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Abstract. In this paper, we investigate the geometry of contact pseudo-slant
submanifolds within Lorentz-Sasakian space forms. We also establish neces-

sary and sufficient conditions for a submanifold to be classified as a contact

pseudo-slant submanifold and mixed geodesic in Lorentz Sasakian manifolds.
Additionally, we present results related to the Ricci tensor, scalar curvature,

and totally umbilical contact pseudo-slant submanifolds in Lorentz-Sasakian

space forms.

1. Introduction

Chen [8] introduced slant submanifolds in complex manifolds as a natural gener-
alization of both holomorphic and totally real submanifolds, leading to significant
developments in differential geometry. Lotta [15] defined and studied slant sub-
manifolds in almost contact metric manifolds. Subsequently, Cabrerizo et al. [5]
explored these submanifolds within the context of Sasakian manifolds. Papaghuic
[16] introduced the concept of semi-slant submanifolds in almost Hermitian man-
ifolds. Additionally, Carriazo [6] introduced another class of submanifolds known
as hemi-slant submanifolds, also referred to as pseudo-slant submanifolds.
Dirik, Atceken and Yildirim ([10], [11]) investigated contact pseudo-slant submani-
folds within Kenmotsu manifolds and (ε)-para Sasakian space forms. They also
examined pseudo-slant submanifolds in Sasakian space forms [9]. The authors
Venkatesha et al. [18] studied pseudo-slant submanifolds in (κ, µ)-contact space
forms.

Alegre and Blair explored generalized Sasakian space forms [2], identifying key
properties and providing examples in their study. Additionally, Hui et al. [12]
conducted further studies on generalized Sasakian space forms. Later, Alegre and
Carriazo examined generalized indefinite Sasakian space forms [1], also known as
Lorentz-Sasakian space forms. Lorentz manifolds are particularly significant in the
context of Einstein’s theory of relativity.
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Inspired by the studies mentioned above, this article examines the integrability con-
ditions for the distributions involved in defining a contact pseudo-slant submanifold.
In the final section, we present results for contact pseudo-slant submanifolds that
are pseudo-slant curvature invariant and have a flat normal connection. We also
derive equations for the Ricci tensor, scalar curvature, and totally umbilical contact
pseudo-slant submanifolds in a Lorentz-Sasakian space form.

2. Preliminaries

Let M̃ be a (2m + 1)-dimensional Lorentz manifold. The Lorentz manifold

M̃ with structure tensors (φ, ξ, η, g) satisfying the following conditions is called a
Lorentz-Sasakian manifold [13]

φ2X1 = −X1 + η(X1)ξ, (2.1)

η(ξ) = 1, φξ = 0, η(φX1) = 0, η(X1) = −g(X1, ξ) (2.2)

g(φX1φX2) = g(X1, X2) + η(X1)η(X2), g(φX1, X2) = −g(X1, φX2), (2.3)

(∇̃X1
φ)X2 = −g(X1, X2)ξ − η(X2)X1, (2.4)

∇̃X1
ξ = −φX1, (2.5)

for all vector fields X1 and X2 on M̃ , where ∇̃ is the Levi-civita connection asso-
ciated with the Riemannian metric g.

Definition 2.1. [13] The plane section π in TxM̃ is called φ section if it is spanned
by X1 and φ(X1), where X1 is a unit vector orthogonal to ξx. The curvature of the
φ-section is called the φ-sectional curvature. If the Lorentz-Sasakian manifold has
a constant φ-sectional curvature, this manifold is called the Lorentz-Sasakian space
form and is denoted by M̃(c). The curvature tensor of the Lorentz-Sasakian space

form M̃(c) is defined as

R̃(X1, X2)X3 =
(c− 3)

4
{g(X2, X3)X1 − g(X1, X3)X2}

+
(c+ 1)

4
{g(X1, φX3)φX2 − g(X2, φX3)φX1

+ 2g(X1, φX2)φX3 + η(X2)η(X3)X1 − η(X1)η(X3)X2

+ g(X1, X3)η(X2)ξ − g(X2, X3)η(X1)ξ}, (2.6)

for all vectors X1, X2, X3 ∈ χ(M̃).

For a (2m + 1)-dimensional Lorentz-Sasakian space form, the following results
are obtained in [13]:

∇̃X1
ξ = −φX1, (2.7)

(∇̃X1
φ)X2 = −g(X1, X2)ξ − η(X2)X1, (2.8)

(∇̃X1
η)X2 = g(φX1, X2), (2.9)

R̃(X1, X2)ξ = η(X2)X1 − η(X1)X2, (2.10)

R̃(ξ,X2)ξ = η(X2)ξ −X2, (2.11)

S(X1, ξ) = −
[

(c+ 1)− 4m

2

]
η(X1), (2.12)

where R̃ is the Riemannian curvature tensor and S is the Ricci curvature tensor of
M̃(c), respectively.
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Let M be a submanifold of the Lorentz-Sasakian space form M̃(c) with induced
metric g. Let Γ(TM) and Γ(T⊥M) represent the tangent and normal subspaces of

M in M̃(c) respectively.
Then the Gauss and Weingarten formulas are given by

∇̃X1
X2 = ∇X1

X2 + σ(X1, X2) (2.13)

and

∇̃X1X5 = −AX5
X1 +∇⊥

X1
X5 (2.14)

for all X1, X2 ∈ Γ(TN) and X5 ∈ Γ(T⊥N), where ∇ and ∇⊥ are induced connec-
tions on the tangent bundle TN and T⊥N of N respectively.
The second fundamental form σ and shape operator A are related by the following
equation:

g(AX5
X1, X2) = g(σ(X1, X2), X5), (2.15)

for any X1, X2 ∈ Γ(TN) and X5 ∈ Γ(T⊥N).
The mean curvature vector H of N is given by

H =
1

m
tr(σ) =

1

m

m∑
i=1

σ(ei, ei), (2.16)

where m is the dimension of N and (e1, e2, ...em) are the local orthonormal frame
of N .
A submanifold N is said to be totally umbilical if

σ(X1, X2) = g(X1, X2)H, (2.17)

for any X1, X2 ∈ Γ(TM). A submanifold M is said to be totally geodesic if
σ(X1, X2) = 0 and N is said to be minimal if H = 0.

The equation of Gauss for any submanifold M of a Riemannian manifold M̃ is given
by [18]

R̃(X1, X2)X3 =R(X1, X2)X3 +Aσ(X1,X3)X2 −Aσ(X2,X3)X1

+ (∇̃X1
σ)(X2, X3)− (∇̃X2

σ)(X1, X3), (2.18)

The covariant derivative of σ is defined as

(∇̃X1σ)(X2, X3) = ∇⊥
X1
σ(X2, X3)− σ(∇X1X2, X3)− σ(X2,∇X1X3), (2.19)

The tangent and normal components of the equation (2.18) are given by

(R̃(X1, X2)X3)> = R(X1, X2)X3 +Aσ(X1,X3)X2 −Aσ(X2,X3)X1, (2.20)

(R̃(X1, X2)X3)⊥ = (∇̃X1
σ)(X2, X3)− (∇̃X2

σ)(X1, X3), (2.21)

for any X1, X2,X3 ∈ Γ(TM), where (R̃(X1, X2)X3)⊥ denotes the normal part of

R̃(X1, X2)X3 and (2.21) is referred to as the codazzi equation.

The submanifoldM is called a curvature invariant submanifold if (R̃(X1, X2)X3)⊥ =
0. The Ricci equation is given by [18]

g(R̃(X1, X2)X4, X5) = g(R̃⊥(X1, X2)X4, X5) + g([AX4
, AX5

]X1, X2), (2.22)

for any X1, X2 ∈ Γ(TM) and X4, X5 ∈ Γ(T⊥M), where R̃⊥ denotes the Riemann-
ian curvature tensor of the normal bundle T⊥M . The normal connection of the
submanifold M is called flat if R̃⊥ = 0.



18 M. S. LAKSHMI, H. G. NAGARAJA

Definition 2.2. A Lorentz-Sasakian manifold M̃ is said to be η-Einstein if its
Ricci tensor S takes the form

S(X1, X2) = ag(X1, X2) + bη(X1)η(X2),

where a and b are smooth functions on N .

Let M be a submanifold of a Lorentz-Sasakian manifold M̃ . Then, for any X1

∈ Γ(TM), we can write

φX1 = TX1 +NX1, (2.23)

where TX1 and NX1 are the tangential and normal components of φX1, respec-
tively. Now for X5 ∈ Γ(T⊥M), we can write

φX5 = tX5 + nX5, (2.24)

where tX5 and nX5 are the tangential and normal components of φX5.
A submanifold M is said to be invariant if N is identically zero, that is, φX1 ∈

Γ(TM) for all X1 ∈ Γ(TM). On the other hand, M is said to be anti-invariant if
T is identically zero, that is, φX1 ∈ Γ(T⊥M) for all X1 ∈ Γ(T⊥M).

Taking into account (2.6) and (2.22), we have

g(R̃⊥(X1, X2)X4, X5) =
(c+ 1)

4
{g(X1, φX4)g(φX2, X5)

− g(X2, φX4)g(φX1, X5)

+ 2g(X1, φX2)g(φX4, X5)}
− g([AX4 , AX5 ]X1, X2), (2.25)

for any X1, X2 ∈ Γ(TM) and X4, X5 ∈ Γ(T⊥M). By making use of (2.6) and
(2.18), the Riemannian curvature tensor R of an immersed submanifold M in a

Lorentz-Sasakian space form M̃(c) is given by

R(X1, X2)X3 =
(c− 3)

4
{g(X2, X3)X1 − g(X1, X3)X2}

+
(c+ 1)

4
{g(X1, φX3)φX2 − g(X2, φX3)φX1

+ 2g(X1, φX2)φX3 + η(X2)η(X3)X1 − η(X1)η(X3)X2

+ g(X1, X3)η(X2)ξ − g(X2, X3)η(X1)ξ}+Aσ(X2,X3)X1

−Aσ(X1,X3)X2 + (∇̃X2
σ)(X1, X3)− (∇̃X1

σ)(X2, X3). (2.26)

The normal component of (2.26) is given by

(∇̃X1
σ)(X2, X3)− (∇̃X2

σ)(X1, X3) =
(c+ 1)

4
{g(X1, TX3)NX2

− g(X2, TX3)NX1

+ 2g(X1, TX2)NX3}. (2.27)

In view of (2.1), (2.23) and (2.24), we obtain

T 2 = −I + η ⊗ ξ − tN, NT + nN = 0 (2.28)

and

n2 +Nt = −I, T t+ tn = 0. (2.29)
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Furthermore, we have g(TX1, X2) = −g(X1, TX2), for any X1, X2 ∈ Γ(TM) and
g(X4, nX5) = −g(nX4, X5), for any X4, X5 ∈ Γ(T⊥M). These relations show that
T and n are skew-symmetric tensor fields.

The tensor fields N and t are related by

g(NX1, X5) = −g(X1, tX5), (2.30)

for any X1 ∈ Γ(TM) and X5 ∈ Γ(T⊥M).
On the other hand, the covariant derivatives of the tensor fields T , N , t and n

are defined by,

(∇X1T )X2 = ∇X1TX2 − T∇X1X2, (2.31)

(∇X1
N)X2 = ∇⊥

X1
NX2 −N∇X1

X2, (2.32)

(∇X1t)X5 = ∇X1tX5 − t∇⊥
X1
X5, (2.33)

and

(∇X1n)X5 = ∇⊥
X1
nX5 − n∇⊥

X1
X5, (2.34)

for all X5 ∈ Γ(T⊥M) and X1, X2 ∈ Γ(TM).
Since N is tangent to ξ, making use of (2.5), (2.13) and (2.15), we obtain

∇X1
ξ = −φX1, σ(X1, ξ) = AX5

ξ = 0, (2.35)

for all X5 ∈ Γ(T⊥M) and X1, X2 ∈ Γ(TM).
By direct calculations, we obtain the following formulas

(∇X1T )X2 = ANX2X1 + tσ(X1, X2)− g(X1, X2)ξ − η(X2)X1 (2.36)

and

(∇X1N)X2 = nσ(X1, X2)− σ(X1, TX2). (2.37)

Similarly, for any X5 ∈ Γ(T⊥M) and X1 ∈ Γ(TM), we obtain

(∇X1
t)X5 = AnX5

X1 − TAX5
X1 (2.38)

and

(∇X1
n)X5 = −σ(X1, tX5)−NAX5

X1 + η(X5)X1. (2.39)

Definition 2.3. [15], [17] A submanifold M of an Lorentz almost contact metric

manifold M̃ is said to be slant submanifold if for any p ∈ M and X1 ∈ TpM , the
angle θ(X1) between φX1 and TpM is constant, where X1 is linearly independent
of ξ. The constant angle θ(X1) ∈ [0, π2 ] is then called the slant angle of M .

Thus, invariant and anti-invariant submanifolds are special cases of slant sub-
manifolds with slant angles θ = 0 and θ = π

2 , respectively. If the slant angle
θ is neither zero nor π

2 , then slant submanifold is referred to as a proper slant
submanifold.

Theorem 2.4. [17] Let M be a slant submanifold of Lorentz almost contact metric

manifold M̃ such that ξ ∈ Γ(TM). Then, M is slant submanifold if and only if
there exist a constant λ ∈ [0, 1] such that

T 2 = λ(−I + η ⊗ ξ). (2.40)

Moreover, if θ is the slant angle of M , then it satisfies λ =cos2θ.
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The following are the consequences of above theorem:

g(TX1, TX2) = cos2θ{g(X1, X2)− η(X1)η(X2)} (2.41)

and

g(NX1, NX2) = sin2θ{g(X1, X2)− η(X1)η(X2)} (2.42)

3. Contact pseudo-slant submanifolds of a Lorentz-Sasakian
manifold

This section deals with the study of contact pseudo-slant submanifold of a
Lorentz-Sasakian manifold and we obtain integrability conditions for the distri-
butions on these submanifolds.

Definition 3.1. [14] Let M be a submanifold of a Lorentz almost contact metric

manifold M̃ , then M is said to be contact pseudo-slant submanifold of M̃ if there
exist two orthogonal distributions D⊥ and Dθ on M such that:

(1) TM has the orthogonal direct decomposition TM = D⊥ ⊕Dθ, ξ ∈ Γ(Dθ).
(2) The distribution D⊥ is anti-invariant i.e., φ(D⊥) ⊂ T⊥M .
(3) The distribution Dθ is slant, that is, the slant angle between Dθ and φ(Dθ)

is a constant.

Let d1 = dim(D⊥) and d2 = dim(Dθ). Then, we have the following cases:

(i) If d2 = 0, then M is an anti-invariant submanifold.
(ii) If d1 = 0 and θ = 0, then M is invariant submanifold.
(iii) If d1 = 0 and θ ∈ (0, π2 ), then M is a proper slant submanifold.
(iv) If θ = π

2 then, M is an anti-invariant submanifold.
(v) if d2d1 6= 0 and θ = 0, then M is a semi-invariant submanifold.
(vi) If d2d1 6= 0 and θ ∈ (0, π2 ), then M is a proper contact pseudo-slant sub-

manifold.

If µ represents the invariant subspaces of the normal bundle T⊥M , then for a
contact pseudo slant submanifold, the normal bundle T⊥M can be decomposed as
follows:

T⊥M = µ⊕ F (D⊥)⊕ F (Dθ).

From the above decomposition we have g(X1, X3) = 0, for each X1 ∈ Γ(Dθ) and
X3 ∈ Γ(D⊥). And hence g(NX1, NX3) = g(φX1, φX3) = g(X1, X3) = 0.

The bases of the contact pseudo-slant submanifolds are given as follows.
Let {e1, e2, ..., ep, ep+1 = secθTe1, ep+2 = secθTe2, ..., e2p = secθTep, e2p+1 =
ξ, e2p+2, e2p+3, ..., e2p+q+1} be an orthonormal basis of Γ(TM) such that {e1, e2, ..., ep,
ep+1 = secθTe1, ep+2 = secθTe2, ..., e2p = secθTep, e2p+1 = ξ} are tangent to
Γ(Dθ) and e2p+2, e2p+3, ..., e2p+q+1 are tangent to Γ(D⊥). Here dim(M) = 2p+q+1.

Theorem 3.2. Let M be a contact pseudo-slant submanifold (CPSS) of a Lorentz-
Sasakian manifold N . Then we obtain

ANX1
X2 = ANX2

X1, (3.1)

for any X1, X2 ∈ Γ(D⊥).

Proof. For any X1, X2 ∈ Γ(D⊥) and X3 ∈ Γ(TM) and making use of (2.4), (2.13),
(2.14) and (2.15) we have
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g(ANX1X2 −ANX2X1, X3) = g(σ(X2, X3), NX1)− g(σ(X1, X3), NX2)

= g(∇̃X3
X2, φX1)− g(∇̃X3

X1, φX2)

= g(φ∇̃X3
X1, X2)− g(∇̃X3

φX1, X2)

= −g(∇̃X3
φ)X1, X2)

= −g(−g(X3, X1)ξ − η(X1)X3, X2)

= 0.

Thus, it follows that

ANX1
X2 = ANX2

X1,

for any X1, X2 ∈ Γ(D⊥). �

Theorem 3.3. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
manifold M̃ . Then anti-invariant distribution D⊥ is always integrable.

Proof. For any X1, X2 ∈ Γ(D⊥), we have

(∇̃X1
φ)X2 = ∇̃X1

φX2 − φ∇̃X1
X2. (3.2)

Now, In view of (2.4), (2.13), (2.14), (2.23) and (2.24), we derive

−g(X1, X2)ξ − η(X2)X1 = ∇̃X1
NX2 − φ(∇X1

X2 + σ(X1, X2))

= −ANX2
X1 +∇⊥

X1
NX2 − T∇X1

X2 −N∇X2
X1

− tσ(X1, X2)− nσ(X1, X2),

for any X1, X2 ∈ Γ(D⊥). From the tangent components of the above equation, we
obtain

ANX2X1 + T∇X1X2 + tσ(X1, X2) = g(X1, X2)ξ. (3.3)

By interchanging the roles of X1 and X2 in (3.3), we find

ANX1
X2 + T∇X2

X1 + tσ(X1, X2) = g(X1, X2)ξ. (3.4)

From (3.3) and (3.4), we arrive at

T [X1, X2] = ANX1X2 −ANX2X1. (3.5)

In view of (3.1), we conclude that T [X1, X2] = 0.
Furthermore, D⊥ is integrable if [X1, X2] ∈ Γ(D⊥). Since, D⊥ is anti-invariant,
i.e., φD⊥ ⊆ T⊥N , we have TX1 = TX2 = 0 and therefore T [X1, X2] = 0, which
proves our assertion. �

Theorem 3.4. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
manifold M̃ . Then the slant distribution Dθ is integrable if and only if

TANX4
X1 +ANX4

TX1 = 0, (3.6)

for any X4 ∈ Γ(D⊥) and X1 ∈ Γ(Dθ).
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Proof. For any X4 ∈ Γ(D⊥) and X1, X2 ∈ Γ(Dθ), direct computation yields

g([X1, X2], X4) = g(∇̃X1
X2 − ∇̃X2

X1, X4)

= g(∇̃X2X4, X1)− g(∇̃X1X4, X2)

= g(φ∇̃X2
X4, φX1)− g(φ∇̃X1

X4, φX2)

= g(∇̃X2
φX4, φX1)− g((∇̃X2

φ)X4, φX1)− g(∇̃X1
φX4, φX2)

+ g((∇̃X1
φ)X4, φX2)

= g(∇̃X2NX4, φX1)− g(−g(X2, X4)ξ − η(X4)X2, φX1)

− g(∇̃X1
NX4, φX2) + g(−g(X1, X4)ξ − η(X4)X1, φX2)

= g(∇̃X2
NX4, φX1)− g(∇̃X1

NX4, φX2)

= g(∇̃X2
NX4, TX1) + g(∇̃X2

NX4, NX1)

− g(∇̃X1NX4, TX2)− g(∇̃X1NX4, NX2).

On the other hand, by applying (2.4), (2.13) and (2.14), we find that

(∇̃X1
φ)X4 = ∇̃X1

φX4 − φ∇̃X1
X4,

−g(X1, X4)ξ − η(X4)X1 =∇̃X1NX4 − T∇X1X4 −N∇X1X4 − tσ(X1, X4)

− nσ(X1, X4)

and

−ANX4X1 +∇⊥
X1
NX4 = T∇X1X4 +N∇X1X4 + tσ(X1, X4) + nσ(X1, X4).

By taking the tangential and normal components of the last equality, we obtain

−ANX4X1 = T∇X1X2 + tσ(X1, X4) (3.7)

and

(∇X1
N)X4 = nσ(X1, X4). (3.8)

Again, by using (2.32) and (3.8), we obtain

g([X1, X2], X4) = g(ANX4
X1, TX2)− g(ANX4

X2, TX1)

+ g(∇⊥
X2
NX4, NX1)− g(∇⊥

X1
NX4, NX2)

= −g(TANX4
X1, X2)− g(ANX4

TX1, X2)

+ g((∇X2N)X4 +N∇X2X4, NX1)

− g((∇X1
N)X4 +N∇X1

X4, NX2)

= −g(TANX4
X1, X2)− g(ANX4

TX1, X2)

+ g(nσ(X2, X4), NX1) + g(N∇X2
X4, NX1)

− g(nσ(X1, X4), NX2)− g(N∇X1X4, NX2)

= −g(TANX4X1, X2)− g(ANX4TX1, X2)

+ g(N∇X2
X4, NX1)− g(N∇X1

X4, NX2)

= −g(TANX4
X1 +ANX4

TX1, X2)

+ sin2θ{g(∇X2X4, X1)− g(∇X1X4, X2)}
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= −g(TANX4
X1 +ANX4

TX1, X2)

+ sin2θ{g(∇X1
X2, X4)− g(∇X2

X1, X4)}
= −g(TANX4X1 +ANX4TX1, X2) + sin2θ{g([X1, X2], X4)}.

Finally, we conclude

cos2θ{g([X1, X2], X4)} = −g(TANX4
X1 +ANX4

TX1, X2).

which verifies our assertion. �

Theorem 3.5. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
manifold M̃ . Then the covariant derivative of T is skew-symmetric.

Proof. For any X1, X2, X3 ∈ Γ(TM), from (2.36), we have

g((∇X1T )X2, X3) = g(ANX2X1 + tσ(X1, X2)− g(X1, X2)ξ − η(X2)X1, X3)

= g(σ(X1, X3), NX2)− g(σ(X1, X2), NX3) + η(X3)g(X1, X2)

− η(X2)g(X1, X3)

= −g(tσ(X1, X3), X2)− g(ANX3X1, X2) + η(X3)g(X1, X2)

+ g(X2, ξ)g(X1, X3)

= −{g(tσ(X1, X3) +ANX3
X1 − η(X3)X1 − g(X1, X3)ξ,X2)}

= −g((∇X1
T )X3, X2)

Thus, the proof is complete. �

Theorem 3.6. Let M be a proper CPSS of a Lorentz-Sasakian manifold M̃ . Then
the tensor N is parallel if and only if the tensor t is parallel.

Proof. For any X1, X2 ∈ Γ(TM) and X5 ∈ Γ(T⊥M), and using (2.37) and (2.38),
we obtain

g((∇X1N)X2, X5) = g(nσ(X1, X2), X5)− g(σ(X1, TX2), X5)

0 = −g(σ(X1, X2), nX5)− g(AX5
X1, TX2)

0 = −g(AnX5
X1, X2) + g(TAX5

X1, X2)

0 = −g(AnX5
X1 − TAX5

X1, X2)

0 = −g((∇X1t)X5, X2).

which proves our assertion. �

Definition 3.7. A contact pseudo-slant submanifold M of a Lorentz-Sasakian
manifold M̃ is said to be mixed-geodesic submanifold if σ(X1, X3) = 0 for all
X1 ∈ Γ(Dθ) and X3 ∈ Γ(D⊥).

Theorem 3.8. Let M be a proper CPSS of a Lorentz-Sasakian manifold M̃ . If t
is parallel then N is either mixed-geodesic or anti-invariant submanifold.

Proof. Let X1 ∈ Γ(Dθ) and X2 ∈ Γ(D⊥) and t is parallel.
Taking into account Theorem (3.6), which states that N is parallel, we have (∇X1

N)X2 =
0. This implies

nσ(X1, X2)− σ(X1, TX2) = 0.

Substituting TX1 for X1 in the above equality, we obtain

nσ(TX1, X2)− σ(TX1, TX2) = 0.
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Since X2 ∈ Γ(D⊥), it follows that TX2 = 0. Therefore,

nσ(TX1, X2) = 0.

Again replacing X1 by TX1 in the last equation, we get

0 = nσ(T 2X1, X2)

= ncos2θσ(−X1 + η(X1)ξ,X2)

= −ncos2θσ(X1, X2).

Hence, we have either σ(X1, X2) = 0 (M is mixed geodesic) or θ=π
2 (M is anti-

invariant).
This completes the proof. �

4. Contact pseudo-slant submanifolds of a Lorentz-Sasakian space
form

In this section, we examine contact pseudo-slant submanifolds within a Lorentz-
Sasakian space form M̃(c) with constant φ-sectional curvature c. Additionally, we
derive several results regarding these submanifolds in terms of the curvature tensor

Theorem 4.1. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
space form M̃(c) such that c 6= −1. If M is a pseudo-slant curvature-invariant
submanifold, then

(i) either M is semi-invariant
(ii) or M is anti-invariant,
(iii) or dim(M) = 1.

Proof. Let us suppose that M is a pseudo-slant curvature-invariant submanifold
of a Lorentz-Sasakian space form M̃(c) such that c 6= −1. Then from (2.21) and
(2.27), we have

g(X1, TX3)NX2 − g(X2, TX3)NX1 + 2g(X1, TX2)NX3 = 0, (4.1)

for any X1, X2, X3 ∈ Γ(TM). Substituting X1=X3 in (4.1), we have

g(X3, TX3)NX2 + 3g(TX2, X3)NX3 = 0. (4.2)

By setting X2=TX3 in (4.2) and taking the inner product with NX3, we obtain

g(TX3, TX3)g(NX3, NX3) = 0. (4.3)

From (2.41) and (2.42), we derive

cos2θsin2θ{g(X3, X3)− η2(X3)}2 = 0.

That is,

sin22θ{g(X3, X3)− η2(X3)}2 = 0. (4.4)

This implies that, M is either a semi-invariant or an anti-invariant submanifold or
dim(M) = 1.
which proves our assertion. �

Theorem 4.2. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
space form M̃(c) with flat normal connection such that c 6= −1. If TAX5=AX5T ,
for any vector X5 normal to M , then M is either an anti-invariant or generic
submanifold of M̃(c).
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Proof. If the normal connection of M is flat, then from (2.25), we have

g([AX4
, AX5

]X1, X2) =
(c+ 1)

4
{g(X1, φX4)g(φX2, X5)

− g(X2, φX4)g(φX1, X5) + 2g(X1, φX2)g(φX4, X5)},
(4.5)

for all X1, X2 ∈ Γ(TM) and X4, X5 ∈ Γ(D⊥).
By choosing X4 = nX5 and X2 = TX1 in (4.5), and performing a direct computa-
tion, we obtain

g([AnX5
, AX5

]TX1, X1) = − (c+ 1)

2
{g(TX1, TX1)g(nX5, nX5)},

that is,

g(AnX5
AX5

TX1 −AX5
AnX5

TX1, X1) = − (c+ 1)

2
{g(TX1, TX1)g(nX5, nX5)},

from which, we have

tr(AnX5
AX5

T )− tr(AX5
AnX5

T ) = − (c+ 1)

2
tr(T 2)g(nX5, nX5).

If TAX5
= AX5

T , then we conclude that tr(AnX5
AX5

T ) = tr(AX5
AnX5

T ). Conse-
quently, we have

(c+ 1)

2
tr(T 2)g(nX5, nX5) = 0.

Given that dim(TM) = 2p+ q + 1, we can readily observe that

(2p+ q + 1)cos2θg(nX5, nX5) = 0. (4.6)

Hence, θ either vanishes or n = 0. This implies that M is either anti-invariant or a
generic submanifold. �

Theorem 4.3. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
space form M̃(c). Then the Ricci tensor S of M is given by

S(X1, X6) =

{
(c− 3)

4
(2p+ q) +

(c+ 1)

4
(1 + 3cos2θ)

}
g(X1, X6)

− (c+ 1)

4
(1 + 2p+ q − 3cos2θ)η(X1)η(X6)

+ (2p+ q + 1)g(σ(X1, X6), H)

−
2p+q+1∑
m=1

g(σ(em, X6), σ(X1, em)), (4.7)

for any X1, X6 ∈ Γ(TM).

Proof. For any X1, X2, X3, X6 ∈ Γ(TM) and using (2.26), we have



26 M. S. LAKSHMI, H. G. NAGARAJA

g(R(X1, X2)X3, X6) =
(c− 3)

4
{g(X2, X3)g(X1, X6)− g(X1, X3)g(X2, X6)}

+
(c+ 1)

4
{g(X1, φX3)g(φX2, X6)

− g(X2, φX3)g(φX1, X6) + 2g(X1, φX2)g(φX3, X6)

+ η(X2)η(X3)g(X1, X6)− η(X1)η(X3)g(X2, X6)

+ η(X2)η(X6)g(X1, X3)− η(X1)η(X6)g(X2, X3)}
+ g(σ(X1, X6), σ(X2, X3))− g(σ(X2, X6), σ(X1, X3)).

Let e1, e2, ..., ep, ep+1 = secθTe1, ep+2 = secθTe2, ..., e2p = secθep, e2p+1 = ξ, e2p+2, e2p+3,
..., e2p+q+1 be an orthonormal basis of Γ(TM) such that e1, e2, ..., ep, ep+1 = secθTe1, ep+2 =
secθTe2, ..., e2p = secθTep, e2p+1 = ξ are tangent to Γ(Dθ) and e2p+2, e2p+3, ..., e2p+q+1

are tangent to Γ(D⊥).
Therefore, by substituting X2 = X3 = ei, ej , ek, ξ where 1 ≤ i ≤ p, p+ 1 ≤ j ≤ 2p,
ξ, 2p+ 2 ≤ k ≤ 2p+ q + 1, we obtain

S(X1, X6) =

p∑
i=1

g(R(X1, ei)ei, X6) +

2p∑
j=p+1

g(R(X1, secθTej)secθTej , X6)

+ g(R(X1, ξ)ξ,X6) +

2p+q+1∑
k=2p+2

g(R(X1, ek)ek, X6).

It follows that

S(X1, X6) =

{
(c− 3)

4
(2p+ q) +

(c+ 1)

4
(1 + 3cos2θ)

}
g(X1, X6)

− (c+ 1)

4
(1 + 2p+ q − 3cos2θ)η(X1)η(X6)

+ (2p+ q + 1)g(σ(X1, X6), H)−
p∑
i=1

g(σ(ei, X6), σ(X1, ei))

−
2p∑

j=p+1

g(σ(secθTej , X6), σ(X1, secθTej))

− g(σ(ξ,X6), σ(X1, ξ))−
2p+q+1∑
k=2p+2

g(σ(ek, X6), σ(X1, ek)). (4.8)

From this, we obtain

2p+q+1∑
m=1

g(σ(em, X6), σ(X1, em)) =

p∑
i=1

g(σ(ei, X6), σ(X1, ei))

−
2p∑

j=p+1

g(σ(secθTej , X6), σ(X1, secθTej))

− g(σ(ξ,X6), σ(X1, ξ))



CONTACT PSEUDO-SLANT SUBMANIFOLD IN LORENTZ SASAKIAN SPACE FORM 27

−
2p+q+1∑
k=2p+2

g(σ(ek, X6), σ(X1, ek)). (4.9)

Hence, by substituting (4.9) into (4.8), we obtain the desired result.
Thus, the proof is complete. �

Theorem 4.4. Let M be a contact pseudo-slant submanifold of a Lorentz-Sasakian
space form M̃(c). Then the scalar curvature ρ of M is given by

ρ =

{
(c− 3)

4
(2p+ q) +

(c+ 1)

4
(1 + 3cos2θ)

}
(2p+ q + 1)

− (c+ 1)

4
(1 + 2p+ q − 3cos2θ) + (2p+ q + 1)2‖H‖2−‖σ‖2. (4.10)

Proof. By using equation (4.7) and taking X1 = X6 = em, and utilizing the fact
that

τ =

2p+q+1∑
m=1

S(em, em),

yields (4.10). Therefore, the proof is complete. �

Theorem 4.5. Let M be a totally umbilical contact pseudo-slant submanifold of a
Lorentz-Sasakian space form M̃(c). Then the Ricci tensor S of M is given by

S(X1, X6) =

{
(c− 3)

4
(2p+ q) +

(c+ 1)

4
(1 + 3cos2θ)

}
g(X1, X6)

− (c+ 1)

4
(1 + 2p+ q − 3cos2θ)η(X1)η(X6). (4.11)

Proof. By applying (2.17) in (4.7), we obtain

S(X1, X6) =

{
(c− 3)

4
(2p+ q) +

(c+ 1)

4
(1 + 3cos2θ)

}
g(X1, X6)

− (c+ 1)

4
(1 + 2p+ q − 3cos2θ)η(X1)η(X6)

+(2p+ q + 1)g(X1, X6)‖H‖2−
2p+q+1∑
m=1

g(g(em, X6)H, g(X1, em)H),

Hence, the proof follows from the above relation. which proves the theorem. �

From theorem(4.5), we have the following corollary.

Corollary 4.6. Every totally umbilical contact pseudo-slant submanifold N of a
Lorentz-Sasakian space form M̃(c) is an η-Einstein submanifold.
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