong convergence have been introduced by Freedman
et al. [12]. A sequence of positive integers θ = (kr) is called lacunary if k0 = 0, 0 <
kr < kr+1 and hr = kr − kr−1 →∞ as r →∞. The intervals determined by θ are
denoted by Ir = (kr−1, kr] and the ratio kr

kr−1
will be denoted by qr.

The space of lacunary strongly convergent sequences Nθ was defined as follows:
Nθ = {x = (xi) : limr→∞hr

−1∑
i∈Ir |xi − s| = 0, for some s}. The notion of

modulus function was introduced by Nakano [18]. We recall that a modulus function
f is a function from [0,∞) to [0,∞) such that

(1) f(x) = 0 if and only if x = 0,
(2) f(x+ y) ≤ f(x) + f(y) for all x, y ≥ 0,
(3) f is increasing,
(4) f is continuous from the right at 0.

Since |f(x) − f(y)| ≤ f(|x − y|), it follows from conditions (2) and (4) that f
is continuous everywhere on [0,∞). Et and Colak [9], Et and Nuray [10] used
generalized differences to construct sequence spaces. Bilgin [2], Connor [7], Esi
[8], Maddox [16],[17], Kolk [15], Ozturk and Bilgin [19], Pehlivan and Fisher [20],
Ruckle [22], Braha et al., [5] and others used a modulus function to construct
sequence spaces. Let A = (aik) be an infinite matrix of complex numbers. We
write Ax = (Ai(x)) if Ai(x) =

∑∞
k=1 aikxk converges for each i.
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Bilgin [2] generalized the concept of lacunary strongly convergence and defined
the space:

Nθ(A, f) =

{
x = (xi) : lim

r→∞
hr
−1
∑
i∈Ir

f(|Ai(x)− s|) = 0, for some s

}
.

Throughout this paper the sequence of modulus functions determined by F will be
denoted by f = (fi) ∈ F for every i ∈ N, such that liml→0+ supi fi(l) = 0.

In this paper we define the following sequence spaces:

Nθ(A,F, u,∆
m) =

{
x = (xi) : lim

r

1

hr

∑
i∈Ir

fi(|Ai(u∆mx)− se|) = 0,uniformly in m

}
,

and

N0
θ (A,F, u,∆m) =

{
x = (xi) : lim

r

1

hr

∑
i∈Ir

fi(|Ai(u∆mx)|) = 0,uniformly in m

}
,

where e = (1, 1, 1, · · · ),∆mxi = ∆m−1xi−∆m−1xi+1 andAi(u∆mx) =
∑∞
k=1 aiku∆mxk.

Note that if we put fi = f for each i, then Nθ(A,F, u,∆
m) = Nθ(A, f, u,∆

m).
We write Nθ(A, f, u,∆

m) = Nθ(A, u,∆
m) for f(x) = x. If x = (xi) is lacunary

strong (A, u,∆m)-convergent to the value s with respect to F, then we write
xi → s(Nθ(A,F, u,∆

m)). If A = I, the unit matrix, we write Nθ(F, u,∆
m) and

N0
θ (F, u,∆m) instead of Nθ(A,F, u,∆

m) and N0
θ (A,F, u,∆m), respectively. In spe-

cial case if we use m = 1 we will obtain class of sequence spaces which are defined in
[1], and if we take m = 0, we will obtain class of sequence spaces which are defined
in [3]. For m = 1, u = Ix and fi = f, for every i ∈ N, we obtain sequence spaces
defined in [2]. If we take A = I, u = 1x, m = 1 and fi = f, for every i ∈ N, we
obtain sequence spaces defined in [21].

Lemma 1.1. The sequence spaces Nθ(A,F, u,∆
m) and N0

θ (A,F, u,∆m) are linear
spaces.

Proof. We consider only Nθ(A,F, u,∆
m). Let xi → s in Nθ(A,F, u,∆

m), yi → t in
Nθ(A,F, u,∆

m) and a, b are complex numbers. Then there exists integers ta and
tb, such that |a| < ta and |b| < tb. Therefore using into consideration properties (2)
and (3) of modulus functions fi, we get that

hr
−1
∑
i∈Ir

fi(|Ai(au∆mx+ bu∆my)− (ase+ bte)|) ≤

hr
−1
∑
i∈Ir

(fi(a|Ai(u∆mx− se)|) + fi(b|Ai(u∆my)− te|)) ≤

tahr
−1
∑
i∈Ir

fi(|Ai(u∆mx− se)|) + tbhr
−1
∑
i∈Ir

fi(|Ai(u∆my)− te|).

From last relation it follows that ax+ by → ase+ bte in Nθ(A,F, u,∆
m). �

In what follows we will show that
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Lemma 1.2. The space Nθ(A,F, u,∆
m) is a paranormed ( need not totally para-

normed ) space with

g(x) = sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)|)

}
.

Proof. Clearly g(0) = 0, and g(−x) = g(x). In what follows we will show the triangle
inequality and continuity of multiplication. Let x, y ∈ N0

θ (A,F, u,∆m), based in
properties of modulus functions and definition of the ∆m, we get the following
relation:

sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆m(x+ y))|)

}
≤ sup

r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)|)

}
+

sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆my)|)

}
= g(x) + g(y).

Let us show the continuity of multiplications. Let λ ∈ C be any complex number.
From definition of g(x) we get:

g(λ·x) = sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆mλx)|)

}
≤ sup

r∈N

{
hr
−1
∑
i∈Ir

fi(|λ| · |Ai(u∆mx)|)

}
.

Taking into consideration properties of modulus functions and known fact |λ| ≤
1 + [|λ|], where [x] denotes the integer part of x, we have:

sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|λ| · |Ai(u∆mx)|)

}
≤ sup

r∈N

{
hr
−1(1 + [|λ|])

∑
i∈Ir

fi(|Ai(u∆mx)|)

}
.

(1.1)
Now we will distinguish the following two cases:

• If |λ| < 1, then from relation (1), it follows:

g(λx) = sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆mλx)|)

}
≤ g(x) < ε,

for every r > N(ε).
• For 1 < r < N(ε), taking λ small enough, since fi are continuous we have

sup
r∈N

{
hr
−1
∑
i∈Ir

fi(|Ai(u∆mλx)|)

}
< ε.

From last two relations we get that g(λx)→ 0, as λ→ 0. �

2. relations between Nθ(A,F, u,∆
m) and Nθ(A, u,∆

m)

In this section we will show the inclusion theorems between classes Nθ(A, u,∆
m)

and Nθ(A,F, u,∆
m).

Theorem 2.1. Let A = (aij) be an infinite matrix of complex numbers and
F = (fi) be a sequence of modulus functions in F. If x = (xj) is lacunary strong
(A, u,∆m)-convergent to s, then x = (xj) is lacunary strong (A,F, u,∆m)-convergent
to s with respect to F, that is,

Nθ(A, u,∆
m) ⊂ Nθ(A,F, u,∆m).
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Proof. Let f = (fi) be a sequence of modulus functions in F and put supi fi(1) = K.
Let x ∈ Nθ(A, u,∆m), 0 < ε < 1 and choose δ with 0 < δ < 1 such that fi(t) < ε
for 0 ≤ t ≤ δ. Write |Ai(u∆mx)− se| = ti and consider

hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)− se|) =
∑

1

+
∑

2

,

where the first summation is over ti ≤ δ and the second over ti > δ. By the definition
of the f for the first summand is clear that

∑
1 ≤ ε, in what follows we will show

the case where ti > δ. We use the know fact

ti <
ti
δ
< 1 +

[
ti
δ

]
< 2 ·

[
ti
δ

]
,

where [x] , denotes the integer part of x. From this and properties of the modulus
functions, we get the following relation:

f(|Ai(u∆mx)− se|) ≤
(

1 +

[
|Ai(u∆mx)− se|

δ

])
f(1) ≤ 2 ·K · |Ai(u∆mx)− se|

δ
.

From last relation we get that:

hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)− se|) =
∑

1

+
∑

2

< ε,

respectively that x ∈ Nθ(A,F, u,∆m). �

Theorem 2.2. Let A = (aik) be an infinite matrix of complex numbers and f = (fi)

be a sequence of modulus functions in F. If lim inf
i

fi(l)
l > 0, then Nθ (A, u,∆m) =

Nθ (A,F, u,∆m) .

Proof. If lim inf
i

fi(l)
l > 0, then there exists a number β > 0 such that fi(l) > βl for

all l > 0 and i ∈ N. Let x ∈ Nθ(A,F, u,∆m). Then

hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)− se|) ≥ hr−1β
∑
i∈Ir

(|Ai(u∆mx)− se|),

from which follows that x ∈ Nθ(A, u,∆m). �

We now give an example to show that Nθ(A,F, u,∆
m) 6= Nθ(A, u,∆), in case

when β = 0. Let us consider A = I and fr = x
1

r+1 (r ≥ 1, x > 0) and u = e.
Define

∆mxr =

{
hr if i = ir for some r ≥ 1
0 otherwise

Then we get the following estimation:

hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)|) = hr
−1fir (|hr|) =

hr
−1hr

1
1+r → 0, r →∞

hence, x ∈ N0
θ (A,F, u,∆m) ⊂ Nθ(A,F, u,∆m). In other side

hr
−1
∑
i∈Ir

(|Ai(u∆mx)|) = hr
−1hr = 1, r →∞.

From last relation it follows that x /∈ N0
θ (A, u,∆m) ⊂ Nθ(A, u,∆m).
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3. lacunary (A, u,∆m)-statistical convergent sequences

In this section, we give a relation between lacunary (A, u,∆m)-statistical con-
vergence and lacunary strong (A, u,∆m)-convergence with respect to a sequence
of modulus functions. The definition of statistical convergence was introduced by
Fast [11] and studied by several authors [6, 13, 23, 24]. The sequence x = (xk) is
statistically convergent to s if for each ε > 0,

lim
n→∞

1

n
|{k ≤ n : |xk − l| ≥ ε}| = 0,

where |A| denotes the number of elements in A. Schoenberg [24] studied statistical
convergence as a summability method and listed some of the elementary properties
of statistical convergence. Fridy and Orhan [14] introduced the following definition
of lacunary statistical convergence.

Let θ be lacunary sequence. Then a sequence x = (xk) is said to be lacunary
statistically convergent to a number s if for every ε > 0,

lim
r→∞

1

hr
|{i ∈ Ir : |xr − s| ≥ ε}| = 0.

The set of all lacunary statistical convergent sequences is denoted by Sθ.
The notion of lacunary A-statistical convergence was introduced by Bilgin [2].
Let A = (aik) be an infinite matrix of complex numbers. Then a sequence

x = (xk) is said to be lacunary A-statistically convergent to a number s if for every
ε > 0,

lim
r→∞

1

hr
|{i ∈ Ir : |Ai(x)− s| ≥ ε}| = 0.

The set of all lacunary A-statistical convergent sequences is denoted by Sθ(A).
The notion of lacunary (A, u,∆)-statistical convergence was introduced by Bataineh,

Ahmad H. A.and Al-O’dat, Naser A in [1], as follows.
Let A = (aik) be an infinite matrix of complex numbers. Then a sequence

x = (xk) is said to be lacunary (A, u,∆)-statistically convergent to a number s if
for every ε > 0,

lim
r→∞

1

hr
|{i ∈ Ir : |Ai(u∆x)− se| ≥ ε}| = 0.

The set of all lacunary (A, u,∆)-statistical convergent sequences is denoted by
Sθ(A, u,∆).

We now introduce the following definition, which is generalization of the above
definition, as follows:

Let A = (aik) be an infinite matrix of complex numbers. Then a sequence
x = (xk) is said to be lacunary (A, u,∆m)-statistically convergent to a number s if
for every ε > 0,

lim
r→∞

1

hr
|{i ∈ Ir : |Ai(u∆mx)− se| ≥ ε}| = 0,

uniformly in m. The set of all lacunary (A, u,∆m)-statistical convergent sequences
is denoted by Sθ(A, u,∆

m).
Let A = (aik) be an infinite matrix of complex numbers. Then a sequence

x = (xk) is said to be lacunary (A, u,∆m)-statistically Cauchy sequence if for any
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given ε > 0, there exists number n0 = n(ε) ∈ N such that

lim
r→∞

1

hr
|{i ∈ Ir : |Ai(u∆mxn)−Ai(u∆mxn0)| ≥ ε}| = 0,

uniformly in m. The set of all lacunary (A, u,∆m)-statistical Cauchy sequences is
denoted by Scθ(A, u,∆

m).
Now, we prove the following theorems:

Theorem 3.1. Let f = (fi) be a sequence of modulus functions in F and (fi) point-
wise convergent. Then Nθ(A,F, u,∆

m) ⊂ Sθ(A, u,∆m) if and only if limi fi(l) >
0, (l > 0).

Proof. Let x ∈ Nθ(A,F, u,∆
m) and ε > 0. If limi fi(l) > 0, then there exists

a number C > 0 such that fi(ε) ≥ C for l > ε and i ∈ N. Let us denote by
σ1 = {i ∈ Ir : |A(u∆mx)− se| ≥ ε},

hr
−1
∑
i∈Ir

fi(|Ai(u∆mx)− se|) ≥ hr−1
∑
i∈σ1

fi(|Ai(u∆mx)− se|) ≥

Chr
−1 |{i ∈ σ1 : |Ai(u∆mx)− se| ≥ ε}| ,

hence x ∈ Sθ(A, u,∆m). Conversely, suppose that limi fi(l) > 0 does not hold, then
there exists a number t > 0 such that limi fi(t) = 0. We can select a sequence (hr)
such that fi(t) < 2−r for any i > hr. Let A = I, and define the sequence by putting

∆mxr =

{
t if hr−1 < t ≤ hr−1+hr

2

0 if hr−1+hr

2 < t ≤ hr
Then it follows that x ∈ N0

θ (A,F, u,∆m) ⊂ Nθ(A,F, u,∆m), but x /∈ Sθ(A, u,∆m).
�

In the next Theorem we will show under which conditions the converse inclusion
holds.

Theorem 3.2. Let F = (fi) be a sequence of modulus functions in F. Then
Sθ(A, u,∆

m) ⊂ Nθ(A,F, u,∆m) if and only if supl supi fi(l) <∞.

Proof. Proof of the Theorem is similar to Theorem 3.5 given in [1]. �

In what follows we will show that ordinary convergence ui∆xi → se, implies that
ui∆

mxi → s(Nθ(A,F, u,∆
m)).

Theorem 3.3. Suppose that A is regular matrix, limi inf qi > 1, and supl supi fi(l) <
∞. Then ui∆xi → se, implies that ui∆

mxi → s(Nθ(A,F, u,∆
m)).

Proof. Proof follows from lemma’s in ([13]) and Theorem 3.2. �

The following result proves (A, u,∆m)-statistically convergence.

Theorem 3.4. If x = (xk) is a sequence for which there is a (A, u,∆m)-statistically
convergent sequence y = (yk) such that Ai(u∆mxi) = Ai(u∆myi), for almost all i,
then x is (A, u,∆m) statistically convergent.

Proof. Assume thatAi(u∆mxi) = Ai(u∆myi), for almost all i, and yi → Sθ(A, u,∆
m).

Suppose ε > 0, then for each r, we get:

{i ∈ Ir : |Ai(u∆mx)− se| ≥ ε} ⊂ {i ∈ Ir : Ai(u∆mxi) 6= Ai(u∆myi)}∪
{i ∈ Ir : |Ai(u∆mx)− se| ≤ ε}
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since yi → Sθ(A, u,∆
m), the second set in the above inclusion contains a finite

number of integers, for example i0. Therefore

lim
r→∞

1

hr
|{i ∈ Ir : |Ai(u∆mx)− se| ≥ ε}| ≤

lim
r→∞

1

hr
|{i ∈ Ir : Ai(u∆mxi) 6= Ai(u∆myi)|+ lim

r→∞

i0
hr

= 0.

Hence x is (A, u,∆m) statistically convergent. �

Theorem 3.5. If x = (xk) is a (A, u,∆m)-statistically convergent sequence, then
x = (xk) is (A, u,∆m)-statistically Cauchy sequence.

Proof. Proof of the Theorem follows directly from definition 3. �

Theorem 3.6. Let M be an modulus function and let lim inf qr > 1. If x = (xn) is
a sequence which converges to a number s lacunary (A, u,∆m)− statistical. Then
for every ε > 0, the following relation:

lim
r

1

hr
|{k ∈ Ir : M (|Ai(u∆mx)− se|) ≥ ε}| = 0,

holds.

Proof. Let us suppose that lim inf qr > 1, then there exists δ > 0 such that qr ≥ 1+δ
for sufficiently large r, which implies

hr
kr
≥ δ

δ + 1
.

If x = (xn) is a sequence which converges to a number s lacunary (A, u,∆m)−
statistical, then for every ε > 0 and for sufficiently large r, we have

1

kr
|{k ≤ kr : M (|Ai(u∆mx)− se|) ≥ ε}| ≥ 1

kr
|{k ∈ Ir : M (|Ai(u∆mx)− se|) ≥ ε}|

≥ δ

1 + δ

1

hr
|{k ∈ Ir : M (|Ai(u∆mx)− se|) ≥ ε}|.

In other side from fact that M satisfies conditions M(x) ≤ 2M(1)δ−1x, for any
x ≥ δ and 0 < δ < 1(see [21]), then it follows that

M (|Ai(u∆mx)− se|) ≤ K · |Ai(u∆mx)− se| , (3.1)

for some constantK > 0, in both cases where |Ai(u∆mx)− se| ≤ 1 and |Ai(u∆mx)− se| ≥
1. Really in first case it follows directly from definition of the modulus function. In
second case we have the following relation:

|Ai(u∆mx)− se| = 2 · L(1) = 22 · L(2) = · · · = 2s · L(s),

such that L(s) ≤ 1. Now taking into consideration the above relations, we get the
following estimation:

M (|Ai(u∆mx)− se|) ≤ T · L(s) ·M(1) = K · |Ai(u∆mx)− se| , (3.2)

where T and K are constants. Now proof of Theorem follows from relations (2)
and (3). �
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4. Cesaro (A, u,∆m)- convergent sequences

In this section we will show some Cesaro sequence spaces.
Let us denote by

N c(A,F, u,∆m) =

{
x = (xi) : lim

n→∞

1

n+ 1

n∑
i=1

fi(|Ai(u∆mx)− se|) = 0, for some s

}
,

and N c0(A,F, u,∆m), where s = 0. Also

N c
θ (A,F, u,∆m) =

{
x = (xi) : lim

r→∞

1

hr

∑
i∈Ir

fi(|Ai(u∆mx)− se|) = 0, for some s

}
,

and N c0
θ (A,F, u,∆m), in case where s = 0.

Proof of the following Theorems are similar to Theorems 5.1 and 5.2, given in
[4]. So they are omitted.

Theorem 4.1. Let M be any modulus function. Then

(1) If lim inf qr > 1, then N c(A,F, u,∆m) ⊂ N c
θ (A,F, u,∆m)

(2) If lim sup qr <∞, then N c
θ (A,F, u,∆m) ⊂ N c(A,F, u,∆m)

(3) If 1 < lim inf qr < lim sup qr <∞, then N c(A,F, u,∆m) = N c
θ (A,F, u,∆m)

Theorem 4.2. Let M be any modulus function. Then

(1) If lim inf qr > 1, then N c0(A,F, u,∆m) ⊂ N c0
θ (A,F, u,∆m)

(2) If lim sup qr <∞, then N c0
θ (A,F, u,∆m) ⊂ N c0(A,F, u,∆m)

(3) If 1 < lim inf qr < lim sup qr <∞, then N c0(A,F, u,∆m) = N c0
θ (A,F, u,∆m)
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