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APPLICATION OF (E. A.) PROPERTY VIA RATIONAL
INEQUALITY IN MENGER SPACES

DEEPAK SINGH, AMIN AHMED, P.C. DIXIT

ABSTRACT. In this paper, we obtain common fixed point theorems for rational
inequality using common property (E. A.) . Our results generalize several
known results in Menger spaces. Some related results are also derived besides
furnishing an illustrative example.

1. INTRODUCTION

Menger [I0] introduced the notion of probabilistic metric spaces as a general-
ization of core notion of metric space. In fact, he replaced the distance function
d: X x X — R* with a distribution function Fj, : R — [0,1] where in for any
number ¢, the value Fj ,(t) describes the probability that the distance between x
and y is less than t. The study of such spaces received an impetus with the pioneer-
ing works of Schweizer and Sklar [3]. The theory of probabilistic metric spaces is
of fundamental importance in probabilistic functional analysis due to its extensive
applications in random differential as well as random integral equations. By now,
several authors have already studied fixed point and common fixed point theorems
in PM spaces which include [[4],[7],[9], [14], [15],[16],[19],[20],[21],[22]]. The study of
common fixed points of non-compatible mappings is also equally interesting which
has been initiated by Pant [I8]. Recently, Aamri and Moutawakil [I] and Liu et
al. [24] respectively defined the property (E.A) and common property (E.A) and
proved some common fixed point theorems in metric spaces. Imdad et al. [13]
extended the results of Aamri and Moutawakil [I] to semi-metric spaces. Most
recently, Kubiaczyk and Sharma [7] defined the property (E.A) in PM spaces and
used the same to prove some results on common fixed points wherein authors claim
their results for strict contractions which are in fact proved for contractions. Ali
et al.[§] introduced the notion of common property (E.A) in Menger spaces and
utilized the same to prove some common fixed point theorems in Menger spaces.
Inspired by the result Ali et al.[§]. We obtain common fixed point theorems for
rational inequality using property (E.A.) and common property (E.A.). Our result
generalize many known results in Menger spaces. Some related results are also
derived besides furnishing an illustrative example.
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2. PRILIMINARY ESTIMATES

Definition 2.1. A mapping F : R — R™ is called distribution function if it is non-
decreasing, left continuous with inf{F(t) :t € RT =0 and sup{F(t) : t € R* = 1.
Let L be the set of all distribution functions whereas H stands for the specific
distribution function (also known as Heaviside function) defined by

0; <0
H(x){ 1; >0

Definition 2.2. [I0] Let X be a non-empty set. An ordered pair (X, F) is called
a PM space where F is a mapping from X x X into L satisfying the following
conditions:

(i) Fpy(t) = H(zx) if and only if z = y;

(i1) Fag(t) = Fyoo(t);

(143) Fyy(t) =1 and Fy, .(s) = 1, then F, ,(t +s) =1, for all z,y,x € X and
t,s > 0.

)

Every metric space (X, d) can always be realized as a PM space by considering
F:X xX — L. L defined by F, , = H(t —d(z,y)) for all z,y € X. So PM spaces
offer a wider framework (than that of the metric spaces) and are general enough to
cover even wider statistical situations.

Definition 2.3. [I5] 4 mapping A : [0,1] x [0,1] — [0,1] is called a t-norm if
(1) A(a,1) = a, A(0,0) = 0;
(i) Ala,b) = Ab0);
(#4i) (c d) > A(b,a) forc>a,d > b;
(iv) A(A(a,b)c) = Ala, A(b,c)) for all a,b,c € [0,1].

Example 2.1. The following are the four basic t-norms:
(¢) The minimum t-norm: Tar(a,b) = min{a,b}.
(i) The product t-norm: Tp(a,b) = a.b.
(#i1) The Lukasiewicz t-norm: Tp(a,b) = max{a +b— 1}.
(iv) The weakest t-norm, the drastic product:

min(a,b) if max(a,b) =1
0 otherwise

H(@:{

In respect of above mentioned t-norms, we have the following ordering :
Tp < Tp < Tp < Ty Throughout this paper, A stands for an arbitrary continuous
t-norm.

Definition 2.4. [3] A Menger PM space is a triplet (X, F,A) where (X, F) is a
PM space and A is a t-norm satisfying the following condition
Fry(t+s) = A(Fyy(t), Fuy(s)).

Definition 2.5. A sequence {z,} in a Menger PM space (X, F,A) is said to con-
verge to a point x in X if for every e > 0 and X\ > 0, there is an integer M (e, \)
such that Fy, z(e) >1— A, for alln > M(e, A).

Definition 2.6. [20] A pair (A, S) of self mappings of a Menger PM space (X, F, A)
is said to be compatible if Fagy, saz,(x) = 1 for all x > 0, whenever {z,,} is a
sequence in X such that AX,, Sx, —t, for somet in X as n — oco.
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Definition 2.7. A pair (A,S) of self mappings of a Menger PM space (X, F,A) is

said to be non-compatible if there exists at least one sequence {x,} in X such that

AXy, Sxy — t for somet in X asn — oo, but lim Fagy, saq, (to) is either less
n—oo

than 1 or non existent, for some tg > 0.

Definition 2.8. [7] A pair (A, S) of self mappings of a Menger PM space (X, F, A)
is said to satisfy the property (E.A) if there exist a sequence {x,} in X such that
lim Ax, = lim Sz, =t  for some te€& X.

n—oo n—oo
Clearly, a pair of non-compatible (as well as nontrivial compatible) mappings sat-

isfies the property (E.A).

Definition 2.9. [§] Two pairs (A,S) and (B, T) of self mappings of a Menger PM
space (X, F,A) are said to satisfy the common property (E.A) if there exist two
sequences {xn}, {yn} in X and some t in X such that

lim Az, = lim Sz, = hm Ty, = hm By, =t

n—oo n—oo

Example 2.2. [§] Let (X, F,A) be a Menger PM space with X = [—1,1] and

Fow=] e T it>0
oy 0 ift=0
for all z,y € X. Define self mappings A,S,B and T on X as Ax = §, Br = =%,

Sz =% and Tz = =% for allz € X. Then with sequences {z,} = L and {y,} = =L

n
in X, one can easily verify that lim Az, = lim Sz, = lim Ty, = hm By, =0.
n—oo n—oo n—oo

This shows that the pairs (A,S) and (B,T) share the common property (E A.).
Definition 2.10. [I5] A pair (4, S) of self mappings of a nonempty set X is said
to be weakly compatible if the mappings commute at their coincidence points, i.e.

Ax = Sz for some x € X implies ASx = SAx.

Lemma 2.1. [] Let (X, F,A) be a Menger space. If there exists k € (0,1) such
that for all x,y € X, Fy ,(kt) = Fy ,(t) then z = y.

3. MAIN RESULTS

Lemma 3.1. Let A, B,S and T be self mappings of Menger spaces (x, F, A) satis-
fying the following conditions:

(¢) The pair (A,S) (or (B,T)) satisfies the properly (E.A.);

(ii) For any x,y € X and for allt >0

FA%Ty(t) * FBy,Sﬂc(t)

Faz,py(kt) Zmin{FSw,Ty(t%FBy,Ty(t%FAa:,Ty(t),

FAI,Sm(t) ’ (3 1)
2.Fsy 1y(t) 9 Faoyp (t){ 14 Fag,s2(t) }}
Fawry(t) + Fawry(t) ™ 757 W1+ Fpy 1y (t)

Where 0 < k < 1;
(1) A(X) C T(X), B(X) C S(X). Then the pair (A,S) and (B,T) share the
common property (E.A.).

Proof: Suppose that the pair (A,.S) possesses property (E.A.), then there exists a

sequence {z,} in X such that, hm Az, = lim Sz, =1.
n— o0

Since A(X) C T(X), hence for each {zp} there exists {y,} € X such that Az, =
Ty,. Therefore li_>m Ty, = h_}m Sz, =1[. Thus in all, we have Az, — [, Sz, — [
n o0 n—oo
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and Ty, — .
Now we asserts that By, — [ using inequality (3.1 with x = z,,, y = y,. We have

FA"L‘n TYn (t) * FByn TYn (t)
FAxn,an (t) ’

1 + FAwnyswn (t) }}
L+ Fpy, 1y, (1)

FAwn ,Byn (kt) Zmln{stn TYn (t)7 FByanyn (t)7 FAxn Tyn (t)’

2'FS93n>Tyn (t)
Fsq, 1y, (t)+ Faz, 1y, (t)

Which on making n — oo reduces to

y2.F Az, Ty, (t){

. L Iy gy, (t) 1+1
F kt > 1,F t 717’7%,172.1{7}
1By, (kt) Zmin{1, Fi gy, (t) 1 1+ F gy, (1) J

> Fl,Byn (t)

Which amounts to say That By, — [ using lemma (2.1). Thus, we have shown
that the pair (A4,5) and (B, T) share the common property (E.A.).

Remark. The converse of lemma is not true in general for counter example,
one can utilize example .

Result for common property (E.A.)

Theorem 3.2. Let A, B,S and T be self mappings of a Menger space (X, F,A)
with satisfying the inequality , Suppose that

(i) The pairs (A, S) and (B, T) share the common property (E.A.);

(1) S(X) and T(X) are closed subsets of X. Then the pairs (A,S) and (B, T)
have a coincidence point each. Moreover A, B,S and T have a unique common
fized point provided both the pairs (A,S) and (B,T) are weakly compatible.

Proof:- In view of (i) there exists two sequences x,, and y, in X such that
lim Az, = lim Sz, = lim Ty, = lim By, =1, for some [ € X
n— oo n— o0 n—o00 n—00

Since S(X) is a closed subset of X, therefore nh_)rrgo Sz, =1 € S(X). Which amounts

to say that there exists a point v € X such that Su =1 € S(X). Now we assert

that Au = Su, to prove this, using inequality with z = u, y = y,, One gets

Faury, (t) * Fpy, 1y, ()
Fay,su(t) ’

1+ Fau,su(t) }}

1+ Fsu,By, (1)

Fau,By, (Kt) 2 min{Fsu,ry, (), Fsu,y, (t); Faury, (1),

2'FSU,Tyn (t)
FSu,Tyn (t) + FAu,Tyn (t)

Which on making n — oo reduces to

_ Fawi(D %1 2.1(t 14 Fauy(t
Faa(kt) 2 minf{1.1, Fa (), et 2l 210y oy {1 Paeal)

FAu,l(t) 1 + FAu,l(t) 1+1
> FAu,l (t)
Owing to Lemma (2.1)we have Au = I and hence Au = Swu which shows that u

is a coincidence point of the pair (A4, .5). Since T'(X) is also a closed subset of X,
therefore lim Ty, =1 € T(X) and hence one can find a point w € X such that
n— oo

Tw = l. Now we show that Bw = Tw. To accomplish this, on using inequality



APPLICATION OF (E. A.) PROPERTY 27

(3.1) with = u, y = w, we have
FAu,Tw(t) * FBw,Tw (t)
FAu,Su(t) ’

14+ FAu7Su(t) }
1+ FS'u.,Bw (t)

FAu,Bw(kt) 2 min{FSu,Tw (t)a FSu,Bw (t)7 FAu,Tw (t)a

2.Fgy,1w(t)
FSu,Tw (t) + FAu,Tw (t)

) 2-F‘Au7Tw (t){

. 1% F pu(t) 2.1 1+1

Fy puw(kt) > Min{1, F p,(t),1, ’ , ’2'1{ }
L Bw(kt) > Min{l, Fy p.(t) 1 141 1+ Fl pu

> F} puw(t).

On employing Lemma , we have Bw = [ and hence Tw = Bw which shows
that w is a coincidence point of the pair (B, T).

Since the pair (4, 5) is weakly compatible and Au = Su, Therefore Al = ASu =
SAu = Sl. Now on using inequality with x = [, y = w, We have

Fap1w(t) % Fpy muw(t)
Fars(t) ’

14 Fasi(t) }
1+ FSl,Bw(t)

F1,Buw(kt) > min{ Fsirw(t), Fsi,Bw(t), Fairw(t),

2.Fg117w(t)
Fs1,70(t) + Fairw(t)

72~FAl,Tw(t){

FAl,l<t) * 1 Q.FAl)l(t)
1 " Fa(t) + Fa(t)

Far(kt) > min{Fa; 1 (t), Fari(t), Fai(¢),

2.FAl7l(t){1-|-1f;|:4;(t)}}

Or FAl,l(kt) > FAl,l(t)-

Appealing to Lemma , we have Al = S1 = [ which shows that [ is a common
fixed point of the pair (A, S). Also the pair (B, T) is weakly compatible and Tw =
Bw, hence Bl = BT'w =TBw =TI.

Next we assert that [ is also a common fixed point of the pair (B,T). ln order to
establish this, using inequality with x = u, y =1 We have

Fpumi(t) * Fpimi(t)
FAu,Su(t) ’
1+ Fau,su(t) }}
1+ Fsy pi(t)
FBl,l(t) * 1 2-Fl,Bl(t)
1 "Fipi(t)+ Fpia(t)’

Fau pi(kt) > min{Fsy11(t), Fsu,pi(t), Fauw1i(t),

Q-FSu,Tl (t)
Fsu1i(t) + Fawri(t)

2. Faumi (t){

Fy i(kt) > min{Fy pi(t), Fpi(t), Fpi(t),

1+1 }

2 gt
LEOM + Fi,pi(t)

Or Fl,Bl(k‘t) > Fl,Bl(t)-
In view of lemma (2.1)), we have Bl = [ which shows that [ is a common fixed point

of the pair (B,T) and in all [ is a common fixed point of both the pairs (4, .5) and
(B,T). The uniqueness of the common fixed point follows from inequality (3.1]).

Remark. Theorem also extend the main result of Kubiaczyk and Sharma [
to two pairs of mappings without any condition on containment of ranges amongst
involved mappings.
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Theorem 3.3. The conclusion of Theorem remain true if the condition (ii)
of Theorem is replaced by the following:
(7i1) A(X) Cc T(X) and B(X) C S(X).

Corollary 3.4. The conclusions of Theorem and Theorem remain true
if the condition (ii) and (iii) are replaced by the following:

(iv) A(X) and B(X) are closed subset of X provided A(X) C T(X) and B(X) C
S(X).

Theorem 3.5. Let A, B,S and t be self mappings of a Menger spaces (X, F,A)
with satisfying the inequality and the conditions:

(i) The pair (A,S) or (B,T) enjoys the property (E.A.)

(1) A(X) Cc T(X) (or B(X) C S(X));

(#91) S(X) (or T(X)) is closed subset of X.

Then the pair (A,S) and (B,T) have a point of coincidence each. Moreover,
A, B, S and T have a unique common fixed point provided both the pair (A, S) and
(B, T) are weakly compatible.

Proof:- In view of Lemma (3.1)), the pairs (A, S) and (B, T) share the common
properly (E.A.) i.e. there exists two sequences {z,} and {y,} in X such that

lim Az, = lim Sz, = lim Ty, = lim By, =1 for some [ € X

n—oo n—oo n—oo n—oo

If S(X) is a closed subset of X, then on the lines of Theorem , one can
show that the pair (A, S) has coincidence point, say u, i.e., Au = Su = [. Since
A(X) Cc T(X) and Au € A(X), there exists w € X such that Au = Tw. Now we
assert that Bw = Tw. On using inequality with z = u and y = w, one gets

FAu,Tw (t) * FBw,Tw (t)
Fay,s4(t) ’

1+ FAu,Su(t) }}

1+ FBw,Su(t)

FAu,Bw (kt) 2 Min{FSu,Tw (t)a FBw,Su (t); FAu,Tw (t)a

2.Fgy,1w(t)
FSu,Tw (t) + FAu,Tw (t)

) 2-FAu7Tw (t){

Fl,Tw (t) * FBw,Tw (t)
F(t) ’

2~Fl7Tw (t) 1+ Fu(t)
@ Fre® PP T R 1

Fl,Bw(kt) > Min{Fl,Tw (t)7 Fl,Bw(t)7 E,Tw (t),

1*FTw,Bw(t) 2.1 ’21{ 141 }}

Fru Buw(kt) > Min{l, Fre po(t), 1, ,
7.5 (k1) th Frosu(l) 1 14+ 17 U+ Pry, s (t)

Or FTw,Bw(kt> > FTw,Bw(t)

On using Lemma , we have Tw = Bw, which shows that w, is a coincidence
point of the pair (B, T). Since the pair (A, S) is weakly compatible and Au = Su,
Therefore ASu = SAu that is Al = Sl. Now on using inequality with z = [,
y = w. We have

FAl,Tw (t) * FBw,Tw (t)
Fa si(t) ’

1+ Fasi(t) }

14 Fpuy,si(t)

Fai,w(kt) > Min{Fs;1w(t), Fpw,si(t), Fairw(t),

2-FSZ,Tw (t)
Fsi14(t) + Fairw(t)

2. F a1 10 (t){
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FAl,l(t) * 1 2-FAl,l(t)
1 "Fari(t) 4+ Fa(t)’

Fapi(kt) > Min{Fai(t), Fai,(t), Fai(t),

1+1
2.FAl,l(t){m}}

Or FAl,l(kt) > FAl,l(t)
On using lemma (2.1)), we have Al = SI = [ which shows that [ is a coincidence
point of the pair (4, .5).

Corollary 3.6. Let A and S be self mappings of a Menger space (X, F, A). Suppose
that
(1) The pair (A, S) enjoys the property (E.A.);
(ii) For all x,y € X and for allt > 0.
. F t)x F t
FAJ;,Ay(kt) Z MZH{FSJ:,Sy(t)a FAy,Sw(t)a FAx,Sy(t)a Ax,Sy( ) Ay,sy( ) )
FAz,Sa:(t)
2~FSm,Sy(t) 14 FAI7Sw(t) }
FSa:,Sy(t) + FAm,Sy(t) 1+ FAy,Sm(t)
Where 0 < k < 1 (i) S(X) is a closed subset of X.

(3.2)

,2.FA$,sy(t){

Then A and S have a coincidence point. Moreover, if the pair (A4,S) is weakly
compatible, then A and S have a unique common fixed point.

Proof: Proof follows on the similar lines as done in Theorem

Our next result involves a lower semi continuous function ¢ : [0,1] — [0,1] such
that ¢(t) >t for all t € (0,1), ¢(0) = 0 and ¢(1) = 1.

Theorem 3.7. Let A, B,S and T be self-mappings of a Menger space (X, F,A)

satisfying conditions: (i) The pairs (A,S) and (B,T) share the common property

(E.A.); (ii) S(X) and T(X) are closed subsets of X . (iii) for all x,y € X and

t>0.

FAw,Ty(t) * FBy,Sw(t)
FAz,Sx (t) ’

FALBy(t) > ¢(min{F5w,Ty(t)v FBy7Ty(t)v FAw,Ty(t)v

2-FSz,Ty(t) 1+ FAw,Sa;(t> }})
Faury(t) + Faemy(t) Fpy,ry(t)
Then the pair (A, S) and (B,T) have a point of coincidence each. Moreover A, B, S

and T have unique common fized point provided both the pair (A,S) and (B,T) are
weakly compatible.

(3.3)

, 2.FAI,Ty(t){

Proof:- As both the pairs share the common property (E.A.) there exists sequence
{2}, {yn} € X such that

lim Az, = lim Sz, = lim Ty, = lim By, =1 for some [ € X
n—o00 n—00 n—00 n—o0o

if S(X) is a closed subset of X, then nhHH;O Sz, =1 € S(X), therefore, there exists

point w € X such that Su =1

Now we assert that Au = Su. Setting z = u, y = {y,} in inequality. We get

Fau,y, (1) * Fpy, Ty, (1)
Fausu(t) ,

1+ Fau,su(t) }})

14+ FByn,Su(t)

Fau,By, (t) > ¢(min{ Fsu,ry, (t), Fpy, su(t), Fau,Ty, (1),

2.Fsy 1y, (1)
FSu,Tyn (t) + FAu,Tyn (t)

2. F puy, (t){
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Which on making n — oo, reduces to

Fanalt) > d(min{1,1. Fan(0), T4, B o B0 { T
> 9(Faua(t)

> FAu,l(t)

Which is contradiction.

Therefore Au = [, and henceforth Au = Su which shows that the pair (A4, S) has a

coincidence point. Again T'(X) is a closed subset of X, then lim Ty, =1 € T(X).
n—oo

Therefore, there exists a point w € X such that Tw = [. Now, we claim that

Bw = Tw. To establish this, using inequality with = u, y = w, We have

FAu,Tw (t) * FBw,Tw (t)
FAu,Su(t) 7

1+ Fau,su(t) }})

1+ FBw,Su (t)

FAu,Bw (t) Z d)(min{FSu,Tw (t)v FBw,Su (t)a FAu,Tw (t)7

2. Fgy,1w(t)
FSu7Tw (t) + FAu7Tw (t)

Which on making n — oo, reduces to

) 2~F‘Au,Tw (t){

E7Bw(t) Z qb(mzn{l, Fl,Bw(t)v 17

> ¢(E,Bw (t))
> E,Bw (t)

1% F) py(t) 2.1 { 141 }})
1 "1+ UL+ B w(t)

Which is contradiction.

Therefore Bw = I, and henceforth Tw = Bw which shows that the pair (B, T) also
has a coincidence point.

Since the pairs (A, S) and (B,T) are weakly compatible and both the pairs have
point of coincidence v and w respectively. Hence we can easily prove the existence
of unique common fixed point of mappings A, B, S and T

Remark. Theorem partially generalizes the main result of Kohli and Vashistha
[9] to two pair of self mappings as Theorem 3.4 never requires any condition on the
containment of ranges among involved mapping besides weakening the completeness
requirement of the space to closeness of the subsets. Here one may also notice
that function ¢ is lower semi-continuous whereas all the involved mappings can be
discontinuous at the time.

Now we give an example to support our Theorem (/3.2

Example 3.1. Consider X = [—1,1] and define Fy ,(t) = H(t — |x — y|) for all
x,y € X. Then (X, F,A) is a Menger PM space with A(a,b) = Min{a,b}. Define
self-mappings A, B, S and T on X as

[ 2ifxe{-1,1}
A(x)_{ 4% if z€(—1,1)

B(x){ 3ifwe{-1,1}

= if v e (-1,1)
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sifr=-1

S(x) = %ijilje(fl,l)
5 ifr=1
Fifz=-1

T(x)=1< = %f'ze(fl,l)
sifr=1

Then with sequences {x, =1/n} and {y, = —1/n} in X we have
lim Az, = lim Sz, = lim Ty, = lim By, == 0, Which shows that pair (A, S)
n—oo n—oo

n—oo n—oo
and (B,T) share the common property (E.A.). By a routine calculation, one can

verify the contraction condition with K=1/2. Also

A(X) =B(X) = {3} U (=, §) not proper subset of [5+, 3] = S(X) = T(X)

Thus, All the conditions of Theorem are satisfied and 0 is unique common
fixed point of pairs (A,.S) and (B,T) which is their coincidence point as well.

Here it is worth noting that the majority of earlier established theorems (with
rare possible exceptions) can not be used in the context of this example as theorem
2.1 never require any condition on the containment of ranges amongst the in valued
mappings. Also the closeness of the subspaces replaces the completeness condition.

Remark. The continuity requirements of the entire involved mapping are com-
pletely relazed whereas most of earlier theorems require the continuity of at least
one involved mappings.

Acknowledgments. The author would like to thank to Dr. J. Ali for his paper
[8] and grateful to an anonymous referee for his/her fruitful suggestions that helped
us improve this paper.
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