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A LIE ALGEBRA AND ITS £-MODULES IN

ELECTRODYNAMICS

FRANCISCO BULNES

Abstract. The goal has been create a canonical Lie algebra to electrody-

namics with all the “nice” algebraic and geometrical properties, as well as
universal enveloping algebra with the goal of can to obtain generalizations in
QED, TQFT, and electro-astrophysics, where the Universe is based on lines

and twistor bundles to the obtaining of irreducible unitary representations of
the Lie groups SO(4), and O(1,3), through admissible representations of U(1),

and some of SU (n). The advantages of characterize said algebra is its property

to be an algebraic or geometrical space at the same time. This same space of
£-modules can explain and model different electromagnetic phenomena in su-

perconductivity and quantum processes, where are necessary organized trans-

formations of electromagnetic type of the Universe.

1. Introduction

We consider the space M , as space-time whose causal structure [1] comes defined
by the cones system:

C = {σt(Xp) ∈ End(TpM) | ∀t ∈ R, Xp ∈ Tp(M)}, (1.1)

Also we consider the Lorentz group

£ = {A ∈ GL(R4)|g(Ax,Ay) = g(x, y),∀x, y ∈ R4}, (1.2)

where ∀ p ∈M, g(p) is the pseudo Riemannian metric of the manifold M , defined
by

g (p) = dt2 −
(
dx2 + dy2 + dz2

)
, (1.3)

If we restrict σt, to a defined subspace by the light cone defined by the space

Cp = {Xp ∈ Tp (M)| gp (Xp, Xp) = 0} , (1.4)

induced due to the orientation of M , the endomorphism σt, results is in a sub-
space V , of Tp (V ), with the property to be affine connection in the space-time M .
Likewise, this is described as:
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σt (Xp) = ∇γ(t)X = expp(tX), ∀ p ∈M, 1 (1.5)

We consider the Maxwell field as the following 2-form of the space Ω2
(
R4
)
:

F = Fabdx ∧ dxb, (1.6)

whose Fab, (with a, and b, are Euclidean, is to say, a and b = 1, 2, 3) stays
described in the endomorphisms space End(Ω2(R4))), as:

F =


0 B3 −B1 E1

−B3 0 B1 E2

B2

−E1
−B1

−E2
0 E3

−E3 0

 , (1.7)

where E, and B, are the corresponding electric and magnetic fields.

The principal goal of this paper is obtain a very useful form to determine the
actions of the group £ , on the space of electromagnetic fields, which is resulted of
generalize to the forms space Ω2(R4), as an anti-symmetric tensor algebra through
induce the product ∧, in the tensor product ⊗, this due to the universal property of
the tensor product 2form that will be very useful to the localizing and description
of the irreducible unitary representations of the groups SO(4), O(1, 3), and repre-
sentations of spinor fields in the space-time furthermore of their characterizing as
principal G-bundle of M .

We consider bundles with connection as principal G- bundle, then we can observe
that F , is an exact form and as such considering a U(1)-connection given by the
1-form or vector potential Ab, (vector electromagnetic potential), we can write it3 :

F = ∂aAb − ∂bAa, (1.8)

1If γ : I → M , is a smooth curve then ∀ p ∈ M and Xp ∈ Tp (M), is had that Xp = γ′(t),
where p = γ(t).

2Let be E,F , modules of a ring R (with right R-module ER, a left R-module RF ) as in the

R- modules defined in [2,3]. The tensor product over R, determined by E ⊗R F , is an Abelian
group together with a bilinear mapping

⊗ : E × F → E ⊗R F ,

which is universal in the following sense:

E × F ⊗−→ E ⊗R F
f ↘ ↓ f̄

Z

for every Abelian group Z, and every linear mapping

f : E × F → Z,

such that

f̄ ◦ ⊗ = f

3In R3, we have to a 2-form B, given as 3× 3-matrix. Then we remember that B = ∇×A.
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Let be K-invariant G-structure SG (M), of the differentiable manifold M ∼= R4,
with Lorentzian metric (and thus pseudo-Riemannian) g, on R4. Let be the spaces
E, H, two free R-modules (is to say modules belonging to a commutative ring R,
with unit) such that

E = {E ∈ X1(R4) | Eb = ι
∂

∂t
F}, (1.9)

and

H = {B ∈ X1(R4) | Bb = −ι ∂
∂t
∗ F}, (1.10)

where b, is Euclidean in R3, and ∗, is Lorentzian in R4. The R-modules E, and
H, are £-modules with group £ = O(1,3), which is the orthogonal group of range
4. The modules (1.9) and (1.10) define intrinsically all the electric and magnetic
fields E, and B, in terms of F . Then also their tensor product, exterior product,
and scalar products between elements must be expressed in terms of F . Likewise,
considering the tensor product of R-modules E⊗H, we have the tensor product of
their elements:

Eb ⊗Bb =
1

c
E ⊗B, (1.11)

which derives in a natural way from

Eb ⊗Bb =
1

c
F ⊗ F̄ , (1.12)

In both relations (1.11) and (1.12), c, is light speed and F̄ , is the dual electro-
magnetic tensor of F 4 . Then E ⊗B = F ⊗ F̄ 5. Indeed, we consider

E =
∑
a

Eadxa ∧ dt, B =
∑
b

Ebdxb ∧ dt, (1.13)

Then using the footnote 5, and considering tensor product properties we have

E ⊗B =

(∑
a

Eadxa ∧ dt

)
⊗

(∑
b

Ebdxb ∧ dt

)
=
∑
a, b

(Ea ⊗Bb)dxa ∧ dxb ∧ dt,

But6

4F̄ =


0 B1 B2 B3

−B1 0 −E3 E2

−B2

−B3
E3

−E2
0 E1

−E1 0


5The tensor product of free R-modules is a free R-module. Of fact,

(⊕iR) ⊗ (⊕jR) ∼= ⊕i,jR⊗R R ∼= ⊕i,jR

6F = Fxydx ∧ dy + Fzxdz ∧ dx+ Fyzdy ∧ dz + Fxtdx ∧ dt+ Fytdy ∧ dt+ Fztdz ∧ dt, then

−ι
∂

∂t
F = Fxtdx+ Fytdy + Fztdz,

and the corresponding to the form ∗F .
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∑
a, b

(E
a ⊗Bb)dxa ∧ dxb ∧ dt =

∑
a, b

{(
−l ∂
∂t
F

)
⊗
(
−l ∂
∂t
∗ F
)}

dxa ∧ dxb ∧ dt

∑
a, b

F abdxa ⊗ F abdxb =
∑
a,b

(F ab ⊗ ¯F ab)dxa ∧ dxb = F ⊗ F̄ ,

In the absence of sources, the Maxwell equations are symmetric under a duality
transformation, which permits inter-changes electric and magnetic fields.

Proposition 2. 1. (F. Bulnes) [2, 3]. The R- modules are invariant under
Euclidean movements of the group O(1, 3), and therefore are £-modules.

Proof. We consider the module E, and ∀ξ ∈ £(M), and F ∈ Ω2 (M), defined the
mapping: �

ξ : Ω2 (M)→ Ω2 (M) , (1.14)

with rule of correspondence (ξ, acts as a 4×4-matrix)

F 7→ ξ∗(F ), (1.15)

Where the images of ξ∗ (F ), in R4, are

ξ∗(F ) = ξFξT , (1.16)

Then to a new coordinate system u′ ∈ SG(M) (local reference system):

(E′)
b

= −ιξ∗
∂

∂t
ξ∗F = ξ∗

(
−ι ∂
∂t
F

)
= ξ∗Eb, (1.17)

where ξ∗Eb, in R4, ∀Eb ∈ X(R3), under ξ ∈ £(M). Then these images corre-
spond to points of the module E. Therefore £E = E. To the case of the module H,
that is a £-module we consider (B′)b = −ιξ∗ ∂

∂tξ
∗F = ξ∗

(
ι ∂∂tF

)
= ξ∗Bb.�

Let E, and H, complexes of free R-modules. Then the space of free R-modules E⊗H,
is an complex of free R-modules modules. As complexes of free R-modules each
module E, and H, has 2-forms F ∈ Ω2 (M), such that are verified (1.9) and (1.10).
Likewise if E, and H, are generated by i-dimensional basis {e1, e2 , ..., ei },
and the j-dimensional basis {h1, h2, ..., hj}, then to a n- dimensional tensor
product of theses complexes (which is a complex too) is satisfied that

E⊗ H =
∑
i+j=n

Ei ⊗ Hj ,

whose differential is

d(F ⊗ F̄ ) = dE ⊗H (E ⊗B) = dE ⊗ (E)⊗B + (−1)n E ⊗ dH (B)
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2. The Tensor Algebra E⊗ H.

Now we consider the tensor product of the modules E, and H. Likewise, this is
described by the R-module E⊗RH, since tensor product of free R-modules is a free
R-module too [4-6]. We have considered to E, as the module of all electrical fields
in R4, and the module H, of the magnetic fields. Then an element of E⊗ H, is the
tensor E⊗B, and we can give the following definition to the tensor free R- module
E⊗ H, as the space:

E⊗ H = {E ⊗B ∈ T 2(R4)7 | E ⊗B = F ⊗ F̄}, (2.1)

We can extend the tensor structure of the free R-modules to all a tensor algebra
of elements F ∈ Ω2

(
R4
)
, considering F ⊗ F̄ , as elements of E ⊗ H. In general

∀ R 6= 0, we can consider the free R-modules E, and E′, whose rank ≥ 2, with
corresponding basis {E1, E2, ..., Em}, and {E′1, E′2, ..., E′n}. In E ⊗ E′, we have
that for each R-module (and definition of tensor product of complexes of free R-
modules) that:

E =

m∑
i=1

aiEi, E′ =

m∑
j=1

bjEj , (2.2)

is had that

E ⊗ E′ =

m∑
i=1

aiEi ⊗
m∑
j=1

bjEj =

m∑
i=1

n∑
j=1

aibjEi ⊗ Ej , (2.3)

In particular (2.3) is satisfied to the module E ⊗ H.
Let (⊗E), be the tensor algebra generated by the elements

F1 ⊗ F2 − F2 ⊗ F1, ∀ F1, F2 ∈ Ω2 (M) , M ∼= R4,

Let J , be the two seated ideal generated by the elements F1 ⊗ F2 − F2 ⊗
F1 − [F2 , F1]. We consider the Lie algebra e, whose composition rule is [,]. We
want construct an associative algebra with unity element corresponding to this Lie
algebra e, and such that:

[F1, F2]⊗ = F1 ⊗ F2 − F2 ⊗ F1,

Then we can re-define our algebra of R- modules that are £-modules as:

E⊗ H =
{

[F1, F2]⊗ ∈ e | [F1, F2]⊗ = F1 ⊗ F2 − F2 ⊗ F1, ∀F1, F2 ∈ Ω2 (M)
}
,

(2.4)
Directly from universal mapping, we can consider the space of electromagnetic

power where we will define the domain of electromagnetic space transformation,8

is to say, the cross product of £-modules restricted to the ordinary space R3,

7Let V , be a vector space on a field K. ∀ k ∈ Z+, we can define the k-th tensor power of V ,
to be the tensor product of V , with itself k-times

TkV = V ⊗k = V ⊗ V ⊗ · · · ⊗ V.

8This defines a paraboloids intersection region of the space-time in a region of electromagnetic
power.
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E × H |R3= {(Eb, B)b | γEa ×Bb = S, (2.5)

where S, is the Poynting vector9 in R3. If we want to obtain the 4-tensor of stress
energy from this Poynting vector then is necessary to apply the universal mapping
property of ⊗R, considering the tensor product properties of free R- modules, is to
say:

ξ(E⊗ H) = ξE ⊗ H = E⊗ ξH, ∀ξ ∈ £(M), (2.6)

and where the news elements of the space E ⊗ ξH, are 1
µ0
E ⊗ B, or 1

ε0
E ⊗ B,

to the space ξE⊗ H, where E, and B ∈ End Ω2
(
R4) . Likewise, E⊗ H, is a tensor

algebra10 of free R- modules that are £-modules. Due to (2.6) the algebra E⊗ H,
is not £-invariant since its free R-module by ⊗, is not £-invariant.

Likewise, the Maxwell energy tensor can be described through this algebra E⊗H,
in the following form. We consider the bi-linear form:

W : (E× H)→ B(E× H)R+ , (2.7)

with rule of correspondence

(E, B) 7→W (E, B) =< (E, B) , (E, B) > = E2 +B2, (2.8)

Likewise, the electromagnetic energy stays defined as:

E =
1

2

(
E2 +B2

)
, (2.9)

Likewise, through our £(M)-modules algebra, we can express the electromag-
netic energy as:

E⊗2 ⊕ H⊗2 = 2W (E× H) = 2R, (2.10)

Then the Maxwell energy tensor that can be described through the 4×4-matrix
(with σ 11):

S =

(
σ E ×B

(E ×B)
T E

)
, (2.11)

considering that E ×B ∈ E× H, and (E ×B)
T ∈ (E× H)

T
, such that

9Its flux (or power density) is calculated as P =
∫∫∫
R⊂R3 div(γE ×B)dV .

10∀ F, G ∈ E ⊗ H, are satisfied the properties:

(F + F ′)⊗G = F ⊗G+ F ′ ⊗G,
F ⊗ (G+G′) = F ⊗G+ F ⊗G′,

∀ α ∈ R, F ∈ E, and G ∈ H, α (F ⊗G) = (αF )⊗G = F ⊗ (αG),

∀ α, β ∈ R, F ∈ E, and G ∈ H, (αF )⊗ (βG) = αβ(F ⊗G),
∀ F, H ∈ E, and G, I ∈ H, (F ⊗ G, H ⊗ I) = (F ,H) (G, I),

F ⊗ 0 = 0⊗G = F ⊗ 0G = 0 F ⊗G = 0 (F ⊗G) = 0,

∀ A ∈ T, B ∈ S, with T, S, linear transforms, and ∀ F ∈ E, and G ∈ H, (A⊗B) (F ⊗G) =

AF ⊗BG.
11Here σ, is the stress tensor whose linear representations is a 3×3-matrix:

σ =

σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

 ,
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E× H� (E× H)
T

= (E× H)
⊗2
, (2.12)

where �, is the inner product of modules. Then the tensor of energy T ∈ T 2(R4)
stays described as 12 :

S = σ
(
E⊗2 ⊕ H⊗2

)
⊕ (E× H)

⊗2
, ∀ T ∈ S, (2.13)

where S, is the corresponding £(M) × £(M)-module. Indeed, ∀ξ ∈ £(M),
and F ∈ Ω2 (M), defined the mapping (1.14) with rule of correspondence (1.15),
where the images of ξ∗ (F ), in R4, are (1.16). Then to a new coordinate system
u′ ∈ SG (M), we have:

(E′, B′)
b

= −ιξ∗
∂

∂t
ξ∗
(
F, F̄

)
= ξ∗

(
−ι ∂
∂t

(
F, F̄

))
= ξ∗

(
−ι ∂
∂t
F,−ι ∂

∂t
F̄ )

)
=

(ξ∗Eb, ξ∗Bb), (2.14)

where (ξ∗Eb, ξ∗Bb), are images in R4, ∀(Eb, Bb) ∈ X(R3) ⊗ X(R3), under ξ ∈
£(M). Then these images correspond to points of the module E × H. Therefore
£E×H = E×H, and how this £(M)×£(M)-module is used to define and determine
all point of S, ((2.8)-(2.13)) then £S = S. The scalar product between the tensor
σ, and

(
E⊗2 ⊗ H⊗2

)
, is a real scalar product �R .

3. E⊗ H, has Lie algebra properties [7]

We consider the following proposition. We consider each element F , as has been
described in (1.8) through the U (1)-connections. We use a torsion-free connection
(e.g. the Levi Civita connection), then the partial derivative ∂a, used to define F ,
can be replaced with the covariant derivative ∇a. We have that the Lie derivative
of a tensor is another tensor of the same type.

Proposition 3.1. The electrodynamical algebra E ⊗ H, is a closed algebra under
the composition law [•], of U (1)-connections.

Proof. Let F1 = ∇1
aA

1
b −∇1

bA
1
a, and F2 = ∇2

aA
2
b −∇2

bA
2
a two elements in Ω2

(
R4
)
,

and For two vector potentials Aa, Ab ∈ Ω1
(
R4
)
, we have that in E⊗ H, �

12E⊗2 = E⊗ E = Sym2 (E)⊕Alt2 (E) .
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[F1, F2] = (∇1
aA

1
b −∇1

bA
1
a)⊗ (∇2

aA
2
b −∇2

bA
2
a)−

(∇2
aA

2
b −∇2

bA
2
a)⊗ (∇1

aA
1
b −∇1

bA
1
a)

= ∇1
aA

1
b ⊗∇2

aA
2
b −∇1

bA
1
a ⊗∇2

aA
2
b −∇1

aA
1
b ⊗∇2

bA
2
a+

∇1
bA

1
a ⊗∇2

bA
2
a − (∇2

aA
2
b ⊗∇1

aA
1
b −∇2

bA
2
a ⊗∇1

aA
1
b−

∇1
bA

1
a ⊗∇2

aA
2
b +∇2

aA
2
b ⊗∇1

bA
1
a) =

= ∇1
aA

1
b ⊗ (∇2

aA
2
b −∇2

bA
2
a)−∇1

bA
1
a ⊗ (∇2

aA
2
b −∇2

bA
2
a)

−{∇2
aA

2
b ⊗ (∇1

aA
1
b −∇1

bA
1
a)−∇2

bA
2
a ⊗ (∇1

aA
1
b −∇1

bA
1
a)}

= ∇1
aA

1
b ⊗∇2

aA
2
b −∇1

aA
1
b ⊗∇2

bA
2
a −∇1

bA
1
a ⊗∇2

aA
2
b+

∇1
bA

1
a ⊗∇2

bA
2
a −∇2

aA
2
b ⊗∇1

aA
1
b +∇2

bA
2
a ⊗∇1

aA
1
b+

∇1
bA

1
a ⊗∇2

aA
2
b −∇2

aA
2
b ⊗∇1

bA
1
a

= −∇1
bA

1
a ⊗∇2

aA
2
b +∇2

bA
2
a ⊗∇1

aA
1
b ,

Since Fab = −Fba, in R4, then

−∇1
bA

1
a ⊗∇2

aA
2
b +∇2

bA
2
a ⊗∇1

aA
1
b = ∇1

aA
1
b⊗

∇2
aA

2
b −∇2

bA
2
a ⊗∇1

bA
1
a ∈ E⊗ H (3.1)

Thus [F1, F2] ∈ E⊗ H,∀F1, F2 ∈ Ω2(M). �

Proposition 3.2. (F.Bulnes)The closed algebra (E⊗ H, [.]), is a Lie algebra.

Proof. Consider �

[F, F ] = ∇aAb ⊗∇bAa −∇bAa ⊗∇aAb − [∇aAb
⊗∇bAa −∇bAa ⊗∇aAb] = 0, (3.2)

Then the other properties of Lie algebra are trivially satisfied. Thus E⊗H, has
structure of Lie algebra under the operation[, ].�

4. Commutative Prism to E⊗ H

Considering to an Electrical/Magnetic field, a representation ξ : E → V where
V , is a Hilbert space and whose correspondence rule is

e 7→ ξ(e), (4.1)

and let J , the two-sided ideal in the tensor algebra defined in the section 2. 1,
(E,⊗), generated by the elements of the form e1 ⊗ e2 − e2 ⊗ e1, where e1, e2 ∈ E. .

Proposition 4.1. There is a natural one-to-one correspondence between the set of
all representations of E, on V , and the set of all representations of E⊗E/J , on V.
If ξ, is a representation of E, on V , and, ξ∗, is a representation of E⊗E/J , on V ,
then

ξ(e) = ξ∗(e∗), ∀e ∈ E (4.2)

Proof. Let ξ, be a representation of E, on V . Then there exists a unique repre-
sentation ξ, of (E,⊗), on V , satisfying that ξ̄(e) = ξ(e),∀e ∈ E. Then mapping ξ̄,
vanishes on the ideal J , became �
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ξ̄(e1 ⊗ e2 − e2 ⊗ e1 − [e1, e2]) = ξ(e1)ξ(e2)− ξ(e2)ξ(e1)− ξ([e1, e2]) = 0, (4.3)

Thus we can define a representation ξ∗, of factor algebra E ⊗ E/J , on V , by
the condition ξ∗ ◦ π = ξ̄. 13 Then (4.2) is satisfied and determines ξ∗, uniquely.
Also is unique, indeed suppose other representation, for example σ, of E⊗E/J , on
V . If e ∈ E, we put ξ(e) = σ(e∗). Then the mapping e 7→ ξ(e), is linear and is a
representation of E on V , since

ξ([e1, e2]) = σ([e1, e2]∗) = σ(π(e1 ⊗ e2 − e2 ⊗ e1))

= σ(e∗1e
∗
2 − e∗2e∗1) = ξ(e1)ξ(e2)− ξ(e2)ξ(e1).�

Considering in particular the representation given for Ψ∗,14 we have that Lie-
QED-algebra structure to the spin and orbits is conserved. Indeed the spin and
orbit parts can be separated in each wave function as for example, from (4.3) we
have that if ψ(e1) = ϕn(r1)α(s1), and ψ(e2) = ϕm(r2)α(s2), then (2.7) defines Ψ∗.

Remember that the electron is a fermion and the electrons are described for the
anti-symmetric wave functions. This property will be fundamental in the section
relative to the construction of the fermionic Foch space corresponding to the Lie-
QED-algebra.

Def 4.1. [10] AE ⊗ H-field is an element of a bi-sided ideal of the Maxwell
fields[2,3].Explicitly is the formal space.

E⊗ H = {(F1, F2) ∈ Ω2(O)× Ω2(O) | F1 ⊗ F2 − F2 ⊗ F1 − [F1, F2],with ⊗ = ⊗R},
(4.4)

A commutative diagram to these E⊗ H -fields is:

E
Id−→ E

ξ̄ ↓ ↓ ξ∗ (4.5)

E⊗ E
π−→ E⊗ E/J

Then its commutative prism is given by

13Its realized the following descend map π, from ξ̄ : E→ E⊗ E, to ξ∗ : E→ E⊗ E/J .
14It is the Slater determinant (that helps to construct wave functions to start of the expressions

ϕn(r1)α(s1)ϕm(r2)β(s2) where ri, si(i = 1, 2), are the radius of the orbit and spin respectively),
for example:
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(4.6)

In the commutative prism the use of homotopies Hom, of the corresponding al-
gebras E ⊗ E, and E ⊗ E/J , have sense due that their corresponding homotopies
can be collections of concepts comprising the non-Abelian aspects of homological
algebra of these modules, and possibly the Abelian aspects as special cases. For ex-
ample, some applications in superconductivity where phenomena are non-Abelian
[2]. Others, yes are Abelian, for example, some considerations to some spin algebras.

Lemma 4.1In the prism (4.6) the compositions ξ̄ ◦F = Hom, and ξ∗◦F = Hom∗,
are consistent and are equivalent homotopies.

Proof. We consider the mappings of modules E, (where remember that these belong
to commutative ring of free modules R): �

E→ HomR (E, E⊗ E /J) = F ∗ ( E⊗ E /J) , (4.7)

and

E→ HomR (E, E⊗ E ) = F ( E⊗ E) , (4.8)

where the homotopy to the representations relation is ξ∗ ◦π = ξ̄, is F ∗ ◦π∗ = F .
Then π∗, goes from F : E ⊗ E → HomR (E, E⊗ E ), to F ∗ : E ⊗ E /J →
HomR (E, E⊗ E /J). Then the compositions ξ̄ ◦ F = Hom, and ξ∗ ◦ F =
Hom∗, are consistent. These are equivalent since that HomR (E, E⊗ E ) ∼=
HomR (E, E⊗ E /J), since in the prism (4.6) is had a superior edge equal to the
identity Id. The lemma is demonstrated. �

5. Photon Spin Algebra from E⊗H and as QED-Lie Algebra of SO(4).

The initial ideas to this respect are replace the Abelian group U (1), in the K-
invariant G-struture of the principal G-bundle of M , (where M , is the Universe), by
the non-Abelian group SU (2), since we want realize an action through electromag-
netic fields on a Cosmos representation given by the space SU (2)⊗ T (due to our
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lemma [7]) where T ∼= U (1)15. We want an identification G = SU (2)⊗T ∼= SO (4).
Some of these identifications appear in the particles physics, being completely de-
terminant to the particles without charge with spin S = 1/2, called Neutrinos.
These Neutrinos determine a neutral current in the space-time, which could be the
base on the existence of fundamental particles of the matter [8, 9].

Derived from this structure SU (2)⊗T, of neutrinos we can establish an analogue
to the algebra E⊗H, with the Lie bracket obtaining an electromagnetic spin algebra
to fermions and neutrinos 16, equivalent to the extension/induction linear mapping
of their elements from the ⊗R- structure until a ⊗K-structure.

Theorem 5.1. ∃ a linear mapping L̃, such that the following prism is commutative.

Proof. Two solutions of a universal mapping property are uniquely isomorphic to
each other (the upper and lower triangles). Then the mapping V ⊗W → V ⊗W ,

is an isomorphism. Then exists L̃, such that L̃ v L , given by the isomorphic
triangles. Then all the diagram (prism) is commutative. �

The Lie algebra of the spin group, denoted as spin (n, R), or SO (n, R), which
has importance to the questions in electrodynamics when n = 4, is isomorphic to the
Lie algebra of the special orthogonal group, SO (4, R), which describes rotations
in 4-dimensional space. The spin group is a double cover of the special orthogonal
group, meaning it has the same Lie algebra but a different group structure. In the
case of Lie group SU (2), even beyond particle physics, S3 ∼= SU (2), where S3, is
the 3-ball used to compute the rotation of objects in space [7, 10].

We can establish a version of this quantized Lie algebra to quantum spin number
(parts α(si)) associated to the neutral current (for quantized electromagnetic fields).
Then the QED- algebra obtained conserves the Lie structure to spin electromagnetic
operators [2].

15Here T, is a complex or real torus depending where will be used.
16Neutrinos are a type of fermion, which are fundamental particles with half-integer spin (1/2).

They are leptons, meaning they are colorless fermions that do not interact with gluons of the strong

force.
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The photon can be assigned to a triplet spin with spin quantum number S = 1,
accord to the classification of particles and their spin. This is similar to neutrinos
and fermions S = 1

2 , or S = ±1/2.
We consider the electro-spin operator as the vector with their Pauli matrices

associated17:

Sk = −i~Eijk =
~
2
σk, (k = 1, 2, 3), (5.1)

Then we can define the analogous of E⊗H, to the quantum spin context as the
algebra:

e⊗ h = {Sk | Sk =| [Si, Sj ] = −i~Eijk} (5.2)

which is closed under the bracket [, ]⊗, operation . Indeed, we consider two
elements Si, Sj ∈ e⊗ h, given by the relations

Si = i~(Ej ⊗ Ek − Ek ⊗ Ej), Sj = −i~(Ek ⊗ Ei − Ei ⊗ Ek), (5.3)

satisfying the cyclically rule i −→ j −→ k −→ i . Then their operation under
[, ], is

[Si, Sj ] = ~2(Ej ⊗ Ek − Ek ⊗ Ej)(Ek ⊗ Ei − Ei ⊗ Ek)+

~2(Ek⊗Ei−Ei⊗Ek)(Ej⊗Ek−Ek⊗Ej) = i~[−i~(Ei⊗Ej−Ej⊗Ei)] = Sk ∈ e⊗h (5.4)

where Sk = i~(Ei ⊗ Ej − Ej ⊗ Ei). For simple inspection it follows that

− i~(Ei ⊗ Ej − Ej ⊗ Ei) • E(µ) = µE(µ) (5.5)

with µ = +1 or −1, and therefore labels the photon spin, Sz | k, µ〉 = µ | k, µ〉,
with µ = +1 or −1.

Then due the vector potential in a transverse field, the photon has no forward
(µ = 0) spin component.

6. Applications on Electrophysics.

We can consider the following Table 1 [3], including all electromagnetic phenom-
ena, including the superconducting phenomena.

17In the special case of spin 1/2 particles, σx, σy , and σz are the three Pauli matrices given by:

σx =
(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.
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A tessellation deduced by the morphisms of the space HomR (E, E⊗ E /J), of
the section 4, on a plane, is given by the consistence theorem on research18 [10, 11,
12]:

Figure 1. Tessellation obtained by composition of prism (4.6)
with the cube of the research method by foundations [11]. This
tessellation covers all plane from E⊗ H.
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[12] F. Bulnes (2010), Teoŕıa de la Investigación en Ciencias de la Ingenieŕıa, EAE, Spain. ISBN:
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