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NUMERICAL SIMULATION FOR THE FREE SURFACE OF A
LONG GRAVITY WAVE

A. LAOUAR1, A. GUERZIZ2, AND S. BOUGHABA1

Abstract. This paper deals with the study of a long gravity wave pro�le
in a bidimensional rectangular basin, and the aim of this work consists in
determining a free surface equation of gravity wave. The equations of motion
of such a problem with its boundaries conditions are reduced to a system of
nonlinear equations. The applying shallow water theory helps to solve the
system and the solution is expanded asymptotically in terms of Poincaré�s
parameter ". The approximating with respect to the parameter " at the �rst,
second and three orders, the problem is transformed into a wave equation. A
numerical example is given to support the theory.

1. Introduction

Wave surface relative studies have always been one of major preoccupations for
useful applications in �uids mechanic research �eld that o¤ers several studies to
both physicists and mathematicians. Early research has almost been concerned
with the study of physic models which were devoted to the wave theory where the
wavelength is very large compared to its vertical height. Thus, we present some re-
sults realized in this �eld. Keisel�s research [6] has served as basic works for Ogilvie
[8]. The shallow water theory introduced by Germain [3] has contributed to an im-
portant development in this domain; the latter has been validated by experiment
and numerical simulations in [9], [10]. Helal et al.[4], [5] have studied the motion
of an incompressible �uid in slowly rotating rectangular and circular basin. [7]
dealt with a study of the passage of a long wave over an immersed vertical barrier
that creates local disturbances in its neighborhood. Clamond [2] has introduced a
new approach, namely, uni�ed theory which permits the simultaneous study of the
short waves (e.g., waves of Airy and Stokes) and the long waves (e.g., Boussinesq
and KdV equations). In [1], Chambarel has applied the boundary integral equation
method to the dynamics of extreme amplitude waves (e.g., tsunami) and validated
the results by a numerical method. In this study, we assume that the �ow is bidi-
mensional with an isobaric pressure at the free surface and the phenomenon (e.g.,
port, lake) is illustrated in �gure 1. By using Euler�s description, while the motion
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Figure 1. Description of the phenomenon

equations of a such problem with its boundaries conditions are reduced to a system
of nonlinear equations. The aim of this work consists in determining a free surface
equation of the gravity wave in a rectangular basin. For this, we apply the shal-
low water theory to the nonlinear equations system and approximate the solution
which is expanded asymptotically in terms of ", where " is a small parameter of
Poincaré. The approximations at the �rst, second and three orders, the problem is
transformed into a wave equation. Numerical simulations are presented to support
the theory.
The plan of the paper is as follows: Section 2 gives the description of the problem

and basic equations. Section 3 introduces the shallow water theory. Section 4
develops the orders of approximations. Section 5 gives a free surface equation and
numerical simulations. Section 6 presents a comment.

2. Description of the Problem and Basic Equations

2.1. Description of the problem. We consider an incompressible perfect �uid in
a rectangular basin with horizontal bottom. We bind to this basin a �xed Oxy refer-
ence system, where the axis Ox coincides with the bottom of basin and Oy is verti-
cally ascendant. The �uid occupies a domain D, where D = f0�x�L and 0�y�hg
with L the length of the basin and h the thickness at rest of the �uid, limited by
the both impermeable bottom, sides of the basin and free surface. We assume that
the �uid movement in the basin is a plane �ow. A piston wave maker is placed at
the middle of the basin and gives the initial perturbation �(x = L=2; t) = V0 cos!t,
where V 0 is the initial speed and ! the pulsation. For t � t0, the movement of the
wave maker starts to move according to a law and generates a long gravity wave
(see Figure 1.).

2.2. Basic Equations. We denote by�!
V = (vx; vy): the velocity vector, with

�!
V = vxi + vyj and fi; jg are the unit

vector in rectangular coordinate system.
r: the nabla operator.�!
G = (0;�gy): the gravitational force, with g the acceleration of gravity.
p and � : the pressure of the �uid and the constant density of �uid respectively.
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' : the the potential of the velocity (the movement is non-rotating, then vx =
@'
@x

and vx =
@'
@y .

� : the unknown function (free surface).

2.2.1. Hydrodynamic equations. As we are dealing with rectangular basin, the equa-
tions describing the phenomenon can be expressed in vector form as follows.
(i) The dynamic equations

d
�!
V

dt
=
@
�!
V

@t
+
��!
V � r

��!
V = �rp

�
+
�!
G; (2.1)

where ��!
V � r

��!
V = r

 �!
V 2

2

!
��!V ��!rot

��!
V
�
;

r
 �!
V 2

2

!
=
1

2
r
 �

@'

@x

�2
+

�
@'

@y

�2!
;

and as the movement is non-rotating then
�!
rot
��!
V
�
=
�!
0 :

After substituting of the vector
�!
G by its components in (2.1), we obtain:

r
(
@'

@t
+
1

2

 �
@'

@x

�2
+

�
@'

@y

�2!
+
p

�
+ gy

)
=
�!
0 . (2.2)

By integrating the (2.2) with respect to space variables x and y, we obtain the
following equation in scalar form:(

@'

@t
+
1

2

 �
@'

@x

�2
+

�
@'

@y

�2!
+
p

�
+ gy

)
= c (t) : (2.3)

The continuity equation

Div
��!
V
�
= 0

�
or r2' = 0

�
: (2.4)

2.2.2. Boundary conditions. We assume that all the boundaries of the domain are
impermeable, including the free surface which is unknown.
(a) At the bottom

vy = 0

�
or

@'

@y
= 0

�
for y = 0. (2.5)

(b) On the vertical boundaries of the basin

vx = 0

�
or

@'

@x
= 0

�
for x = 0 and x = L. (2.6)

(c) On the free surface y = � (x; t), we have two conditions:

The �rst describes its isobaric

p (x; y = �; t) = pat = constant, (2.7)

where pat represents the atmospheric pressure which can be taken zero without any
loss of generality.
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The second condition describes the impermeability�
vy �

@�

@t
� vx

@�

@x

�
y=�(x;t)

= 0, (2.8)

which can be written in another way�
@'

@y
=
@�

@t
+
@'

@x

@�

@x
:

�
y=�(x;t)

(2.9)

Remark 1. . Equations (2.3)-(2.4) and the boundaries conditions (2.5)-(2.8) de-
scribe the governing equations for the nonlinear problem which consists in deter-
mining the harmonic function ' and the function � .

3. Applying the shallow water theory

The assumption of the shallow water theory (see [1],[3],[5]) introduces distor-
tion space and temporal variables, translating the di¤erence in scale between the
horizontal and vertical sizes. This distortion will be characterized by the small
parameter " which is dependent on the relative long wave amplitude. Thusex = "x; ey = y and � = "t. (3.1)

Substituting by the new variables in equations (2.3)-(2.6) and (2.9), with p = 0 on
the free surface, we obtain(

"
@'

@�
+
1

2

 
"2
�
@'

@ex
�2
+

�
@'

@ey
�2!

+ gey + c (�) = 0)ey=�(ex;�) ; (3.2)

"2
@2'

@ex2 + @2'

@y2
= 0, (3.3)

@'

@ey = 0; for ey = 0 (3.4)

@'

@ex = 0; for ex = 0 and ex = L (3.5)�
@'

@ey = "
@�

@ex @�@ex
�
ey=�(ex;�) : (3.6)

The particular solutions of this problem at rest (� = 0) are given:

' (ex; ey; 0) = '0 � 0; (3.7)

� (ex; 0) = �0 � h: (3.8)

As mentioned in remark 1., the problem (3.2)-(3.6) leads to the determination of
the functions ' and � depending on the distorted variables ex; ey and � . The shallow
water theory leads to seek solutions at vicinity of the particular solutions '0 and
�0 (the solutions are developable in power series with respect to small parameter
"). The approximating solutions are asymptotic expansions and presented in the
following form (for more details, see [3], [7])

' (ex; ey; �) = �1n=0"2n+1'2n+1 (ex; ey; �) ; (3.9)

� (ex; �) = �1n=0"2n�2n (ex; �) , (3.10)
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where ' and � must satisfy equations (3.2)-(3.6).

Before beginning the approximations, we remind the expansion of the function  
in a Taylor series about the point y0 as follows:

( )ey=y0+"Z = ( )ey=y0+"Z1!
�
@ 

@ey
�
ey=y0+

("Z)
2

2!

�
@2 

@ey2
�
ey=y0+

("Z)
3

3!

�
@2 

@ey2
�
ey=y0+:::
(3.11)

We note that equation (3.11) will be used to expand the boundary conditions on
the free surface. This will lead to an ordered set of equations to be solved in the
sequel.

4. Orders of approximations

In the �rst time, we substitute ' by (3.9) in (3.3) ; it can be written explicitly, for
n = 0; 1; :::, as follows

"

�
"2
@2'1
@ex2 + @2'1

@ey2
�
+ "3

�
"2
@2'3
@ex2 + @2'3

@ey2
�
+ "5

�
"2
@2'5
@ex2 + @2'1

@ey2
�
+ ::: = 0;

(4.1)
the latter can be arranged in an ascending order with respect to "

"

�
@2'1
@ey2

�
+ "3

�
@2'1
@ex2 + @2'3

@ey2
�
+ "5

�
@2'3
@ex2 + @2'5

@ey2
�
+ ::: = 0: (4.2)

In the second, we put

	 =

�
@

@ey ��1n=0"2n+1'2n+1�� "2 @@ex ��1n=0"2n+1'2n+1� @

@ex ��1n=0"2n�2n�
�" @

@�

�
�1n=0"

2n�2n
��
; (4.3)

and expand all the boundary condition in neighbored of ey = h + �1n=0"
2n�2n in

similar manner to that of the (3.11), this yields�
@

@ey ��1n=0"2n+1'2n+1�� "2 @@ex ��1n=0"2n+1'2n+1� @

@ex ��1n=0"2n�2n�
�" @

@�

�
�1n=0"

2n�2n
� �

ey=h +
�
�1n=0"

2n�2n
1!

@

@ey h::: i
�
ey=h + :::: = 0 (4.4)

Putting (4.4) in an ascending order with respect to ", this becomes

"

�
@'1
@ey + h

@2'1
@ey2

�
ey=h + "

3

�
@'3
@ey � @�2

@�

�
ey=h + "

5
h
:::
i
ey=h + :::::: = 0: (4.5)

4.1. First order of approximation. Both the equations (4.2) and (4.5), at �rst
order of approximation, we have respectively

@2'1
@ey2 = 0; (4.6)�

@'1
@ey + h

@2'1
@ey2

�
ey=h = 0: (4.7)
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By integrating twice the (4.6) with respect to the variable ey, we obtain
'1 (ex; ey; �) = A (ex; �) ey +B (ex; �) ; (4.8)

where A and B are two functions depending only on the variables ex and � .
The boundary condition (4.7) implies that A (ex; �), thus the (4.8) becomes

'1 (ex; ey; �) = B (ex; �) ; (4.9)

were B is a function which must satisfy the boundary conditions�
@B

@ex
�
ex=0 =

�
@B

@ex
�
ex=L = 0: (4.10)

4.2. Second order of approximation. We put

	 =

"
"
@'

@�
+
1

2

 
"2
�
@'

@ex
�2
+

�
@'

@ey
�2!

+ g� (ex; �) + p

�
+ c (�)

#
; (4.11)

and expand all the boundary condition in neighbored of ey = h+
P1

n=0 "
2n�2n, with

p = 0 on the free surface ey.
In similar manner to that of the (3.11), we obtain

"
"
@'

@�
+
1

2

 
"2
�
@'

@ex
�2
+

�
@'

@ey
�2!

+ g� (ex; �) + c (�)#ey=h
+

�
�1n=0"

2n�2n
1!

@

@ey h::: i
�
ey=h + ::: = 0 (4.12)

Substituting ' and � by (3.9) and (3.10) respectively in the equation (4.12), this
yields "

"
@

@�

�
�1n=0"

2n+1'2n+1
�
+
1

2

 
"2
�
@

@ex ��1n=0"2n+1'2n+1�
�2

+

�
@

@ey ��1n=0"2n+1'2n+1�
�2!

+ g�1n=0"
2n�2n + c (�)

#
ey=h :

+

�
�1n=0"

2n�2n
1!

@

@ey h::: iey=h
�
+ � � � = 0 (4.13)

In similar way, from equation (4.13), at second order of approximation, this gives"
@'1
@�

+
1

2

�
@'1
@ey
�2
+ g�2 (x; �)

#
ey=h = 0: (4.14)

Using the border conditions 4.7, we obtain

�2 (ex; �) = �1g @'1 (ex; �)@�
(ex; ey; �) (4.15)
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4.3. Third order of approximation. From equation (4.2), at third order of ap-
proximation, we obtain

@2'1
@ex2 + @2'3

@ey2 = 0; (4.16)

and substitute '1 by B in equation (4.16), this becomes

@2B

@ex2 (ex; �) + @2'3
@ey2 (ex; ey; �) = 0: (4.17)

Integrating the (4.17) twice with respect to the variable ey, we obtain
'3 (ex; ey; �) = �12 @2B@ex2 (ex; �) ey2 +A (ex; �) ey +D (ex; �) : (4.18)

To calculate the coe¢ cients A and D, we use the condition (2.5)and the equation
(4.7) respectively, then we obtain A (ex; �) = D (ex; �) = 0.
From equation (4.5), at third order of approximation, we have�

@'3
@ey � @�2

@�
� �2

@2'1
@ey2 + h

@2'3
@ey2

�
ey=h = 0: (4.19)

Using the (4.6) and both the derivative with respect to ey of the (4.18) and the
(4.19), we obtain �nally

@2B

@ex2 (ex; �) = 1

gh 2

@2B

@�2
(ex; �) : (4.20)

Denoting by
c =

p
gh:

The equation 4.20 is, namely, a wave equation, where c represents the critical
celerity.

Remark 2. . For considering as an example in this study, we propose a progressive
wave which is characterized by the fact that there is a uniform horizontal translation,
where the relative velocity �eld is frozen. This means, looking for the potential
'1 (ex; ey; �) depending on ex and � . These occur only through the function (ex� c�),
where ex is the displacement of the wave and c a constant.

5. Determination of a free surface equation

For simplicity, in this part, we omit the tilde sign of ex and replace � by t through-
out the rest of manuscript.

We want to determine a free surface equation, for this the typic problem considering
is the following

@2B

@x2
(x; t) =

1

c2
@2B

@t2
(x; t) ; x 2 ]0; L[ and t > 0; (5.1)

adding the boundary conditions

B (0; t) = B (L; t) = 0; (5.2)

and the initial conditions
B (x; 0) = f (x) ; (5.3)
@B

@t
(x; 0) = ' (x) ; (5.4)
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where f is a given function and ' the given perturbation (it generates by a piston
wave maker at the basin extremity upstream).

The solution of the problem (5.1)-(5.4) is known as follows

B(x; t) = �1n=0sin
n�

L
x
�
Cncos c

n�

L
t+Dnsin c

n�

L
t
�

(5.5)

where n�
L = �2n (�n are eigenvalues of the problem(5.1)- (5.4)).

From equation (5.3), we have

B(x; 0) = �1n=0Cnsin c
n�

L
x = f(x): (5.6)

The Fourier coe¢ cients are given respectively

Cn =
2

L

Z L

0

f(x)sin
n�

L
xdx; for n = 1; 2; ::: (5.7)

Dn =
2

cn�

Z L

0

'(x)sin
n�

L
xdx; for n = 1; 2; ::: (5.8)

We note that Dnis obtained by the derivative of (5.5) with respect to variable t, at
time t = 0. The solution (5.5) is entirely determined for any value x and t:

From equations (3.9), (3.10) and (4.14), the free surface equation can be written as
follows

�(x; t) = h+ "2�2(x; t); where �2(x; t) =
�1
g

@B

@t
(x; t): (5.9)

Then

�(x; t) = h+
1

g
"2
�
�1n=0c

n�

L
sin

n�

L
x
�
Cn sin c

n�

L
t�Dncos c

n�

L
t
��

Numerical simulations

We have used Matlab 07 software and the following data: f(x) � h ; L = 10: the
length of basin ; c =

p
gh: the critical celerity, with g = 9:81 and h = 0:5; V0 = �:

the initial speed of piston wave maker in the position x = L=2 and '(t)�V0cos!t;
" =

p
4A=3h: the parameter(see [1]), with A the amplitude of wave; �t = 0:1;

�x = exp(�2); the thickness of the piston wave maker d = L=100.

Numerical simulation illustrates the graph of the free surface at the di¤erent
moments: t = 0:1; t = 0:2; t = 0:3; t = 0:6; t = 0:7; t = 0:8 (see Figures 2 and 3).

6. comment

In the future investigation, we intend to complete the present work by studying
long amplitude waves (i.e., solitons). In fact, both the shallow water theory, the
KdV equations and numerical methods permit an interesting development.

Acknowledgments. The authors would like to thank T. Boubehziz for his help
of the convertion of the text from lyx in Latex.
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Figure 2. Free surface graph y= at times t=0.2 and t=0.5.

Figure 3. Free surface graph y= at times t=0.11 and t=0.8.
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